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PREFACE

The Department of Education in Science & Mathematics (DESM) &
National Council of Educational Research & Training (NCERT)
developed Exemplar Problems in Science and Mathematics for
Secondary and Senior Secondary Classes with the objective to provide the
students a large number of quality problems in various forms and format
viz. Multiple Choice Questions, Short Answer Questions, Long Answer
Questions etc., with varying levels of difficulty.

NCERT Exemplar Problems are very important for both; School & Board
Examinations as well as competitive examinations like Engineering
Entrances. The questions given in exemplar book are mainly of higher
difficulty order by practicing these problems, you will able to manage with
the margin between a good score and a very good or an excellent score.

Approx 20% problems asked in any Board Examination or Entrance
Examinations are of higher difficulty order, exemplar problems will make
you ready to solve these difficult problems.

This book NCERT Exemplar Problems-Solutions Mathematics XI
contains Explanatory & Accurate Solutions to all the questions given in
NCERT Exemplar Mathematics book.

For the overall benefit of the students we have made unique this book in
such a way that it presents not only hints and solutions but also detailed
and authentic explanations. Through these detailed explanations,
students can learn the concepts which will enhance their thinking and
learning abilities.

We have introduced some additional features with the solutions which
are as follows
o Thinking Process Along with the solutions to questions we have given
@ thinking process that tell how to approach to solve a problem. Here,
we have tried to cover all the loopholes which may lead to onfusion.
All formulae and hints are discussed in detail.
¢ Note We have provided notes also to solutions in which special points
are mentioned which are of great value for the students.

For the completion of this book, I would like to thank Priyanshi Garg
who helped me at project management level.

With the hope that this book will be of great help to the students,

I wish great success to my readers.

Author
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Sets

Short Answer Type Questions

Q.1 Write the following sets in the roaster form.
(i) A={x:x OR, 2x+ 1F 15}
(i) B ={x|x* =x, x OR}
(iii) € ={x| «x is a positive factor of a prime number p}
® Thinking Process

Solve the equation and get the value of x.

Sol. (i) We have, A={x:x0OR,2x+ 1% 15}

O 2x +11=15
0O 2x=15-11 0O 2x=4
0O x =2
O A={2}

(i) We have, B={x|x® =x x OR}
O x° =x
0 ¥2-x=0 O x(x-1=0
O x=01
O B={0 1

(iii) We have, C = {x| x is a positive factor of prime number p}.
Since, positive factors of a prime number are 1 and the number itself.
O C={1p}

Q. 2 Write the following sets in the roaster form.
() D={t|t? =t, t OR}
w—2
i) E={w|——==3,w0OR
(i) £ ={w| =~ }
(i) F ={x|x* —5x% +6 =0, x OR}
@ Thinking Process

Solve the given equation and get the value of respective variable.
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Sol. (i) We have, D=1{t|t3 =t,t OR}

O t3 =t
| t3-t=0 O t(>-1=0
O t¢-0¢+1)=0 O t=01-1
O D={-101

. _ w=2 _

(ii) We have, E={w| —= =3 w0OR}

w+ 3
0 W—2=3
w+ 3
0 w=-2=3w+9 0 w-3w=9+2
0 ~ow 11 0 w=_11
2
’ e
2

(iii) We have, F={x|x*-5x2 +6=0x OR}
O x* -5x2 +6=0
O x* - 3x% -2x2 +6=0
O 22 x?-3) -2 (% -3 =0
O (x? -3)(x%2 -2)=0
O x=+/3 £2
0 F={-+38,-+v2,42,43}

Note In roaster form, the order in which elements are listed is immaterial. Thus, we can

also write F :{—«/g,\/i,—«/i,\/g}.

Q. 3 If Y = {x| x is a positive factor of the number 2” ~*(2” - 1), where 2* -1
is a prime number}. Write Y in the roaster form.
® Thinking Process
First, write all the factors of2° ™", where p =1, 2,3, ..., p and then get y.
Sol. Y ={x|x is a positive factor of the number2P =" (2P - 1) where 2° - 1is a prime number}.
So, the factor of 2P "'are 1, 2,22, 2% .. 2P 71
0 y={122%2°% _2°7"2° -1}

Q. 4 State which of the following statements are true and which are false.
Justify your answer.
(i) 35 O{x | x has exactly four positive factors}.
(i1) 128 O{y | the sum of all the positive factors of y is 2y}.
(iii) 3 0{x| x“~ 5x% 2x°- 112x+ 6= 0}.
(iv) 496 O{y | the sum of all the positive factors of y is 2y}.

Sol. (i) Since, the factors of 35 are 1, 5, 7 and 35. So, statement (i) is true.
(ii) Since, the factors of 128 are 1, 2, 4, 8, 16, 32, 64 and 128.
O Sum of factors =1+2 +4 +8 +16 +32 +64 +128
=255#2 x128
So, statement (ii) is false.
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(iii) We have, xt - 5x® +2x% —112x +6 =0
0 Forx =3

(3)* - 5(3)° +2(3?2 <112(38) +6 =0

O 81-135+18-336 +6 =0

O -346=0

which is not true.
Hence, statement (iii) is true.

(iv) - 496 =24 x 31
So, the factors of 496 are 1, 2, 4, 8, 16, 31, 62, 124, 248 and 496.
O Sumof factors=1+2 +4 +8 +16 +31 +62 + 124 + 248 + 496
=992 =2 (496)

So, 496 O{y| the sum of all the positive factor of yis2y}.
Hence, statement (iv) is false.

Q. 5If L={1,23,4}, M={3,4,5 6 and N={1,3,5}, then verify that
L-=MONE (= Mn (&= N).

Sol. Given, L={1234}, M={3456 and N={135}
0 MON {13456}
L-(MONE {2}
Now, L-M={12}, L-N={2 4
O (L=M)n(L-N)={2}
Hence, L-MONE (= Mn (.= N).

Q. 6 If A and B are subsets of the universal set U, then show that

()ADAD B (i)ADB- Al B B
(i) (An B OA
Sol. (i) Let x OA
O xOAorxOBO xOA] B
Hence, OAd B
(ii) If AOB
Let xOAD B
O xOAorxOB O «x0OB [+~ AOB]
] AOBRl B ()
But BOAJ B ... (i)
From Egs. (i) and (ii),
AOB B
If AOB B
Let yOA
O yOAD BO yOB [AOB B]
] AOB
Hence, AOB -« AUOB B
(iii) Let xOAN B
O xOAand xOB O x0A

Hence, AnBOA
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Q. 7 Given that N ={1, 2, 3, ..., 100}. Then, write
(i) the subset of N whose elements are even numbers.
(ii) the subset of N whose elements are perfect square numbers.

Sol. We have, N={12,3 4,..,100}
(i) Required subset = {2, 4,6, 8, ..., 100}
(ii) Required subset ={1, 4, 9, 16, 25, 36, 49,64, 81, 100}

Q. 8 If X ={1, 2, 3}, if n represents any member of X, write the following sets
containing all numbers represented by

(i) 4n (i) n +6 (iif) g (iv)n -1

Sol. Given, X={12,3}
(i) {4n| nOXE {4812}
(i) {n+6 |nOX}={7,89}

(i) %\ nDX@= E% 13@
(v) {n=1|n0X}={0,12}

Q. 9If Y={123,...,10} and a represents any element of Y, write the
following sets, containing all the elements satisfying the given conditions.

(i) aOY buta®d v
(i) a+1=6,a0Y
(iii) ais less than 6 and a OY

Sol. Given, Y={123..,10}
() {a:aOYanda’d Y3 {4,567 89 10}

(i) {a:a +1=6a0Y}= {5
(i) islessthan6anda Y} ={1,2,3 4,5}

Q. 10 A, B and C are subsets of universal set U. If A={2, 4,6, 8, 12, 20},
B={36,9 12, 15}, € ={5, 10, 15, 20} and U is the set of all whole
numbers, draw a Venn diagram showing the relation of U, A, B and C.

Sol.
U
B

/XN
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Q. 11 Let U be the set of all boys and girls in a school, G be the set of all girls
in the school, B be the set of all boys in the school and S be the set of
all students in the school who take swimming. Some but not all,
students in the school take swimming. Draw a Venn diagram showing
one of the possible interrelationship among sets U, G, B and S.

Sol.

u
B S G

Q. 12 Forall sets A, B and C, show that (A-B) n (A-C)=A—-(B OC).

@ Thinking Process

To prove this we have to show that (A—=B) n(A-C)UOA (EJ C) and
A-BOC A B A QO

Sol. Let x 0 Bn (A C)
O x 0 B)and x O(A C)
O (x0OA and «0 B) and (x A and x OC)
ad x JA and (x OB and x 0OC)
O xOA and x OBJ C)
O x0A (B1 C)
O (A-B)n(A-C)0A (BO C) - ()
Now, let yOA (Bd C)
ad yOA and y OBJ C)
O yOA and (y OBand yd C)
O (yOA and yO B) and (yOAand yd C)
O yO(A B) and yO(A C)
O yOA Bn (A~ C)
O A-BOCO (A B (A C) (D)
From Egs. (i) and (i),
A-BOCF (A Bn (A C)

Q. 13 Forallsets Aand B, (A -B)O (A BF A.

@ Thinking Process
To solve the above problem, use distributive law on sets
ie, AnBOG (A B A Q)
Sol. LHS=(A-B)O(An B)
=[(A-BOAh [(A B B]
=An(AOB)=A= RHS
Hence, given statement is true.
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Q. 14 Forall sets ABandC,A— (B -C) =(A -B) —(.

Sol. See the Venn diagrams given below, where shaded portions are representing
A-(B-C)and (A -B) —C respectively.

Clearly,

v u
B A

)

0
$

5
%

R
0
0

5
o

c c

A-(B-C)

A-(B-C)#(A-B)-C.

Hence, given statement is false.

Q. 15 Forall sets A, Band C,ifAIB, then An COB C.

Sol. Let
O
O
0

xOAN C

xOJA and x OC

x OB and x OC

xOB C) O (AnC)O(E C)

Hence, given statement is true.

Q.16 Forallsets A, Band C, if ALB, then AD (] B C.

Sol. Let
i
O
0

xOAD C
xOA and x OC
x OB and x OC

x 0B8] CO AOCO B C

Hence, given statement is true.

[~ AOB]

[+ AOB]

Q.17 Forallsets A, Band C,ifAOCand B OC, then A1 B (.

Sol. Let
i
i
O

xOAD B

xOA and x OB

x 0OC and x OC
xdJC O AO0OBR C

Hence, given statement is true.

Q.18 Forallsets Aand B, AL (B~ AF AJ B.

Sol.

® Thinking Process
To solve the above problem, use distributive law ie, AO®B G (Al 8 @A Q)

LHS =AOB A =AOB A)

[+A-B=AnB]

=(AOBn (A 'A)=(A0Bn U
=A0B RHS

[+AOCandB0OC]

[+ADA= U]
[+ AnU=Al
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Q. 19 Forall sets Aand B, A— (A —B) =A n B.

Sol. LHS=A-(A-B)=A-(AnB) [+A-B=AnB]
=An(AnBY=An[ADO®B)] [+ (AnB'=A0B]
=An (A DB [ (A) = Al
=(AnA)O (A B)=p O(A B)
=AnB=RHS

Q. 20 For all sets Aand B, A— (A n B)= A-B.

Sol. LHS=A-(AnB)=An (An BY [+A-B=AnB]
=An(AOB) [ (AnBy= AOB]
=(AnA)O (A B)mp O(A B)
=AnB [roOA= Al
= A-B=RHS

Q. 21 Forall sets Aand B, (AL BY B= A B.

Sol. LHS=(AOBr B=(AOBN B [“A-B=AnB]
=(AnB)O (B B)=(AnB)p [+Bn B =g]
=AnB [~Alp= Al
= A-B=RHS

[ x+5 4x — 4001 )
Q. 22 LetT = x| -5= 0O IsT an empty set? Justify your answer.
o x-7 13-x [

® Thinking Process
First of all solve the given equation and get the value of x.
:E’C|x+5_5:4x—405
o x-7 183-x 0
x+5_5=4x—40
x -7 18-«
x+5-5(x-7)_4x - 40
x -7 13-«
x+5-5x +35_ 4x -40
x -7 - 18-«
—4x +40 _4x - 40
x =7 13-«
O - (4= 40)(13 xF (4= 40)(x 7)

Sol. Since, T

0

(4x = 40) (x —=7) + (4x —40)(13 —x) =0

O
O (4x —40)(x =7 +13 —=x) =0
O 4(x-10)6=0
O 24 (x -10)=0
O x =10
O T={10}

Hence, T is not an empty set.
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Long Answer Type Questions
Q. 23 If A, Band C be sets. Then, show that An B (F (An B)U(A 0().

Sol. Let
i

O
O
|

O

Again, let

]
O
O
O
O
O

From Egs. (i) and( i),

x0A (B C)

x0OA and x OB C)

x OAand (x OBor «1 C)

(xOAand a1 B)or(xOAand ] C)

x0OAN Borad A C

x0O&4 BD A C)

An(BOCD (A B d4A C) ()
yd(An Bp (A C)

yO(An Bloryl (A C)

(yOAand yJ Byor@@ Aandly C)

yOA and (yOBor yd C)

yOA and yOBA] C

yOAN (B1 C)

(AnBDOMA CD A (B O ...(if)

AnBOCF (A BO A C)

Q. 24 Qut of 100 students; 15 passed in English, 12 passed in Mathematics,
8 in Science, 6 in English and Mathematics, 7 in Mathematics and
Science, 4 in English and Science, 4 in all the three. Find how many

passed

(i) in English and Mathematics but not in Science.
(i1) in Mathematics and Science but not in English.
(iii) in Mathematics only.

(iv) in more than one subject only.

Sol. Let M be the set of students who passed in Mathematics, £ be the set of students who
passed in English and S be the set of students who passed in Science.

Then,

and

nu) =100,

n(E)=15,nM)=12,n(S) = 8n(EnM) 6nMnS)=7
nEnS)=4 and nEnMnS)=

n(E)=15

E M

(N
Y,

S

at+b+e+f=15 .. ()
nM)=12
b+c+e+d =12 (i)
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Also, n@i)=8
O d+e+f+g =8
nEnM=6

O b+e=6
nMnS)=7

ad e+d =7
nEnS)=4

O e+f=4
nEnMnS)=4

O e=4
From Egs. (vi) and (vii), f=0
From Egs. (v) and (vii), d=3
From Egs. (iv) and (vii), b=2

On substituting the values ofd, e and fin Eq. (iii), we get
3+4+0+g =8
O g =1
On substituting the value of b,e and d in Eq. (i), we get
2+c+4+3=12
O c=3
On substituting b, e, and f in Eq. (i), we get
a+2+4+0=15
O a=9
(i) Number of students who passed in English and Mathematics but not in Science
=b=2
(ii) Number of students who passed in Mathematics and Science but not in English
=d=3
(iii) Number of students who passed in Mathematics only =¢c =3
(iv) Number of students who passed in more than one subject
=b+e+d +f
=2+4+3+0=9
Alternate Method

Let E denotes the set of student who passed in English. M denotes the set of students who

passed in Mathematics. S denotes the set of students who passed in Science.
Now, nU) =100, n(E)=15,n(m) =12, n(S) =8,
nEnM)=6nMnS)=7,
nEnS)=4nEnMnS)=14
(i) Number of students passed in English and Mathematics but not in Science

ie., nNEnMnS)=nEnM)=-nEn MnS) [-AnB=A-(AnB)]
=6-4=2
(if) Number of students passed in Mathematics and Science but not in English.
ie., nMnSnE)=nMnS)-nMnSn E)
=7-4=3
(iii) Number of students passed in mathematics only
ie., nMnS nEY=nM)-nM nS)=nM nE)+nM nS n E)

=12-7-6+4 =3
(iv) Number of students passed in more than one subject only
ie., nEnNM)+nMnS)+ nEnS)-3nEnMnS)+nEnMnS)
=6+7+4-4x3+4
=17-12+4 =5+4 =9
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Q. 25 In a class of 60 students, 25 students play cricket and 20 students play
tennis and 10 students play both the games. Find the number of
students who play neither.

Sol. LetC be the set of students who play cricket and T be the set of students who play tennis.

Then, nU)=60 n(C)=25 n()=20 and n(C nT)=10
0 nCOTE nCy n(T- nCn T)
=25+20-10=35
0 Number of students who play neither=n ) -n(C OT)
=60 -35=25

Q. 26 In a survey of 200 students of a school, it was found that 120 study
Mathematics, 90 study Physics and 70 study Chemistry, 40 study
Mathematics and Physics, 30 study Physics and Chemistry, 50 study
Chemistry and Mathematics and 20 none of these subjects. Find the
number of students who study all the three subjects.

® Thinking Process
To solve this problem, use the formula for all the three subjects
n(AOB] € nx n® nE n@A B nB CO-nlCnA+nAnBn ()
Sol. Let M be the set of students who study Mathematics, P be the set of students who study
Physics and C be the set of students who study Chemistry.
Then, n U) =200, n(M)=120, n(P)= 90,
n(C)=70 n(M n P)=40, n(P n C)= 30,
n(CnM)=50 nMnPn C )= 20,
nU)y-nMDODA & 20
nMORM & 200 20 180
. nMORA & nM n® nG n@ M nM R C)
O 180=120+90 +70 =40 -30 -50 +n(M n P n C)

O 180=160+n(M n P n C)
O nMnPnC)=180-160=20

So, the number of students who study all the three subjects is 20.

Q.27 In a town of 10000 families, it was found that 40% families buy
newspaper A, 20% families buy newspaper B, 10% families buy newspaper
C, 5% families buy A and B, 3% buy B and C and 4% buy A and C. If 2%
families buy all the three newspaper. Find
(i) the number of families which buy newspaper A only.
(ii) the number of families which buy none of A, B and C.
Sol. Let A be the set of families which buy newspaper A, B be the set of families which buy
newspaper B and C be the set of families which buy newspaper C.
Then, n (U)=10000, n(A)=40% n (B)=20% and n (C) = 10%
n(A n B)= 5%,
nBn C)=3%
n(A n C)= 4%
n(AnBnC)=2%



Sets 11

(i) Number of families which buy newspaper A only
=n(A)-n(AnB-n(AnC)+n(AnBnC)
=(40-5-4+2)% =33%

10000 x 33/100 = 3300

(ii) Number of families which buy none of A B and C
=nU)-n(AOB] C)
=nU)-[n(A) +nB)+nC)-n(AnB)-nBnC)

-n(AnC)+n(AnBnC)
=100-[40 +20 +10 -5 83 -4+ 2]
=100 - 60% = 40%

=10000 x 29 = 4000
100

Q. 28 In a group of 50 students, the number of students studying French,
English, Sanskrit were found to be as follows French = 17, English = 13,
Sanskrit = 15 French and English = 09, English and Sanskrit = 4, French
and Sanskrit =5, English, French and Sanskrit = 3. Find the number of
students who study

(i) only French. (ii) only English.
(i) only Sanskrit. (iv) English and Sanskrit but not French.
(v) French and Sanskrit but not English.
(vi) French and English but not Sanskrit.
(vii) atleast one of the three languages.
(viii) none of the three languages.

Sol. Let F be the set of students who study French, £ be the set of students who study English
and S be the set of students who study Sanskrit.

Then, nU)=50, n(F)=17, n(E)=13, and n(S) =15,
nFnE)y=9nEnS)=4n(F nS)=5
nFnEnS)=3
n(F)=17
F e Y
O a+b+e+f=17 (i)
n(E)=13
O b+c+d +e =13 ()}
n@)=15
O d+e+f+g =15 . (ifi)
nFnE)=9
O b+e=9 . (iv)

nEnS)=4
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O e+d=4 (V)
n(FnS)=5

0 f+e=5 (Vi)
n(FnEnS)=3

O e=3 o (vii)

From Egs. (vi) and (vii), f=2
From Egs. (v)and (vii), d =1
From Egs. (iv) and (vii), b =6
On substituting the values ofe, f and d in Eq. (iii), we get
1+3+2+g =15
O g=9
On substituting the values of b, d and e in Eq. (i), we get
6+c+1+3=13
O c=3
On substituting the values of b, e and fin Eq. (i), we get
a+6+3+2=17
O a=6
(i) Number of students who study French only, a = 6
(if) Number of students who study English only,c = 3
(iii) Number of students who study Sanskrit only, g =9
(iv) Number of students who study English and Sanskrit but not French,d =1
(v) Number of students who study French and Sanskrit but not English, f =2
(vi) Number of students who study French and English but not Sanskrit, b = 6
(vii) Number of students who study atleast one of the three languages
z—a+b+c +d +e +f +g
=6+6+3+1+3+2 +9 =30
(viii) Number of students who study none of three languages = Total students — Students
who study atleast one of the three languages
=50-30=20

Objective Type Questions

Q. 29 Suppose, A, A, ..., Ay, are thirty sets each having 5 elements and
30 n

By, B,, B are n sets each with 3 elements, let 0 A= 0 B Sand
n i=1 j=1

each element of S belongs to exactly 10 of the A;’s and exactly 9 of the
B;’s. Then, n is equal to
(@ 15 (b) 3
(c) 45 (d) 35
@ Thinking Process
First find the total number of elements for the both sets, then compare them.
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Sol. (¢) If elements are not repeated, then number of elements in A O A A,, ...0Ag
is 30 % 5.
But each element is used 10 times, so
_30x5
S =
10

If elements in By, B,,..., B, are not repeated, then total number of elements is 3n but
each element is repeated 9 times, so

=15

s=3" g 15237
9 9

a n=45

Q. 30 Two finite sets have m and n elements. The number of subsets of the first
set is 112 more than that of the second set. The values of m and n are,
respectively

@4,7 (b) 7, 4 ©4,4 7,7
@ Thinking Process
We know that, if a set A contains n elements, then the number of subsets of A is equal to2".

Sol. (a) Since, number of subsets of a set containing melements is 112 more than the subsets
of the set containing n elements.

2m _ 2" =112
o —)=247
2N =24 gnd2™ " -1=7
n=4and 2" " =8
2m=n =23 0 m-n=3
m-4=3 0O m=4+3
m=7

Oo oo o o -

Q.31 Theset(An B'YO (B C()is equal to
@AOB C b)A DB ©ADC dAnB
Sol. (b) We know that, (A n By = (A0 B)and (A'Y =A
0 (AnBYyO B C)
[ADB)D B C)
(AOBO B C)=A'0OB

Q. 32 Let F, be the set of parallelograms, F, the set of rectangles, F; the set of

rhombuses, F, the set of squares and F; the set of trapeziums in a plane.
Then, F; may be equal to
@F Nk (b)F, n Fy
©F OFK dFO0F] B F
Sol. (d) Every rectangle, rhombus, square in a plane is a parallelogram but every trapezium is
not a parallelogram.
So, F, is either of F, F,, F; and F,.
u F=F 0RO Al A
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Q. 33 Let S = set of points inside the square, T = set of points inside the
triangle and C = set of points inside the circle. If the triangle and circle
intersect each other and are contained in a square. Then,

@SnTnC=0 bysOom™m € C
©SOm™ € S dSOFE Sn C
Sol. (¢) The given sets can be represented in Venn diagram as shown below
S
7
C

It is clear from the diagram that, SOTOC = S.

Q. 34 If R be the set of points inside a rectangle of sides a and b (@, b> 1) with

two sides along the positive direction of X-axis and Y-axis. Then,
(@R={(x,y):0<x<a0<y<hb}
(b) R={(x,y):0 <x<a,0 <y <b}
(@ R={(x,y):0 <x<a,0 <y <b}
(d)R={(x,y):0 <x<a,0 <y <b}
Sol. (d) Since, R be the set of points inside the rectangle.
O R={(x,y):0<x<aand O0<y<b}

©,0 a

Q. 35 In a town of 840 persons, 450 persons read Hindi, 300 read English and
200 read both. Then, the number of persons who read neither, is

(@ 210 (b) 290 (c) 180 (d) 260
Sol. (b) Let H be the set of persons who read Hindi and E be the set of persons who read
English.

Then, nU) =840, n(H) =450, n(E) =300, n(H n E)=200

Number of persons who read neither=n (H' n F")
=nHOE)
=nU)-nHOE)
=840-[n(H)+ n(E)—n(H n E)]
= 840 — (450+ 300 - 200)
=840 - 550 =290
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Q.361fX={8"-7n-1|n0ON}and y = {49 - 49 |[nON}. Then,
@Xx0vy bYDOX (X=Y dXnY=0
® Thinking Process

If every element of A is an elements of B, then A L1B.
Sol. (a) X={8"-7n-1nON}={0, 49, 490,..}
Y= {490 - 49| nON} = {0, 49, 98,147, ...}

Clearly, every elements of X is in Y but every element of Y is not in X.
O Xay

Q. 37 A survey shows that 63% of the people watch a news channel whereas
76%watch another channel. If x% of the people watch both channel,
then

(@ x =35 (b) x =63 (©)39<x<63 (d) x =39
Sol. (c) Let A be the set of percentage of those people who watch a news channel and B be
the set of percentage of those people who watch another channel.
n(A)=63 n(B)=76 and n(An B)=«x

. n(AOBg 100

O n(A+n(B)-n(AnB)<100

O 63+76—-x <100 O 139-x <100
O 139-100 < «x 0 39=<«x

. n(A)=63

O x(AnB)sn(A) O x <8683

O 39<x <63

Q. 38 If sets A and B are defined as
A={(x, y)|y :1,0 £x OR}, B={(x, y)|y =-x, x OR,}. Then,
x

@ANB=A (b)An B=B (©ANnB=¢@ dAOBE A
Sol. (¢) LetxOR
We know that, -x ¢1
X
] AnB=g¢

Q. 39 If A and B are two sets, then A n (A0 B) equals to
@A (b) B ©e (dANB
Sol. (a) - An(ADOBF A

A B

An (AD B)
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Q.40 1f A ={1,3,5,7,9,11,13,15,17}, B={2, 4,..., 18} and N the set of
natural numbers is the universal set, then (A'0C (AJ B) 'B )is
@ao (b)N () A (d) B
® Thinking Process
To solve this problem, use the distributive law ie, An BO G (A BY A C)
Sol. (b) A O[(AD B) B] [+An(BOCF (A BI (A C)]
=A0[AM B B 'B)]
=ADO[(M BN @=A"0O B)
=(A'0An (A0 'B)
=A'0B=Nn(AOB)
=A0OB=(AnBy [“AnB=gq
= (p:[\/

Q. 41 If S = {x| x is a positive multiple of 3 less than 100} and P = {x | x is a

prime number less than 20}. Then, n(S) + n(P) is equal to
(@) 34 (b) 31 (c) 33 (d) 41
Sol. (d) - S ={x| x is a positive multiple of 3 less than 100}
] n@S)=33
and P ={x| xis a prime number less than 20}
0 nP)=8
n@S)+ n(P)=33 + 8 =41

Q.42 1If X and Y are two sets and X' denotes the complement of X, then
Xn(XOY) isequal to

(@ X b)Y © @ (dXnY
Sol. (¢) Xn(XOY)=XnXnY) [-(AOB= An B]
=X nX)n(XnY)
=pn(XnY)=9 [-¢ nA =g

Fillers

Q.43 Theset {x JR: & x< 2} can be written as ......... .

Sol. Theset{x OR:k < 2} can be written as (1,2).

Q. 44 When A = @ then number of elements in P(A) is ......... .

Sol. O A=¢ O n(A)=0
n{P(A)} =2"" =20 =1

So, number of element in P(A) is 1.
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Q. 45 If A and B are finite sets ,such that A O B, then n(A 0 B) is equal to

Sol. If A and B are two finite sets such that A 0 B, thenn(A O BF n(B).

Q. 46 If A and B are any two sets, then A — B is equal to ......... .

Sol. IfAandB are anytwo sets,then A-B=An B’

O

Q. 47 Power set of the set A ={1, 2} is ......... .

® Thinking Process

We know that, the power set is a collection of all the subset of a set. To solve this
problem, write the all subset of the given set.

Sol. b A={12}
So, the subsets of A are @ {1}, {2} and {1,2}.
O P(A)={@ {1, {2}, {1 2}}

Q. 48 If the sets A={1, 3,5}, B={24,6} and C ={0, 2, 4, 6, 8}. Then, the
universal set of all the three sets A, B and C can be ......... .
Sol. Universal setforA, Band CisgivenbyU ={0,12,3 4,5, 6, 8}

Q.491f U ={1,2,3,4,56,7,8,9,10}, A={1,2,3,5}, B={2,4,6,7} and
C={2, 3, 4, 8}. Then,
() (BOC) is ... . (i) (€ = A)'iS vevee .
Sol. If U={1,2234,5,..,10},
A={1,2,3,5} B={2,4,6,7} and C ={2, 3, 4, 8}

0 BOG {238,/4,67,8)

() BOCE U-(B1 €@ {15910

(i) C—- A={4,8}

O C-A=U-(C-A={1223567910}

Q. 50 For all sets A and B, A — (A n B) is equal to ......... .
Sol. A~(An B =A-B=An B
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Q. 51 Match the following sets for all sets A, B and C

Columnl Columnlli
i (A"OB)=-A @ A-B
(i) [B"OB -A) by A
i A-B-B-C | B
(v, A-B)n(C=B) | (d) AxB)nAxO)
v) Ax(@B nC) (e) AxBOK O
i) Ax(@BOCQ (G) AnC)-B
Sol. () (A0 B)-AF [(A0'B) "A]
=[(An B'n A]
=[(AnBTO(A) =(AnBOA
=A
(i) [BOB A= [BI'B 'A)
=[B'0(B1 'A)]
=Y n(BO A
=BnBOA)
=B

(i) (A-B)-B-C)=(An B)-(Bn C)

=(AnB)nBn C)
=(AnB)n [BO (C)]
=(An B)n (B 0O C)
=[An®B0CH B (BI C)]
=[An(B 0OCH B
=(AnB)n[B 0O Cy B]
=(AnB)nB =AnB=A-B

Alternate Method

It is clear from the diagram, (A-B)-(B-C)=A-B.

(iv) (A-B)n (C-B)

0 (An B)n(Cn B)
O (AnC)n B
] (AnC)-B

(V) AxBn C=(AxB)n(AxC)
(Vi) Ax(BOC)=(Ax B O(Ax C)
Hence, the correct matches are

(i) ~ (0),

(i) « (o),

(iii) & (a),

[+A-B=An B]
[-(An By =A 0 B]
[ (AY= Al

[+A-B =An B]
[+A n B =(A0 B)]
[-(AOB= An B]
[ (A) = A]

[+A-B=An B]

[+A-B=An B]

[+An B =A-B]
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True/False

Q. 52 If Ais any set, then A [J A.

Sol. True
Since, every set is the subset of itself.
Therefore, for any set A, A 0 A.

Q.531f M={1,2, 3,4,56,7,8 9} and B={1,2,3,4,5,6,7,8, 9}, then
B M.
Sol. False
M={1,223,4 567,89}
B=1{1,21345678 9}
Since, every elements of B is also in M.
O BOM

Q. 54 The sets {1, 2, 3, 4} and {3, 4, 5, 6} are equal

Sol. False
Since, 20{12, 3 4}
But 2 [0{3 4,5 6}
0O {1,2,3 4} #{3 4,5, 6}

Q. 55007 =0, where Q is the set of rational numbers and Z is the set of
integers.

Sol. True
Since, every integer is also a rational number, then Z 0 Q
where, Z is the set of integer and Q is the set of rational number.
O QU0 Z=Q

Q. 56 Let sets R and T be defined as
R ={x OZ| x s divisible by 2}
T ={x 0Z | xis divisible by 6}. Then, T O R
Sol. True
R={x0Z| xisdivisibleby 2} ={... =6, -4,-2,0,2,4,6,...}
T={x0Z|xisdivisible by 6} ={...,—12,-6,0,612, ...}
Thus, this every elements of T is also in R.
O TOR

Q.57 Given A={0,1,2}, B={x0OR|& x 2}.Then, A=B.

Sol. False
A={012}, and B={x OR| & x 2}
O n(A)=3
So, A is finite. Since, there are infinite real numbers from 0 to 2. So, B is infinite.
0 A% B
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Relations and Functions

Short Answer Type Questions

Q. 1IfA={-1 2 3} and B = {1, 3}, then determine
(i) AxB (i) Bx A (ili) Bx B (iv) AxA
Sol. A={-12 3 andB={1,3}
(i) AxB={(-1,1),(-13),(2,1),(2,3), 3, 1), (3 3)}
(i) Bx A={(1,-1,(1,2),(1,3),3, -9, 3,2, (3 3)}
(i) BxB={(1,1),(1,3), 3, 1), 3 3)}
(iv) Ax A={(-1 -7, (-12), (-1, 3), 2, -0, 2, 2), (2,3), (3, -1, 3, 2), (3, 3)}

Q.2If P={x:x<3, x ON}, Q={x:x<2 x0OW}, then find
(POQk (Ph Q) where W is the set of whole numbers.

Sol. We have, P={x:x<3x0ON}y={1,2}
and Q={x:x<2 xOW}={0,1,2}
0 PO {0,1,2}and P nQ=1{1,2}

(POQx (Pn QF {0,1,2} x{1,2}
={0,1).(0,2, (1,1),(1,2), 1), (2, 2)}

Q.31f A={x:x0OW, < 2}, B={x:x 0N, K x< 5} and C = {3, 5}, then

find
(i) Ax(BnC() (i)Y Ax(B OO
Sol. We have, A={x:x0OW, = 2} ={0, 1}
and B={x:xON k x< 5}
={2, 3,4} and C ={3, 5}

@) - BnC=1{3

o Ax(BnC)={0,1} x{3} ={(0,3), (1, 3)}
(i) - (BOC¥ {2,3,4,5}

0 Ax(BOCE {0,1}x{2, 3, 4,5}

={(0,2),(0,3),(0,4).(0,9), (1,2), (1,3), (1. 4), (1, 5)}
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Q. 4 In each of the following cases, find a and b.
(i) (2a + b,a —b) =(8, 3)

(i) %, a- 2@: (0,6 +b)

Sol. (i) We have, 2a+ b,a—-b)=(8 3)
O 2a+b=8anda-b =3
[since, two ordered pairs are equal, if their corresponding first and second elements are
equal]
On substituting, b =a -3 in2a + b =8, we get
2a+a-3=80 32-3=8

0 3a=110 a= 1
3
Again, substitutinga:%inb =a -3 we get
b:ﬂ—3:11_9:g
3 3 3
g azﬂandbzg
3 3
(ii) We have, %,a—Zb@z(O,EHb)
0 2-00a=0
4
and a-2b=6+b
O 0-2b=6+b
O -3b =6
O b=-2
g a=0,b=-2

Q. 5A={1,2,3,4,5}S ={(x y):x0A, yO A}, then find the ordered which
satisfy the conditions given below.
(i) x+y=5 (i) x+y <5
(iii) x +y >8
Sol. Wehave, A={1,2,3,4,5}andS ={(x, y):x OA yJ A}

(i) The set of ordered pairs satisfying x + y =5is,
{(1.4), (2.3), (3. 2), (4. 1)}

(ii) The set of ordered pairs satisfying x + y < 5is {(1,1), (1,2), (1, 3), @, 1), 2,2), (3 1).
(iii) The set of ordered pairs satisfying x + y>8 is {(4, 5), (5, 4), (5, 5)}.
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Q. 6 If R={(x, y):x, y OW, x* y?= 25}, then find the domain and range
of R.
® Thinking Process

First, write the relation in Roaster form, then find the domain and range of R.
Sol. We have, R={(x,y):x yOW, x% y°= 25}

={(0,5), (3, 4), (4,3), (5, 0)}
Domain of R = Set of first element of ordered pairs in R
={0, 3, 4,5}
Range of R = Set of second element of ordered pairs in R
={5,4,3,0,}

Q. 71f R, ={(x, y)|y =2x +7, where xR and -5<x <5} is a relation.
Then, find the domain and range of R;.

Sol. We have, R, ={x,y)|y =2x +7, where x JRand -5< x < 5}
Domainof R, = {-56<x <5 x OR}
=[5 9]
y=2x+7
When x = -5, then y=2(-5)+7 =-3
When x =5, then y=2(5B)+7 =17
0 Range of R, ={-3<y <17, y OR}
=[-317]

Q. 8 If R, = {x, y)|x and y are integers and x° + y? =64} is a relation, then
find the value of R,.
Sol. We have, R, ={(x, )} x and y are integers and x* + y* = 64}
Since, 64 is the sum of squares of 0 and + 8.
When x =0, theny? =640 y=+8
x=8theny’ =64-821064-64=0
x = -8 then y? =64 — (-8 =64 —64 =0
0 R,={0,8),(0-8)80),(-80}

Q. 9 If R, ={(x,| x|)|x is a real number} is a relation, then find domain and

range of R;.
Sol. We have, Ry ={(x| x|)|x is real number}
Clearly, domain of Ry =R

Since, image of any real number under R, is positive real number or zero.
O Range of R, = R* 040} or (0,e)
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Q. 10 Is the given relation a function? Give reason for your answer.
(i) h={(4, 6), (3, 9), (-11, 6), (3, 11)}
(i) f ={(x, x)|x is a real number}

(i) -tH liisa ositive inte er%
g @xﬁ p g 5

(iv) s = {(x, x*)| xis a positive integer}
(v) t ={(x, 3)| xis a real number}

Sol. (i) We have, h={(4,6), (3 9),(-11,6), (3, 11)}.
Since, 3 has two images 9 and 11. So, it is not a function.

(ii) We have, f = {(x, x)|x is a real number.
We observe that, every element in the domain has unique image. So, it is a function.

(iii) We have, g = %i@

For every x, it is a positive integer and 1 is unique and distinct. Therefore, every element
X

. L O
x is a positive integer
O

in the domain has unique image. So, it is a function.

(iv) We have, s = {(x, x%)| xis a positive integer}
Since, the square of any positive integer is unique. So, every element in the domain has
unique image. Hence, it is a function.

(v) We have, t ={(x, 3)|x is a real number}.
Since, every element in the domain has the image 3. So, it is a constant function.

Q. 11 If f and g are real functions defined by f(x) = x® + 7 and g(x) = 3x +5.
Then, find each of the following.

(i) F) + 9(-5) (i) £, ] 914
(i) f(=2) +g(-) (iv) fit) - f(=2)
(v) 71‘(? :5(5), ift #5

Sol. Given, fand g are real functions defined by f(x) = x® + 7 and g(x) = 3x + 5.
(i) f(3)=(3° +7 =9+7 =16 andg (-5)= 3(-5) +5 =15 +5 = =10
0 f(3) + g(-5) =16 =10 =6

(ii) f%@: %gw:%n =%

and g (14)=3(14) + 5 =42 +5 =47

I 29 1363
0 f xg4)==2 x47 =_—"%
%Q 9(14) 4 4

(iii) (-2) =(2) +7 =4 +7 =11 and g(-1)=3(~1) +5 = -3 +5 =2
0 f(=2)+g(-1) =11 +2 =13
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(iv) f()=t? +7and f(-2) = (2> +7 =4 +7 =11

| f(t) - f(—2) =t® +7 -11=t? - 4
(V) ft)=t> +7and f(5)=5% +7=25+7 =32
0 w,in¢5
t-5
_tP+7-32
t-5

_t? =25 _(t-5)(+5)
t-5 {t - 5)
=t +5 [ t#5

Q. 12 Let f and g be real functions defined by f(x) = 2x + 1and g(x) = 4x — 7.
(i) For what real numbers x, f(x) = g(x)?
(ii) For what real numbers x, f(x) <g(x)?
Sol. We have, flx)=2x +1and g(x)=4x -7
@i - f(x)=g(x)
ad 2x+1=4x -7 0 2x=8
0O x=4
(ii) - flx) < g(x)
2x +1<4x -7
2x —4x +1<4x -7 —4x
2x+1<-7
2x<-7 -1
2x<-8
-2 x > -8
-2 =2
O x>4

O Ooooogod

Q. 13 If f and g are two real valued functions defined as f(x) =2x +1 and
g(x) = % +1, then find

G f+g () f-g (i) fo (iv)_f;

Sol. Wehave, f(x)=2x +1andg(x)=x? +1

(i) (f + g)(x) =1(x) + g(x)
=2x +1+x° +1=x2 +2x +2
(i) (F-9g)x)=1(x) ~g(x)=@x + 1) ~(x* +1)
=2x +1-x2 -1=2x - x% = x(2 - x)
(iii) (fg)(x) = f(x) [ (x) = @xc + 1) (x* +1)
=243 +2x +x% +1=2x% + x% +2x +1
fx) _2x + 1

Lo f _
(iv) E(x)—%— 21
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Q. 14 Express the following functions as set of ordered pairs and determine
their range.
fix > R f(x)=x*+1 wherex={-1,0,3,9, 7}

Sol. We have, f:X = R flx)=x% +1
Where X={-10397}
When x=-1then f(=1)=(=1)° +1=-1+1 =0
3

0P +1=0+1=1

=(3° +1=27 +1=28

x =9 then f(9) = (9)° +1=729 +1 =730

x =7 then f(7)=(7)° +1=343 +1 =344
f={(-10), (0, 1), (3, 28), (9, 730), (7, 344)}

O Range of f = {0, 1,28, 730, 344}

x =0 then f(0) =
x = 3 then f(3)
(€)

Q. 15 Find the values of x for which the functions f(x)=3x? -1 and
g(x) =3 + x are equal.
Sol. ~ flx) = g(x)
3x® -1=3+x
3x?-x-4=0
3x% —4x +3x -4 =0
x(8x —4)+13x —4) =0
Bx—-4)(x+1)=0

x=-1—
3

Oooooao

Long Answer Type Questions

Q. 161s g ={(1,1),(2.3),3,5),(4,7),} a function, justify. If this is described
by the relation, g(x) = a x + 3, then what values should be assigned to a
and 3?
® Thinking Process
First, find the two equation by substitutions different values of x and g (x).

Sol. We have, g={11,23).35),47)}
Since, every element has unique image under g. So, g is a function.
Now, glx)=oax + B
When x =1, then gl)y=al)+pB ()
O 1=a+B
When x =2, then g@R)=a@)+p
O 3=2a+p ...(ii)

On solving Egs. (i) and (ii), we get
a=2pB=-1



20 NCERT Exemplar (Class XI) Solutions

Q. 17 Find the domain of each of the following functions given by
1 1

() f) == () ) = =

S —x+3

(i) f(x) = x|x| (iv) flx) =" >
x° -1

Sol. (i) Wehave, f(x)=
JJ1-cosx
-1<cosx <1
O - 4- cosx 1
O O0<1-cosx<2
So, f(x)is defined, if 1 —cosx #0
cosx #1
x#2nm- 01 Z
ad Domainof f =R —{2nm:n 0OZ}
(i) We have, fla)=
Jx + | x|
x+|x|=x-x=0x<0
=x+x=2xx20

Hence, f(x)is defined, if x > 0.
O Domain of f = R*
(iii) We have, f(x) = x| x|
Clearly, f(x)is defined for any x OR.
g Domainof f =R .
(iv) We have, flx) = x'zi’i”
x 1
f(x) is not defined, if x2-1=0
O (x=N(x+1)=0
O x=-11
g Domainoff =R = {-1,1}
3x
(v) We have, flx) = 58—
Clearly, f(x)is defined, if28 —x #0
O x 28
a Domain of f = R — {28}

Q. 18 Find the range of the following functions given by

(i) fl)=—— (i) f(x) =1 -z —2|
2—-x

(i) f(x) =|x = 3| (iv) f(x) =1 +3cos2x
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@ Thinking Process

First, find the value of xin terms of y, where y = f(x). Then, find the values of y for which x
attain real values.

Sol. (i) We have, f(x) = 3
2 - x?
Let y = flx)
Then, y= 8 pgo-x2=3
2 - x? y
O x2 =2 —g O x= w
y y
x assums real values, if2y —=3=20and y>0 O y 2 g
B
O Range of f = —, oo@
2
(ii) We know that, [x-2|200- | 2 0
O 1-|x=-2|<10 f(x)<1
JRange of f=(~0,1]
(iii) We know that, [x=3|200 f(x)=0
0 Range of f = [0, )
(iv) We know that, -1<cos2x<1[0- 8 3cos2£ 3
O 1-3<1+3cos2x<1+30- & %+ 3cos2x + 3
o -2<f(x)< 4
g Range of f =[-2, 4]

Q. 19 Redefine the function
flx)=|x-2|+|2+x]| -3<x<3
@ Thinking Process

First find the interval in which |x =2| and |2 + x| is defined, then find the value of f(x)in
that interval.

Sol. Since, |x =2 = =(x =2),x <2
x=-2,x22
and [2+x=-2 +x),x <2
@+x),x=2-2
O flx)=|x -2| +|2 + x|, -3 <x <3

x -2)-@ +x), B<x<-2
=Hu-2)+2+x —2sx<
Hx-2+2+x,  2s5x<3
r2x, -3<x<-2
=H4 -2<x<0

H2, 2s<xs<3
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28
Q. 20 If f(x) = T then show that
I Hig_ -1
() £E-0= - £ 6 FE LB o
Sol. We have z‘(ac)=x_1
x+1
1oy
10_ x _(-x)/x _1-x (x =1)
O §_1+1_(1 x)/x_1+x x+1 )
X
1

1_
(ii)f@JQ:_% - 0 f%@ x"_+11
X

Q. 211f f(x) =+/x and g(x) = x be two functions defined in the domain

R* O {0}, then find the value of
(i) (f —9) (

0) (F +9) @
(i) () () (v %H

= x be two function defined in the domain R* 0 {0}.

Sol. We have, f(x fandg
) (x) =f(x) —g(x)=~x - x

(I)(f+g)() flx) + g(x)=x +x (i) (f - g
3
(i) (fg) (x) = J=VxE =22 (v) %g(x):%_gzﬁ

. 22 Find the domain and range of the function f(x)= .

1

Sol. We have, f(x) =
Jx =5

f (x)is defined, ifx —=5>00 x>5
Domain of f = (5, )

O
Let flx)=y
0 y= ! 0 /x—5:1
Jx =5 y
0O x—5=i2
Y
0 x=i2+5
Y
x 0w YO yOR*

Hence, range of f = R*
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ax

-b
Q. 23 If f(x)=y = , then prove that f(y) = «.
-a

cxX
:ax—b
cx —a

awg—b

f ):ay—b: [tx —al

Sol. We have, flx)=y

g
e oo,
[tx —ald
_alax = b) - blcx —a) _ a’x —ab - bcx +ab
clax - b)—alcx —a) acx - bc —acx + a°
_a’x —bex _ x(@ - be) _ .
a?-bc  (a% -hc)
g fly)=x Hence proved.

Objective Type Questions

Q. 24 Let n(4) = m and n(B) = n. Then, the total number of non-empty relations

that can be defined from A to B is
(@m" (b)n™ -1 (©mn -1 (d)2™ -1
® Thinking Process
First find the number of element in A XB and then find the number of relation by using

2MAxE) _ .
Sol. (d) We have, n(Ay=m andn(B)=n
n(A x B) = n(A) th(B)
=mn

Total number of relation from Ato B =2"" —1 =2"AXB)~1 _4

Q. 25 If [x] 2 - 5[x] + 6 =0, where [ [] denote the greatest integer function,
then
(@) x O[3, 4] (b) x 02, 3] (c) x ]2, 3] (dy x O[2, 4)
® Thinking Process
If a and b are two successive positive integer and [x] = a, b, then x Ola, b]

Sol. (¢) We have, [x]% - 5[x]+ 6 =0

O x]? - 3x] -2[x] +6 =0
[x]([x] = 3) —2([x] =3) =0

(x]=3)([x] -2) =0
[x]=2,3
x 0[2, 3]

Oooo
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1
Q. 26 Range of f(x) = ———is
1-2cosx
o .0 o, 10
=1 b) =1, —
@5 g Y
ol 01 .0
—o, =1 O & d) =—,1
(© (=, <1 O g ClERE
Sol. (b) We know that, -1< -cosx <1
O -2 < -2c0sx <2
0 1-2<1-2cosx <1+2
O -1<1-2cosx <3
0 -1< 1 <1
1-2cosx 3
1
O -1<f(x)< —
(x) 3
O, 10
o R ff=r L
ange o 5" 36
Q. 27 Let f(x) = 1+ x?, then
(@) f(xy) = f(x) C(y) (b) f(xy) = f(x) CF(y)
() flxy) < f(x) CF(y) (d) None of these
Sol. (¢) We have, flx) = 1+ 22

=+ x%)(1+ %)

=\/1+x2 +y° +x%yP

\/1 + x2y? s\/1 +x2 + 2 + a2y

O

flay) < f(x) TH(y)

Q. 28 Domain of \Ja? - x® (@ >0) s

(@ (-a, a

@10, al

Sol. (b) Let

f(x)is defined, if

Ooo o

(b)[-a, a]
(d) (-a,0]

flx) = Ja® - x?
a®-x%220
x?2-a%<0

(x—a)(x +a)<0
-4 £ a
Domain of f = [-a, a]

[-a>(Q
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Q. 29 If f(x) =ax +b, where a and b are integers, f(-1) = -5 and f(3) =3,
then a and b are equal to

(@a=-3,b=-1 (bya=2,b=-3
(ca=0,b=2 (d)a=2,b=3
Sol. (b) We have, flx)=ax + b
f(-1)=a(-1) +b
5=-a+b (i)
and, f8)=a@) +b
3=8a+b (D)

On solving Egs. (i) and (ii), we get
a=2andb=-3

Q. 30 The domain of the function f defined by

flx)=4—-x +%is equal to

x° -1
(@) (o0, =1) 0 (1, 4] (b) (oo, 1] T (1, 4]
() (o0, =1) I[1, 4] (d) (o0, =1) 01, 4)
Sol. (a) We have, fl)= Ja—x +
x% -1
f(x)is defined, if 4-x200rx?-1>0

x—4<0o0r (x+1N)(x-1)>0
x<4orx<-1land x>1

0O Domain of f = (=, =1) O (1, 4]
4 —
Q. 31 The domain and range of the real function f defined by f(x) = i is
given by x4
(@) Domain =R, Range = {~1,1} (b) Domain =R - {1}, Range =R

(c) Domain =R — {4}, Range = {-1} (d) Domain =R —{-4}, Range = {-1,1}
® Thinking Process

A function & is defined, if g(x) % 0.
g(®)

Sol. (c) We have, f(x)=4_x
x—4
f(x)is defined, if x —4 #0ie., x 24
ad Domain of f = R — {4}
Let flx)=y
0 y=4"% 0 y-sy=4-4
xy+tx=4+4y 0 x(y+1)=401+y)
0 =20+
y+1

x assumes real values, if y + 1£0/.e., y= -1
g Range of f =R - {-1}
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Q. 32 The domain and range of real function f defined by

f(x) =./x —1is given by

(@) Domain =(1, «), Range = (0, o) (b) Domain =1, ), Range = (0, )
(c) Domain =(1, o), Range =[0, o) (d) Domain =1, ), Range =[0, )
@ Thinking Process

A function is defined f(x) =~/x is defined x> 0.

Sol. (d) We have, flx) = Jx -1

f(x)is defined, if x =12 0.

O x 21

g Domain of f =[1, o)

Let flx)=y

O y=Jx -1

O Vo=x -1

0 x =y +1

x assumes real values for y OR.

but y=0

0 Range of f = [0, )

. . . X2 +2x+1
Q. 33 The domain of the function f given by f(x) = P
X —X—
@R-{3,-2} (b)R -{-3,2} (©R-[3,-2] (dR-3,-2
2
Sol. (a) We have, f(x) = w
x“—-x -6

f(x)is defined, if x?-x-6=0

0 x?-3x+2x-6=0

O x(x—-3)+2(x -3) =0

O (x =3 (x+2)=0

g x=-3 -2

d Domainof f =R — {3, -2}

Q. 34 The domain and range of the function f given by f(x) =2 —|x —5|is
(a) Domain =R", Range = (-0, 1]
(b) Domain =R, Range =[-, 2]
(c) Domain =R, Range = (-, 2)
(d) Domain =R", Range = (-, 2]

Sol. (b) We have, flx)=2 —|x - 5|
f(x)is defined for all x OR
O Domain of f =R
We know that, |[x-5/2z00- | 5f£ O
O 2-|x-5|<2
O flx)<2

g Range of f = [~, 2]
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Q. 35 The domain for which the functions defined by f(x)=3x* -1 and
g(x) =3+ x are equal to

0O, 40 40
@ g3 (b) 4, -
g '30 38
0, _20 0. _40
C _1, - d _2/_7
©g' 38 @ 52,-30
SO[. (a) We have, f(x) = 3x2 —1and g(x) =3+
fx) = g(x)
O 3x?2 -1=3+x
u 3.962 -x-4=0
0 32 —4x + 3x —4 =0
g x(3x = 4) + 1(3x —4) =0
o Bx-4)(x+1=0
o X = —1yf
i i 0., 40
So, domain for which f(x) and g(x) are equal to 5—1, 38

Fillers

Q. 36 Let f and g be two real functions given by
f={(0, 1), (2,0), (3, =4), (4, 2), (5, 1)}
and g ={(1,0), (2, 2), (3, -1), (4 4), (5,3)},
then the domain of f [f is given by............

® Thinking Process

First find the domain of f and domain ofg Then,
domain of f[g=domain of f N domain of g.

Sol. We have, f={0,1),(,0), 3, -4, (4,2), (5 1)}
and g ={(1,0), (2,2), (3, -1), (4, 4), (5 3}
g Domain of f =40, 2, 3, 4, 5},
and Domainofg ={1, 2, 3, 4, 5}

O Domain of (f Cg) = Domain of f n Domain of g = {2, 3, 4, 5}
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Q. 37 Let f ={(2, 4), (5, 6), (8, —1), (10, -3)}

and g ={(2, 5), (7, 1), (8, 4), (10, 13), (11, 5)}
be two real functions. Then, match the following.

Columnl ColumnlIli

i f-g @) @%@@%@QO%@E

(i f+g (b) {(2,20), (8,-4), (10, =39)}

© fy © {2-,8-5, (10 -16)}

@ f (d)  {29)(8, 3),(10, —10)}
g

The domain of f —g, f +g, f @,iis domain of f n domain of g. Then,
g

find their images.
Sol. We have,
f={@2, 4), (5 6), (8, 1), (10, -3}
and g ={(2,9),(7.1),(8,4), (10, 13), (11,5}
So,f-g,f+g,f.g,— are defined in the domain (domain of f n domain of g)
g

ie, {25810} n{2,7,8,10,11} O {2, 8,10}
(i) (f-g)@)=f2)-gR)=4 -5 = -1
(f-9)8)=1(8-g(8=-1-4=-5
(f-g)(10) =f(10) —g(10) = -3 -13 = -16
f-g={@ -1),(8 -5), (10, -16)}
(i) (f+ g)@)=fR) +g@)=4+5=9
(f+g)@®) =f8) +g(8) =-1+4 =3
(f+9)(10)=f(10) + g(10)= =3 + 13 =10
0 f+g={29), 8, 3), (10, 10)}
(iii) (fY)@) =) [G) =4 x5 =20
(L)@ =f(8)[y(8)=-1x4=-4
(fth) (10)=1(10)Ly(10)= =3 x13 = =39

a fg ={(2, 20), (8, =4), (10, =39)}
(iv) %@@—% =1
0 f

L

Hence, the correct matches are (i) - (c), (i) » (d), (i) - (b), (V) - (a).
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True/False

Q. 38 The ordered pair (5, 2) belongs to the relation
R={(x, y):y =x -5 x y 07}

Sol. False
We have, R={(x,y):y=x-5xy07}
If x=5theny=5-5=0

Hence, (5, 2) does not belong to R.

Q.39IfP ={1,2}, thenP x P xP ={(1,1, 1), (2, 2, 2), (1, 2, 2), (2, 1, 1)}

Sol. False
We have, P={12}andn(P)=2
0 n(PxPxP)y=n(P)xn(P)xn(P)=2 x2 x2 =8

But given P x P x P has 4 elements.

Q.40IfA=1{1, 2,3}, B={3, 4} and C = {4, 5, 6}, then (A x B) O (& ()

= {(1, 3), (1, 4), (1, 5), (1, 6), (2, 3), (2, 4), (2, 5), (2, 6), (3, 3),
(3. 4), (3,5), (3, 6)}.
® Thinking Process
First, we find A xBand A XC, then we will find (A XB) O (& C).
Sol. True
We have, A={1,2,8},B={3,4}andC ={4, 5, 6}
AxB={(1,3),(1,4), 2 3), (2, 4),(@3,3), 3,4}
AxC ={(1,4),(1,5),(1,6),(2,4),(2,5), (2 6),(3,4),(3,5), 3,6}
(AxB)O(A CF {(1,3),(1,4),(1,5),(1.6), (2,3, (2,4),(25), (2 6), 3,3, (3,4), 3 9),
3, 6)}

Q.411f (x-2,y+5) = @—2, %@ are two equal ordered pairs, then x =4,

y_—14
3
Sol. False
We have, (x=-2,y+5)= @—2, 1@
3
1 1
] x=-2=-2,y+5=—0 x=-2+2,y=—-5
v 3 Y 3
-14
O x:OY =__
/ 3

Q.42 1FAxB ={(a, x), (@, y), (b, %), (b, y)}, then A ={a, b} and B = {x, y}.

Sol. True
We have, AxB={(ax),(@y),(b x),b v}
A = Set of first element of ordered pairs in A x B={a, b}
B = Set of second element of ordered pairsin A x B={x, y}
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Short Answer Type Questions

tanA+secA -1 _1+sinA
tanA —secA+1 COSA

Q. 1 Prove that

@ Thinking Process

Here, use the formulae ie, sec’ A = tan’ A =1 and a* =b’ =(a +b)(a —b) to solve the
above problem.
tanA + sec A —1

Sol. LHS =
tanA - sec A + 1
_ 24 _ 2
_tanA +sec A —(sec” A —tan” A) [+ sec? A — tam? A = 1]
(tanA —sec A +1)
_ (tanA + sec A) - (sec A + tanA)(sec A - tanA)
(1-sec A + tanA)
_ (sec A+ tanA)(1 - sec A + tanA)
1-sec A+ tanA
=sec A+ tanA= 1 + sin A
CosA cos A
= 1+sinA _ RHS Hence proved.
COos A
2sina 1-cosa +sina |,
Q. 2 If —— =y, then prove that : is also equal to y.
1+ cosa +sind 1+ sina
2sina

Sol. Giventhat,— =>"= =
1+ cosa + sina

1-cosa +sina _(1—cosa+sin0()d1+cosa+sin0()
1+sina (1+sina) (1+cosa+sina)

Now,

{(1+sina)-cosa} D{(1 + sina) + cos a}
(1+sina) (1+cosa +sina)
(1 + sina)® - cos?a

(1+sina)(1+ sina + cosa)

_ (1+sin®a + 2sina) - cos” o
(1+sina)(1+sina + cosa)
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_1+sina + 2sina -1+ sina
(1+sina)(+sina + cosa)

2sina + 2sina
- (1+sina)(1+sina + cosa)
2sina(1+ sina)
(1+sina)(1+ sina + cosa)
2sina
" {+sina+cosa

Hence proved.

m+n
Q. 3 If msin® =nsin(0 +2a), then prove that tan(8 + a)cot a = .
m-n
Sol. Given that, msin® =nsin(® +20q)
0 sin@ +2a) _m
sin@ n

Using componendo and dividendo, we get
sin@ +2a) +sin® _m+n
sin®+2a)-sin®@ m-n

23inW%@osw_e%
2 2 - m+n

O
2cos §+20(+ e%@inée+2a_e% m=n
2
[ sinx +siny = 2sin® 5 2V gos XY 5 ~Y and sinx - siny = 2cos* Y stL]
0 sin®+ a)lcosa _m+n
cos @+ a)lsina m-n
O tan® + o) [cota = m*n Hence proved.
m=n

Q.4 Ifcos(a +B) = : andsin(a - ) = % where a lie between 0 and ; then

find that value of tan2a.

Sol. Given that, cos(a + B) = ﬂ andsin(@ - B) = %
3
0O sin(a + — = = ==
- r s
O sin(a + B) =
and cos(a —B) = -2 /14 —+—
169 169
g cos (0 —
13
Now, tana + B) = M Eince,a lies between 0 and U
cos(a +B) 48
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5
and tan(@ -B) = M:ﬁ:i
cos(@-B) 12 12
13

g tan2a =tan(@ + B + a - B)
_ tan(a +B) +tan(a - P) o tan (x+ y) = tanx £ tany O
1 - tan (o + B)an (o - ) H B 17 tanxdanyH

3, 5 9+ 5

_ 412 - 12 _14x16_56
4-3 5 16-5 12x11 33
4712 16

+b -b
Q. 5 Iftanx = 9 then find the value of \/a + \/a .
a a- a+b
® Thinking Process

First of all rationalise the given expression and used the formula, e,
COs2% = cos’ X —sin’ .

Sol. Given that, tanx = 9
a+b \/a+b +\/a b
a- b a+b a b)(a + b)
-@rbr@-b. 22 . 2a 0.0 _ianeC
\/a2_b2 \/az_be \/ > H a A
a 1—%%

2 2c0osx .
= [~ cos2x =cos® x —sin® x]

\/1 - tan’x \/COSZx -sin’x

_ 2cosx

Jcos2x
0 90 | .
Q. 6 Prove that cosecosg - cos39cos7 =sin70sin86.

Sol. LHS=cos Gcosg - cos SGCOS%

%%cose mosg —2co0s 30 [dos—

900
2 H

%g@ gwos@ %cosﬁa9+2 cosgae-%%

1(cos:i9 + cosg cos@ —cosga
2 2 2 2 2
2B 2 2 B

1 ) épﬂse . éﬂ—ﬁiﬁ% 0 _ X T Y o x—y0
- —=sin [3in *COSXx —COSy = —2sin $in=—=
2% 2 @ 2 H y 2 2 B

= + (sin 80 8in76) =RHS
a LHS =RHS Hence proved.
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Q.71f acos®+bsin@=m and asin® —bcos® =n, then show that
a® +b% =m? +n®.
Sol. Giventhat, acos 0 + bsin® =m ()
and asin® —bcos 6 =n ()]
On squaring and adding of Egs. (i) and (i), we get
m? + n? =(acos B + bsin ) + (asin 8 —bcos 6
= a%cos®0 + b?sin® 6 + 2absin B[dos B +a°sin® 8 + b2cos? B

—2absin6[dos 6
a m? + n? = a°(cos®0 +sin?6) + b2(sin? 6 +cos? )
O m? +n® =a° +b? Hence proved.
Q. 8 Find the value of tan22°30".
Sol. Let 0 =45°
0 sing Zsing [Ztosg 0 sind
We know that, tan— = 26 = 2 ) 20 tans=_>"%_
cos— 2cos? 2 2 T1+cos8
2 2
0 tan22°30 = _ SN4%° [0 =45°]
1+ cos45°
1
= \/§ = 1
1+ L N2+1
N2

Q. 9 Prove that sin4A = 4sinAcos® A — 4cos Asin® A.

® Thinking Process
Here, apply the formula ie, sin2x =2 sinxcos x and cos2x = cos’ X —sin’
Sol. LHS =sin4A
=2sin2AGos2A
=2 (2sinA[@os A)(cos® A —sin? A)
[l cos2A =cos® A —sin? AU
%nd sin2A =2sinAlcos A B
g LHS =RHS Hence proved.

= 4sinABos® A - 4cos Asin® A

Q.101f tan®+sin@=m and tan® —sin@ =n, then prove that
m? —n® =4sinBtané.

Sol. Given that, tan® +sin®=m ()
and tan® —sin® =n (i)
Now, m+n=tanB +sinB +tan 6 —sin 6
m+n=2tanB - (il
Also, m-n=tanB +sinB —tan 6 +sin 6
m-n=2sin® . (iv)

From Egs. (i) and (iv),
(m+ n)(m-n)=4sin0dan 6
m? - n? = 4sinB Han 6 Hence proved.
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+

Q. 11 Iftan(A + B) = p and tan(A — B) = g, then show that tan2A = 1p 9 .

- pq
Sol. Giventhat tan(A+ B)=p ()
and tan(A-B)=q ..

g tan2A=tan(A+B+ A -B)

_tan(A+ B)+tan(A -B)
1-tan (A + B)tan (A - B)

tanx + tany O
1-tanxtanyH

E[' tan (x +y) =

=P*q [from Egs. (i) and (ii)]
1-pg
Q. 12 If cosa + cosB =0 =sina +sinf, then prove that
cos2a + cos2P = —2cos(a + P).
Sol. Given that, cosa +cosP=0=sina+sinp
| (cosa + cosB)? - (sina +sinP)? =0
0 cos?a + cos?p + 2cos acos B - sin®a - sin’B - 2sin asinf = 0
O cos?a - sina + cos?P - sin?B =2 (sin asin B —cos acos P)
O cos2a + cos2PB = —2cos(a + B) Hence proved.
sin(x + a+b tan a
Q.131f b+ y)_ , then show that anr -4
sin(x — y) a-b tany b

sinx+y)_a+b

sinx-y) a-b

Using componendo and dividendo,

0 _sin(x+y)+[sin(x -y)] _a+b+a-b
sin(x+y)-sin(x-y) a+b-a+b

2sin M%@OS M% oa

Sol. Given that,

0 =
2cosg+y+x_y%@hm§°+y x+y% 2b
a. ty x-y ty x-yO
sinx + sin 2sin® Y wos* Y and sinx -sin 2cos* Y rgin
H = 2 2 Y= 2 2 H
0 _sinx[¢osy _a
cosx[3$iny b
0 tanx _a
tany b
sina — cosd .
Q. 14 Iftan® = —————— then show that sina + cosa = +/2 cos®.
sina + cosd
Sol. Given that, tang = SNA 7 COSA
sina + cosa

cosda(tana — 1)
cosd(tana + 1)

0 tan® =

m

tana - tan—
0 tang=_—_ 4 0
1+ tang dana @
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0 taneztan%—ﬂﬁ
4

u 9=0(—£[D 0(:9+7£
O sina+cosa=sin@+g%+ cos@+;%

=sinB@os_" + cos B8N + cos 8 Bos* —sin @ Ein"
4 4 4 4

1 . 1 1 1 0. .. T n_ 10
=—sinB+-—cosB+-—cosB—-——sinB = sin—=cos— =—
2 2 V2 V2 H 4 4 28
2
= “_[@os 0=+2cosb
NA)
Q. 15 If sin@ +cos® =1, then find the general value of 6.
@ Thinking Process
Ifsin® =sina, then® = nTt+(=1)" L&y gives general solution of the given equation.
Sol. Given that,sin® + cosB =1
On squaring both sides, we get
sin®0 + cos®0 + 2sinBBos O =1
O 1+ 2sinBdos =1 [+ sin2x =2sinxcosx]
O sin28=0 O 20 =nm +(-1)" @
O g="T1
2
Alternate Method
sin® +cos 6 =1
1 . 1 1
O —[@Bin6+ —[dosB=—
V2 V2 V2
, Tt | S O m_ 1 _ ™
O sinB[cos— + cosB@8in— = — *Sin— = — =cos—
4 V2 H 4 2 4H
, T LT . . '
| sin® + —g=sin— ~osin(x + y) =sinx [dos y +cosx [Sin
B+ H=sing [ sin(x + ) y Y]
o o+ N=pm+ (-1 "
4 4
0 o=nm+ (- -1
4 4

Q. 16 Find the most general value of 8 satisfying the equation tan® = —1 and

1
cosB = —.
V2
Sol. The given equations are
tan@ = -1 ()
1 .
and cosf=— (i
N (i)
From Eq. (i), tan® = - tan;
O tan9=tan%n—E% a t<’:1n9=tan77,T
4 4
0 p="T"
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. 1 T
From Eq. (i), cos@=— [0 cosB=cos—
a N2 4
O cose=cos%n—1j% O cose=coslt
4 4
O G:E
4

Hence, the most general value of8i.e., 8 =2nm +77n.

Q. 17 If cot 6+ tan® = 2 cosec 6, then find the general value of 6.

Sol. Given that, cotB8 + tanB =2cosec 0
cosB , sin® _ 2
O + =<
sin@ cos® sinB
q cos” +sin°0 _ 2
sinBcos® sin®
O L [+ sin®+cos?8 =1]
cos 6
O cose=1 0 cos®=cos "
2 3
a g=2onm+
3

Q. 18 If 25in” B = 3cosH, where 0 < 8 < 27, then find the value of 6.

Sol. Given that, 2sin’0 = 3cos0
O 2 —2c0s%6 = 3cosh
| 2c0s%0 + 3cos6 - =0
O 2c0s8 + 4cosB —cos6 -2 =0
O 2cosB(cosB+2)-1(cosB+2)=0
d (cosB +2)(2cosb -1) =0
d cosB = —2 not possible [ —1<cosb<1]
2cosf =1
a cosh = 1
2
O cosB = cos
3
0 =
3
1
Also, cosf = COS% T E@
O cos6 =oos%T
0O 0= 571-[
6

So, the values of B are gand %I
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Q. 19 If sec xcos5x+1=0, where0 < x < 1—; then find the value of x.

43

Sol. Given that, secxcosbx +1=0
m+1=0 0 cosb5x +cosx =0
cosx
+x x —x[0_ 0. _ x+y x-yQ
O ZCoséﬁx Etosé6 =0 cosx +cosy =2cos—2[¢os
2 % 2 % g y 2 2 B
0 2cos3x[dos2x =0
O cos3x =0orcos2x =0
] cos 3x =cosgor cos2x =cos§
O x=" g ox="
2 2
and 2= x=T
6 4

Hence, the solutions are E, Tang T
2 4 6

Long Answer Type Questions

Q.201f sin@+a)=a and sin@+P) =b, then  prove
cos(a + B) —4abcos(a — B) =1 —2a° —2b°.
@ Thinking Process
Express cos(@ =) =cos(@ +a) —=(6 + ).
Sol. Giventhat, sin@ +a)=a

and sin@ + B) =b
| cos(@ + a) =+/1-a° and cos(® + B) =41 —b?
d cos(a —-B)=cos{6+a -6+ B}

=cos(® + B)cos(® + a) +sin(® + a)sin (6 + B
=\1-a2[1-p% +ab=ab + (1 -a°)(1 -b%)
=ab +.1-a° -b® +a°b?

and cos(@ —B)=ab + m

=cos2(a — ) — 4abcos(a - B)
=2cos?(a - B) —1-4abcos(a - p)

=2cos(a - B) (cosa — 3 —2ab) -1

that

=2(ab + 41 -a° —b® +a’b?)(ab ++1 —a°> -b> +a’b> -2ab)

=2[(1-a° -b® +a’b? +ab)(J1 a2 -b> +ab® -ab)] -

=2[1-a” -b® +a°b® -a’b°] -1

=2 -23° -2p® -1

=1-23°% -2p° Hence proved.
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1-m
Q. 21 If cos(0 + ¢) =mcos(® — ¢, then prove that tan® = I+ cot @
m
Sol. Given that, cos@+ @ =mcos® - ¢
0 cos@+q@_m
cos@-¢@ 1
Using componendo and dividendo rule,
cos@®@-¢@ —cos@+¢ _1-m
cos® - @) +cos® +@ 1+m
2sin 700+ gy (=0 -6 -
. 2sin é’%ﬁ@m 5 (ﬁ: 1—m
-Q+0 + g—q;—e— 1+m
2cos g%‘%mzos 5 q%
0 sinBsing _1-m b sin(-6) = —sin 6O
cosBltos @ 1+m @ndcos (-6) =cos 6 H
O tanGD]an(p=1_m
1+m
O tane=E1_chot(p
01+ m0O

Q. 22 Find the value of the expression

. 4? @ . 4 O 0. s . 6 O

3 5in —od+sin* (3t + a)g— 2 S5in ?+a§+sm (51 — a)

P 5" E
Sol. Given expression,

3 in“?—a +sin43n+aD—2§in6§§+a + sin®(5T - )2

gin' g - o+ sin‘(m+ o) H+ sin®(sm - o)
=3[cos’ o + sin*(1 + a)] - 2[cos® a + sin®(1t - a)]
=3[cos*a + sin*a] -2 [cos®a + sina]=3 -2 =1

Q. 23 If acos20 +bsin20 =c¢ has a and [ as its roots, then prove that
2b

tana + tanf = .
a+c

Sol. Given that, acos28 + bsin20 =c¢

—tan?60 O 0 0 —tan?e0d
0 aEH tan29 + 2tan2 H= 5 sin26 = 2tan§ and cos26 = | tanZGD
Ol + tan“ 60 Ol + tan“60 0 1+ tan“6 1+ tan“6
| a(l - tan®@) + 2btan ® =c(1 + tan?6)
O a-a-tan’0 +2btan @ =c +c tan’@

O (a+c)tan’6-2btanB+c —a =0
Since, this equation has tana and tan 3 as its roots.
tana + tanp :ﬁ :ﬂ
a+c a+c
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Q. 24 If x=secq —tan@ and y =cosec® +cot @ then show that
xy+x—y+1=0.

Sol. Giventhat, x =sec @ —tan @ . (0)
and y =cosec @ +cot @ (i)
Now, 1Cky = (sec @ —tan @(cosec @ +cot ¥
O xy =sec @ldosec @ —cosec @fan @+sec @At e@tan@dot @
O xy =sec @ldosec @ - +— =1
cos@ sing
O 1+ xy =sec gcosec @ —seC @ +cosec @ (il

From Egs. (i) and (ii), we get
x -y =sec @ —tan @ cosec @ €ot @
sing _cos@

] X —y=Sec@ —cosec @ - :
cos @ sing

$~2 2
O X — Yy =Sec@ —cosec @ —Mq%
O sin@lBos¢@ 0O
1

O X — Yy =Sec @ —cosec @ Snodos @

O X — Y= Sec @ —COosec (@ —cosec @iéc @

O x—y=—(sec @lCosec @ -sec @ fcosec }p

O x—y=—(xy +1) [from Eq. (iii)]
O xy+x-y+1=0 Hence proved.

Q. 25 If 6 lies in the first quadrant and cos® :187, then find the value of
cos(30° + B) + cos(45° — ) +cos(120° —6).

Sol. Given that, cos 30 -8 O sinB=_[1 - 64
17 289

O sin@ = 289 - 64 d sineziL5
289 17
O sinB = % [since, Blies in first quadrant]

Now, cos(30° + 8) + cos(45° —8) +cos(120° —6)
=c0s(30° + 0) + cos(45° —6) +cos(90°+30° -0)
=c0s(30° + 6) + cos(45° -0) —sin(30° —0)
=c0s30°cosB —sin30°sin B + cos45°cosO +sin45°in 6

—-sin30°cosB + cos30°sin B

= ﬁcose - 1sin 0+ icosEi + isin 0 —1cose ﬁsin 0
2 2 NA) V2 2 2
:é‘@+i-1§pose+ﬁ%—l+ﬁmme
2 2 2 2 2 2
N6 +2-+20 -2 +60.
=0 —~C[rosb+ [F——_—"—[8inO
0 22 O O 2v2 O

6+2-+208 -2 ++6015
—M ID*'FD#D*
O 2v2 7 O 242 07

T
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2{ (8J6 + 16 — 842 + 30 =152 +15\6)

(236 - 2342 + 46)
172f

_23J6 _ 232 46
17@N2)  17V2)  17(242)
233 _ 23 23
17Q) 17@2) 172

_230V3-1_ 10
ot =0
170 2 V20

Q. 26 Find the value of cos* g+ cos* 38T[+ cos* %T+ cos* ’n

) ) 7
Sol. Given expression, 0084%[ + cos? ST;T + cos* %T+ cos* LT

= cos4g +cos? 38n+ cos %r[ —3771%+ cos4§n —g%

m
=cos* ™+ cos® 3™+ cos* 3 T cos?
8 8 8

2%03 005437T[D=2§os +cos %21[ ET%
2 cos*
% 8@
P
2% Ty sin? - ZCOSZg@inz—T[B

T
8
4T,
8

8g
2
- 2 TlD_
= é 2C0s fIEm B 2 - %smf [Gos g%
2 2
1
=2 - =2 -
%l 8 % %ﬁ
=2 —1_§
2 2
Q. 27 Find the general solution of the equation 5cos? 0 + 7sin® —6 =0.
Sol. Given equation, 5c0s%0 +7sin°6 -6 =0
0 5c0s? + 7(1 —cos®B) -6 =0
O 5c0s?0+ 7 —7c0s’0 -6 =0
O 5c08°0+7 -7c0s’8-6=0 O - 2cos’e £ 0
. 20 — 2
0 500826 =120 U cos“0=cos ag
6=nE « 0
O cos?0 =
cos?8 =cos®
4
o f=nm+ "
4
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Q. 28 Find the general of the equation sinx — 3sin2x +sin3x
=cosx — 3cos2x + cos3x.
Sol. Given equation, sinx — 3sin2x + sin3x =cosx —3c0s2x +Cos3x

O 2sin %" +23x %E’cos éex; * @— 3sin2x
=2cos %Gx - x%m:os %ﬂx — x%—s cos2x
2 2

2sin2xcosx — 3sin2x =2cos2x [Gosx — 3cos2x
sin2x(2cosx — 3) =cos2x(2cosx — 3)
sin2x -1
cos2x
tan2x =1

tan2x = tanE
4

oo o oo

O
N
£
I
>
3
+
\

Q.29 Find the general solution of the equation
(\/3 = 1)cos + (+/3 +1)sin® =2

Sol. Given equation is,

(3 -1)cos 8 + (/3 + 1)sin@ =2 ()
Put J3-1=rsina  and +3+1=rcosa
O rP=N8-17 + 3+
d =3+1-243+3+1+243
O r#=8
O r=2.2
n - tan
now, tan0(=\6_1—ta 3 “ 4

V841 gy e gl
3 4

a tanaztan%—zrﬁ

0 tana = tan—-
12
O o :1
12

From Eq. (i), rsinacos® + rcosasin® =2
risin@+ a)] =2

O sin@+a)=—
( ) N
. 1
0 sin@+a)=—
( )@
O sir1(9+o()=sir17j9+or=nT[+(—1)”lT
4 4
9=m‘r+(—1)’Eﬂ—j
4 12
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(W3 =1)cos B+ (3 +1)sinB=2 0]
J3-1=rcosa and +/3 + 1 =rsina
r=22

V341 _
J3-1 4

1+

@l

tana =

T
tan— + tan—

()] :a‘_\

tana =——>2* O
1- tanE EﬂanlT

4 6
tana =tan %; + %%EI tana = tan%[

_5m
12

a

From Eq. (i), rcosacosB + rsinasin® =2

O

ricos@-a)]=2
cos@-a)=

‘ o

2

cos@-0)=—

N2

cos(® - a) =cos’zT

S

=

0-a=2nmm+ —
4

=2nmtt —+ —
12

~

Objective Type Questions

Q. 30 If sin® +cosec® =2, then sin’ @ + cosec?O is equal to

(@1

(b) 4 (©) 2 (d) None of these

Sol. (¢) Given that,sin® + cosec 6 =2
O sSin®@ + cosec?d + 2sin BBosec 6 =4

0
O

sin®@ +cosec? B =4 -2

sin@ +cosec? B =2

Q. 31 If f(x) = cos® x + sec’ x, then

(@) f(x) <1

(b) f(x) =1

Sol. (d) Given that, f(x) = cos® x +sec®x
We know that, AM = GM

2 2
cos®x +sec’x
20 TR s Jeos?x Bec® x

2
2 2
cos“x +secx =22

f(x)2 2

[-cosx[$ecx =1]
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Q. 32 IftanB = % and tan@ =§’ then the value of 8 +@is

(@) g

Sol. (d) Given that,

(b) U (©0 (d)

~14

tan@ = 1 and tan@ =1
2 3

Now, tan® + @ :M
1-tan60an @
L 8+2
0 tan®+ ¢ =230 tan(e+q:):%:§:1
-0 2= 5
2 3 6
g tan® + @ =tan]7:
1
0 0+ =i
?=y
Q. 33 Which of the following is not correct?
(@) sin® = —% (b) cosB =1 (c) secO —% (d) tan® =20

Sol. (¢) We know that, the range of secBis R — (- 1, 1).

Hence, sec 8 cannot be equal to %

Q. 34 The value of tan1°tan2°tan3° ... tan89° is

0 b) 1 =
(@) (b) (© 2

Sol. (b) Given expression, tan 1°tan2°tan3° ... tan 89°
=tan1°tan2° ... tan45°@an(90° - 44°)tan(90° — 43°) ... tan(90° — 1°)
=tan1°[dot 1°[Han 2°[dot 2° ... tan 89°[Got 89°

(d) Not defined

=10...10 =1
1-tan®15°
Q. 35 The value of ——— s
1+tan® 15°
3
@1 ()3 © g d 2
_ 2 o
Sol. (¢) Given expression, 1-tan"15°
1+ tan®15°
Let 0=15°
_ 2
We know that, cosog = 1~ tan"e
1+ tan@
_ 2 o
O cos30° = 1~ tan 15°
1+ tan®15°
1-tan®15° _ /3 | _J30

O — = = 5-c0s30°= —
1+1tan?15° 2 H 2 H
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Q. 36 The value of cos1°cos2°cos3° ... cos179° is
1

(@ —= (b) 0 (o1 (d) -1
V2
Sol. (b) Given expression, cos1°c0s2°cos3° ...cos179°
=cos1°cos2°...cos90°...cos179° [ cos90° = (]
=0

Q. 37 If tan® =3 and O lies in third quadrant, then the value of sin 8 is

1 1 -3 3
@ — (b) - — (€0 — d)—
N10 N10 N10 10
Sol. (¢) Given that, tan8 =3
O sec?0 =1 +tan’®
] sec®=,/1+9 =+-/10
] sec®=-+10
1
0 cosf=-_—_
V10
0 sin@=+ [1- " =+ |2 =+ 3 [since, Blies in third quadrant]
10 10 410
, 3
O sing=-——
J10

Q. 38 The value of tan75° — cot 75° is

(@243 ()2 ++3 ©2-+3 (d) 1
Sol. (a) Given expression, tan75° — cot75°
_ sin75° _cos75°
cos75°  sin75°

_sin®75° - cos” 75°
sin75°[3os75°

_ —2cos150°
sin150°

_ —2c0s(90° + 60°)
sin(90° + 60°)

_ +2sin60°

"~ Cos60°

25@

:%: Zﬁ

N |

Q. 39 Which of the following is correct?

(@) sin1° >sin1 (b) sin1° <sin1

(c) sin1° =sin1 (d) sin1°:%sin1

Sol. (b) We know that, if 8is increasing, then sin@is also increasing.
O sin1® <sin1 [-1rad=57°30"]
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m .
Q. 40 Iftana = and tanf3 = , then a + (s equal to
m+1 2m+1
@2 (b) 2 ©= =
2 3 6 4
Sol. (d) Giventhat, tana = and tanf = !
m+1 2m+1
Now, tan(a + B) = M
1-tanaanp
m_, 1
O tan(a + @) = m+1 2m+1
Om O 1 0O
1-g— O
On+1 m+ 10
0 tan(a+[3):m(2m+1)+m+1
(m+1H@m+1)-m
2
0 tan(a +B) = 2m=+m+m +1

om? +2m+m+1-m

2
0O tan(a+[3):w 0 tan(a +B)=1
2m° +2m + 1

Tt
[} a+ = _
B 4

Q. 41 The minimum value of 3cosx + 4sinx + 8 is
(@5 (b) 9 (07 d 3
® Thinking Process

For the expression Acos 8 +Bsin 8 then the minimum value is — | A +B.

Sol. (d) Given expression, 3cosx + 4sinx + 8

Let y =3cosx + 4sinx + 8
O y — 8 =3cosx + 4sinx

ad Minimum value of y — 8 = — /9 + 16

O y-8=-50 y=-5+8
a y=3

Hence, the minimum value of 3cosx + 4sinx + 8is 3.

Q. 42 The value of tan3A — tan24 — tanA is

(@) tan3Atan2A tan A
(b) —tan3Atan2Atan A
(c)tan Atan2A —tan2Atan3A —tan3Atan A
(d) None of the above
Sol. (a) Let 3A=A+2A
tan3A =tan(A + 2A)
tanA + tan2A
1-tanAdan2A

tanA + tan2 A =tan3A —tan3A [fan2 A [fan A
0O tan3A — tan2A —tanA =tan3A [fan2A [fan A

=

q

b

= — =

O tan3A =

O

51
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Q. 43 The value of sin(45° + 6) — cos(45° — 8) is
(@) 2 cosBO (b) 2sinB® (01 (d)o
® Thinking Process
Use formula ie, sin(A + B) =sinAcosB + cos AsinB
and cos(A —B) =cos AcosB +sinAsinB.
Sol. (d) Given expression,
sin(45° + 6) —cos(45° - 0)
=sin45°[¢0s0 + cos45°[8inB —cos45°[dosO —sin45°(Sin6

=ilﬁose + i [8inB —i [GosO —isine

V2 V2 NA N2
=0
Q. 44 The value of cot % = chot % - 9%'5
(@) =1 (b) O (1 (d) Not defined
@ Thinking Process
cot AcotB =10 ot AcotB +10J
lai. » = —-B) = i
Use formula i.e, cot(A + B) Bmﬁand cot(A—B) Bma
. . T s
Sol. (¢) Given expression, cot%Z + (-]%—cot%Z - 9%

%:otﬂoote— 1% %otﬂoot9+ 1%

=g—*2 oH—*2 0
t T+ ot cot —cot

HeotS HH 2 0

:Ebot9—1%Elébote+1D
[cot®+ 10 Ccot 6 =100
=1

Q. 45 cos20cos2¢ +sin’(® — ¢ —sin?(@ + Pis equal to
(@) sin20 + @ (b) cos20 + @ (c)sin2(6 — @ (d) cos26 - @
Sol. (b) Given expression, cos28cos2@ +sin’(@ — ¢ —sin® + @
=cos20[dos2@ +sin® —@+0 + pdih(® —@HB -)o
=c0s20[¢os2@ —sin20 Sin2 ¢
=Cos(@20 +2 ¢ =cos2(0 + @

Q. 46 The value of cos12° + cos84° + 05 156° + 05 132° s
1 1

— 1 -
@) P (b) (0 5 (d)

® Thinking Process

@ | =

A+B A-B

Use the formula cos A + cosB =2 cos L¢os and

A+B A-B
Gin

cosA—cosB ==2sin to solve this problem.
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Sol. (c) Given expression, cos12° + cos84° + cos150° +cos132°
=cos12° + cos150° + cos84° +cos132°

= 2008 2°+150 @EOS 2°-150 %+2COS 4° + 132 %IEOS 4° —-132 %
2 2 2 2

=2c0s84°c0s72° + 2cos108°[dos24°
=2c0s84°cos(90° —18°) + 2cos(90° +18°) [Bos24 °
=2c0s84°sin18° —2sin18°[dos24°
=2sin18°(cos 84° — cos24°)

=2sin18°2sin EM *+24 @Bin%ﬁm 24 %
2 2

= - 4sin18°[in54°sin30°
=-4 E{.@HEOSSG° Dl
0o 4 0O 2
5+ 101 -1 -4 _ -1
BN R ol=-Poig-t-
( )D 4 EZ 8§ 8 2

Q. 47 IftanA = % and tanB = % then tan(2A + B) is equal to

@1 (b) 2 (03 (d) 4
Sol. (¢) Given that, tanA = % and tanB :%
Now, tanQA + B) = tan2A + tanB ()
1-tan2A0anB
’
2 0=
Also, tan2 A = 2anA _ "2 _4
1-tanA 4_1 3
4
A0 4105
i =3 3 -3 3-3-=
FromEq. (), tan@A+ B) 1 9-a4 % 3
1-—0 =
3 3 9 9
. T, 13T,
Q. 48 The value of sin—sin—— is
10 10
1 1 1
@ = (b) —— (0 —-— (d) 1
2 2 4
Sol. (©)  Given expression, sin Tsin 3= sin_Tsin %ﬂ+ sn
10 10 10 10

= —sinﬂsinﬂ[: —-sin18° [$in54°
1 10
= -sin18° [¢0s 36°
=- %@% %@% [since, put this value here]
0O 4 00 4 O

B
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Q. 49 The value of sin50° — sin70° +sin10° s

@1 (b) 0 (0) 5 (d) 2

@ Thinking Process

: +B -B
Here, use the formula i.e, sinA —sinB =2 cos %Az—gﬁin %%@a/so sin(—@=-sinB

Sol. (b) Given expression, sin50° - sin70° + sin10°

=2cos éﬁio *+70 @Eﬂ;in EEO —70 §+ sin10°
2 2

= —-2c0s60°sin10° +sin10°

_— %sin10°+ sin10°=0

Q. 50 If sinB + cosB =1, then the value of sin20 is

(@1 (b) 3 (©0 (d) -1
Sol. (¢) Giventhat,sin® +cos 8 =1
On squaring both sides, we get
sin?6 + cos®8 + 2sin Bdos B =1
O 1+sin20=1
g sin20=0

Q.51 Ifa +p = IZT then the value of (1+ tana)(1 + tanp) is

(@1 (b) 2 (c) -2 (d) Not defined
@ Thinking Process
. tanA+tanB .
Formula i.e, tan(A + B) =——————to solve this problem.
T—tan AldanB
Sol. (b) Giventhat,a +f =;

Now, (1+tana)(1+tanB)=1+tana +tanf +tanatanp ()
We know that, tan(a +B) = tana +tanf

1-tana danp
0 1= tana + tanf3

1-tana danpB
g tana + tanP =1 -tanatanp

From Eq. (i),
1+ tana)(1 +tanB) =1 +1 —tana @anB +tana fanf
=2
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Q.52 1Ifsing = _?4 and 0 lies in third quadrant, then the value of cosg is

1 1 1
(@— (b) —— (0-—
5 V10 NG
® Thinking Process
Use cosB =4/1 —sin’ 8 and cosO =2coszg -1
Sol. (¢) Given that, sin@ = %4
cosB = _[1 ~16 - /25_16 =:3
25 25 5
cosB = -3
] 200528 123
2 5
O 2c0s28-1-3
2 5
O 2005282
2 5
] cosg =+ L
2 5
0 1
O COS—=—-——
2 .5

1

d) —
()\hf0

[since, Blies in third quadrant]

[since, Blies in third quadrant]

Q. 53 The number of solutions of equation tanx + secx =2cosx lying in the
interval [0, 211] is

(@0

(b) 1 (0) 2

Sol. (¢) Given equation, tan + secx =2cosx

O

O oooooogooog

o

sinx 1
+ — =2cosx

cosx coSx
1+ sinx =2cos® x

1+ sinx =2(1 —sin® x)
1+ sinx =2 -2sin’x
2sin® x + sinx =1 =0
2sinx + 2sinx —sinx =1 =0
2sinx(sinx + 1) = 1(sinx +1) =0
(sinx + 1)(2sinx —1) =0
sinx + 1=0or (2sinx - 1)

o o1
sinx = =1, sinx = —
2

3 _m
x="— x=—
2 6

Hence, only two solutions possible.

d3

=0
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oo T 2T, .5
Q. 54 The value of sin— + sin— +sin—— +sin2Ss
18 9 9 18

Sol. (a) Given expression, sin% +sin

L7 . 4T
(@) sin— + sm?

T 3
(c) cos— + cos —
6 7

(b) 1

(d) cosE + sinI[
9 9

® Thinking Process

L . . +B -B
Here, apply the formulae i.e, sinA + sinB =2 sin QATQCOS @ATQ

5m

T 2T

=sin10° + sin20° +sin40° +sin50°
=sin50° + sin10° +sin40° +sin20°
=sin130° + sin10° +sin140° +sin20°

=2sin70°cos 60° + 2sin80°[dos60°

1

=2 O'sin70° + 2 O'sinB0°
2 >

=sin70° + sin80° = sinﬁ +sin—

7T 41

9

— +sin—— +sin=—
9 9

18

0
H

x=y0O
2 H

U cos 60°= 10

H 2B

s sinx +siny =2sin% (¢os

Q. 55 If A lies in the second quadrant and 3tanA +4 =0, then the value of
2cot A — 5cosA +sinA s

-53

@ 10

(b)

23
— ()
10 1

® Thinking Process

Use the formulae ie, sec A=+/1+tan’ A and sinA=4/1—cos’ A, sec A=

tanA= .
COtA

Sol. (b) Given equation ,

O
O

O

37

0

3tanA+4=0
3tanA=-4
_ 4
tanA=—
3
cotAzl3
4
sec A = 1+E= 23:1
9 9
secA—;5
3
cosA:;3
5
sina= [1-9 =329
25 25
sinA—é

S
3

Es
10

and
Ccos A

[since, Alies in second quadrant]

[since, Alies in second quadrant]
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a 2cot A — 5cos A +sinA =2§?§—5§?§+%

:;6+3+ﬂ
4 5
_-80+60+16 _ 46
20 20
_23
10

Q. 56 The value of cos® 48° — sin® 12°is

J5 +1 J5 -1 J5 +1 J5 +1
b d
8 ®) 8 © 5 ()zﬁ

Sol. (@) Given expression, cos?48° —sin®12°
=c0s(48° +12°) —cos(48° -12°)
=c0s60°[3os 36°

15+t

(a)

N |

4
+1
8

&

Q. 57 If tana = % and tan3 = % then cos2a is equal to

(@) sin2B (b) sin 4B (0 sin 3B () cos 2B
@ Thinking Process
- 2
Use cos2a :”izaand n20 :min(;
T+wn o 1+ arla
Sol. (b) Given that, tan = ; and tanp :%
1o
cos2a = 49 = 49
1+ 150
49 49
= i8 = 274
50 25
o cos2a = 24
25
We know that, sinap = 2tan2p
1+ tan’2p
1
2 x
and tan 2B = % -3
1-tan’p -1
9
2
_3_.2%x9_3
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From Eq, (i),
2xl 3 6x16
sin4p = 4 - 4 -
° 149 25 4xzs
16 1

o sin4B:%
O sin 4 = cos2a
a cos2a = sin 4f3 [from Eq. (i)]

Q. 58 Iftand = %, then bcos20 +asin20 is equal to

@a (b) b (© % (d) None of these
Sol. (b) Giventhat, tan® —g

- 20 0 0
a bcos20 + asin26=b MD+ a 2tan®

O+ tan’00 O + tan®60

O 20 O O
o-285 020§
=pO_ b 0O+g0 b 0O
0,&°0 O,a0
H] b2 E HI ?E
:bE}Oz—angr 2a’h
b? +a°0 a° + b?
_ b 2 _ 2 2, _ (@ +b%)b
= b —a“ +2a°] =
a2+b2[ ] @ + b?)
1
Q. 59 If for real values of x, cos® = x + —, then
X
(a) O is an acute angle (b) B is right angle
(c) B is an obtuse angle (d) No value of 8 is possible

® Thinking Process

The quadratic equation ax’ +bx + ¢ =0 has real roots , then b> —4ac =0, use this
condition to solve the above problem.

Sol. (d) Here, cosB=x +
X

2
a cosf="% +1

X

x% —xcosB+1=0

For real value of x, (-cos 6)2 -4 x1x1=0
cos’B=4
cos0=+%2
which is not possible. [ —1<cosB<1]
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Fillers

Q. 60 The value of ——

Sol. Here,

sin130°

sin50° ;
1S cevenenes .
sin50° _ sin(180° - 130°)
sin130° sin130°
- sin130° -
sin130°

59

Q.61 1fk = sin%%@sin%in% then the numerical value of k is ......... .

Sol. Here, k =sin %%@sin %T%sin g@r%

=sin10°sin50°sin70°
=sin10°cos 40°[dos20°

1

= —sin10°[2cos 40° [£0s20°]

4

m‘—‘_b\_ul\.)\_ul\)\_\.'\)

1-cosO
Q.62 IftanA = ST o8B

sinB
® Thinking Process

sin10°[cos60° + c0s20°]
sin10° O- + —sin10°co0s20°
2 2

sin10° + %[sin30° -sin10°]

[-2cosx [Cosy =cos(x + y) +cos(x

, thentan24 = ......... .

50
Use cosB =1-2 sngand tan20 =

Sol. Given that,

Now,

1-tan’0’
tanA = 1-cosB
sinB
1-1+2simB
= 72 tan§
B B
2sin=[¢tos—
2 2
tan2 A = m
1-tan® A
2 Diang
tan2A=— = _
1-tan? B

tan2A =tanB

-¥)]
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Q. 63 If sinx + cosx =a, then
(i) sin® x + cos® x = ......... .

(if) |sinx = cos x| =......... .
Sol. Given that, sinx+ cosx =a
On squaring both sides, we get
(sinx + cosx)? = (a)?
sin x + cos? x + 2sinxcosx = a°

Q

sinx [Gosx = —(a° - 1)

N —

(i) sin® x + cos® x = (sin x)® + (cos® x)®
e 2 2 4 .2 2 4
=(sin“x + cos x)(sin” x —sin“xCcos”x + cos” x)
. 1
=sinx +cos?x ——(a® -1
4
. . 1
= (sinx + cos® x)? —2sin® xcos® x —Z(a2 -1

—q_orde 2 2 e, 2 2
=120 -1 - @ -1 =44 -8 - 1)

(ii) |sinx — cosx| = +/(sinx — cosx)?

= \/sin2x +cos®x —2sinxcosx
= 1 -2%(&12 ~h=1-a2 +1=2-2°

Q. 64 In right angled AABC with [J(= 90 the equation whose roots are tanA

and tanB is ......... .
Sol. Inrightangled A ABC, OC= 90
0 tan(A + B) = tanA+ tanB
1-tanAtanB
0 1 - tanA + tanB
0 1-tanAtanB
O tanAtanB=1 . ()
tanA + tanB = sinA + sinB
CQSA CQSB
_ SinA + sin(90° — A) [-0C= 9008 9 Al
cosA cos(90°- A)
_ sinA + COS A A
cosA sinA
_sin® A+ cos® A
sinAltos A
= 1 = 2
sinAltosA 2[38inAldosA B ¢
= _2 [ sin2x =2sinxcosx]
Sin2 A

So, the required equation is x

—%%x+1.
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Q. 65 3(sinx — cosx)* +6(sinx +cosx)® +4(sin® x +cos® x) =......... .

® Thinking Process
Use formulae ie, (@ +b*) =(a +b)(d® —ab +b)and a® + b =(a + b}’ —2ab.
Sol. Given expression, 3(sinx —cosx)* + 6(sinx +cosx)® + 4(sin® x +cos® x)
= 3[sin®x + cos®x —2sinxcosx > + 6[sin® x+ cos® x + 2 Binx Bosx]
+ 4[(sin® x)® + (cos® x)°]
= 3(1 —sin2x)? + 6(1 +sin2x) + 4[(sin® +cos? x) (sin* x —sinxcos® x + cos” x)
= 3(1 +sin®23x -2sin2x) + 6 + 6sin2x +4[(sin® x + cos® x)? 3sinxcos? x]
=3+ 3sin’2x - 6sin2x + 6 +65sin2x
=4-3sin?2x =13

Q. 66 Given x>0, the value of f(x)=—3cosy3+x +x% lie in the interval

...........

Sol. Given function, f(x) = —3c0os+/3 + x + x°

We know that, -1<cosx <1

0 -3<3cosx <3

0 3> -38cosx=>-3
0O -3< -3cosx £3

So, the value of f(x) lies in [-3, 3].

Q. 67 The maximum distance of a point on the graph of the function
y= J3sinx + cosx from X-axis is ......... .

Sol. Giventhat, y = +/3sinx + cosx

y = Z%Sinx + 1cosxg

0 2 0
=2 %inx IItosE + cosxsinl-[D
6 68
=2sin(x + T/ 6)
Graph of y = 2sinx

Hence, the maximum distance is 2 units.
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True/False

Q. 68 In each of the questions 68 to 75, state whether the statements is True

or False? Also, give justification.
® Thinking Process

IfranA =! __COSB, then tan2 A =tanB
sinB
Sol. True

. 2B

1-1+2sin’ 2
Given that, tanA =1~ FOSB = 5 E}2 =tan®
sin 2sin=[@os = 2

2 B 2
2 dan—
Now, tan2A = 2tanA__ 2_=tanB

1—tan2A_1_tan2§

Q. 69 The equality sinA + sin2A +sin3A =3 holds for some real value of A.

Sol. False
Given that, sinA + sin2A + sin3A =3

It is possible only if sin A, sin2 A, sin3A each has a value one because maximum value of sin A

is a certain angle is 1. Which is not possible because angle are different.

Q. 70 sin10° is greater than cos10°.

Sol. False
sin10° =sin(90° - 80°)
sin10° = cos 80°
0 c0s80° <cos10°
Hence, sin10° <cos10°
210 47T 8 T 16m 1
Q. 71 cos=—cos—cos—cos — = —
15 15 15 15 16

Sol. True

LHS =cos Z—T[COSHCOS ETcos 1Bn
15 15

15 15
=C0s824°c0s48°c0s96°cos192°
1

 16in24°

= ¥[28in48°cos48°(2003 96°)(2c0s192°)]

" 16sin24°
=1
16 sin24°
=1 [2sin192°c0s192°)
16 sin 24°
_ 1 sin384° = sin(360° + 24°)
16 sin 24° 16sin24°

=1 —RHs
16

[(2sin96°Cc0s96°)(2c0s192°)]

[(2sin24°cos 24°)(2c0s48°)(2c0s96°)(2c0s192°)]

Hence proved.
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Q. 72 One value of © which satisfies the equation sin*® —2sin?@ —1 lies
between 0 and 21T

Sol. False
Given equation, sin*® —2sin?6 -1 =0
O Sin29:2i7 ‘124+4
O sinQQ:%
0 sin@=(1+~2)or(1-+2) O- ¢ sing 1
O sin?0< 1

sin?0 =2 +Tor (1-+2)

which is not possible.

I
Q. 73 If cosecx = 1 + cot x ,then x = 2nT, 2nTT + 5

Sol. True
Given that, cosec x =1+ cotx .
0 .1 :1+cgsx 0 .1 :8|nxfrcosx
sinx sinx sinx sinx
O sinx + cosx =1
1 . 1 1
0 — Binx + —[Cosx =—
V2 V2 V2
O sinsinx + cosxcos = a1
4 4 2
T T
O -15= =
cos%x 4% cos .
o x-T=opmp+
4 4
For positive sign, x=2nm+ N+ Moopre I
4 4 2
For negative sign, x =2nTT —; + XT[: 2nTt

Q. 74 IftanB + tan26 + +/3tan Btan2 § =+/3, then 6 = ? +£.

Sol. True
tand + tan20 + /3tan6tan26 =+/3
0 tan® + tan26 = /3 - J/3tanBtan20
O tan @ + tan20 =+/3 (1 - tan B tan 20)
0 tan @ + tan26 -
1 - tanBtan20
_ T _ T
0 tan(6 + 20) = tanE 0 tan36 = ’[an§
g 30=nm+ 1
3
0= E + l-[
3 9
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Q. 75 If tan(1tcos 8) =cot( Tsin B)then cos@ % Z\f

® Thinking Process

NCERT Exemplar (Class X) Solutions

Use the formulae i.e, tan % - 6@ =cotBand cos(A —B) =cos AcosB + sinAsinB.

Sol. True
We have, tan(mcos 6) =cot( T8in B)
o LT gl
O tan(rcos 0)=tan =— —(TIsin
2] 5
TT .
O T cos=— —T1sin 6
O Ti(sin B +cos § =§
O sinB +cos 6 =%
O 1 mine+ L osg=_
2 2 22
1
O sinBEIn" + cos BBos =
4 4 2f
T _
O COS@ Z%— _

Q. 76 In the following match each item given under the Column I to its correct

answer given under the Column II.

Column

Columnl i

M sinkx+ y)sink =y) | (@)
(i) coslx + y)cosx —y) | (b)

(i) Cot%ue% ©
™) tanfl+ o C)

cos® x = sin? y
1—tanB/1+ tan®
1+ tanB/ 1—tanB

sin? x = sin’ y

Sol.
(i) sin(x + y)sin(x —y) =sinx —sin’y

(i) cos(x + y)cos(x - y) =cos®x —sin’y

cotEcote -1
(iii) COt%» + 9%-
Ty cotf
4
_ -1 +cote: 1-tan®
1+cot® 1+ tanb
tanf + tan®
(iv) tan % + e% =1+1tand
- tan— tane 1-tan®

Hence, the correct mathes are (i) — (d),

(i) - (a),

(iii) - (b), (iv) -

().



Principle of Mathematical
Induction

Short Answer Type Questions

Q. 1 Give an example of a statement P(n) which is true for all n = 4 but P(1),
P(2) and P(3) are not true. Justify your answer.
Sol. Letthe statement P(n): 3n<n!

For n=1,3x1<1! [false]
For n=2,3x2<2l 0O 6<2 [false]
For n=33x3<3! [0 9<6 [false]
For n=4,3x4<4l 0O 12<24 [true]
For n=5 3x5<5l [0 15<5x4x3x2x1 O 15<120 [true]

Q. 2 Give an example of a statement P(n) which is true for all n. Justify your
answer.
Sol. Consider the statement

P): 12 +2%+ 32+ +p? =0T DENHT)

6
For n=1, 1=71(1+1)(2X1+1)
6
O ‘]:@
6
0 1=1
For n=2, 1+22=2@* 00+ 1)
6
0O 5:%)D5:5
Forn=3 1422+ 3 :73(321)(7)
O 1444923247
0 14=14

Hence, the given statement is true for all n.
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Prove each of the statements in the following questions from by the Principle of
Mathematical Induction.

Q. 3 4" - 1is divisible by 3, for each natural number n.

@ Thinking Process

In step | put n =1 the obtained result should be a divisible by 3. In step Il put n =k and
take P(k) equal to multiple of 3 with non-zero constant say q. In step lll put n=k +1,in
the statement and solve till it becomes a multiple of 3.

Sol. LetP(n):4" —1is divisible by 3 for each natural number n.
Step | Now, we observe that P(1)is true.

It is clear that 3 is divisible by 3.
Hence, P(1)is true.
Step Il Assume that, P(n)is true for n=k
P(k): 4% - 1is divisible by 3
x4 -1=3q
Step Il Now, to prove that P(k + 1)is true.
Pk +1): 41 =1
=4@ -1
=4 B + 4K -1
=30 + 3q [-4X —1=23q]
=3(4" +q)
Thus, P(k + 1)is true whenever P(k) is true.
Hence, by the principle of mathematical induction P(n)is true for all natural number n.

Q. 42°" - 1is divisible by 7, for all natural numbers n.

Sol. LetP (n):2%" —1is divisible by 7
Step | We observe that P(1)is true.
P23 -1=2% -1=8 -1 =7
It is clear that P(1) is true.
Step Il Now, assume that P(n)is true for n = k,
P(k): 23K = 1is divisible by 7.
0 2% —1=7q
Step Il Now, to prove P(k + 1)is true.
Pk + 1): 2301 —4

=2%@% -1
=2%@7 +1) -1
=72% +2% 1
=72% +7q [from step II]
=7@% +q)

Hence, P(k + 1): is true whenever P(k)is true.

So, by the principle of mathematical induction P(n) is true for
all natural number n.
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Q. 5 n® - 7n +3s divisible by 3, for all natural numbers n.

Sol. Let P(n):n® - 7n + 3is divisible by 3, for all natural number n.
Step | We observe that P(1)is true.
PA)= (1 =7(1) + 3

=1-7+3

= =3, which is divisible by 3.
Hence, P(1)is true.
Step Il Now, assume that P(n)is true for n = k.
O P(k)=k® -7k + 3 =3q
Step Il To prove Pk + 1)is true

Pk +1): (k +1)° =7(k +1) +3

=k3 +1+3k(k +1) =7k =7 +3

=k -7k + 3 +3kk +1) -6

=3q + 3[kk +1) -2]
Hence, P(k + 1)is true whenever P(k)is true. [from step II]
So, by the principle of mathematical induction P(n) : is true for all natural number n.

Q. 6 3%" - 1is divisible by 8, for all natural numbers n.

Sol. Let P(n): 32" - 1is divisible by 8, for all natural numbers.
Step | We observe that P(1)is true.
P(): 320 —1=3% -1
=9 -1 =8which is divisible by 8.
Step Il Now, assume that P(n)is true for n = k.
P(k): 3% -1=8q
Step Il Now, to prove P(k + 1)is true.
Pk + 1): 3201 —
=3 32 -1
=37 8 +1) -1
= 83% + 3% -1
=8B + &
=8(3% +q) [from step 1]
Hence, P(k + 1)is true whenever P(k)is true.
So, by the principle of mathematical induction P(n)is true for all natural numbers n.

Q. 7 For any natural numbers n, 7" — 2" is divisible by 5.

Sol. Consider the given statement is
P(n):7" - 2" is divisible by 5, for any natural number n.
Step | We observe that P(1)is true.
Pd)=7" —=2' =5, which is divisible by 5.
Step Il Now, assume that P(n)is true for n = k.
Pk)=7" -2 =5q

Step Il Now, to prove P(k + 1)is true,

Pk +1): 7%+ 1 -k * 1,

=7"7 -2" 2
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=7"ms+2) -2

=7"B+20% -2k

=50 +2(7F -2k

=50% +2(59)

=5(7% +2q), which is divisible by 5. [from step II]
So, P(k + 1)is true whenever P(k)is true.
Hence, by the principle of mathematical induction P (n)is true for any natural number n.

Q. 8 For any natural numbers n, x" — y" is divisible by x — y, where x and y
are any integers with x # y.
Sol. LetP(n):x" —y" is divisible by x — y, where x and y are any integers with x # .
Step | We observe that P(1)is true.
PA):x' =y =x -y
Step Il Now, assume that P(n)is true for n = k.
P(k): x ¥ = y¥is divisible by (x - ).
0 xf -y =g -y
Step Il Now, to prove P(k + 1)is true.
Pk + 1) F T =yt
=x I -y
=x I -2y 2y -y
=K@ -y +y@ -y")
=x(x -y +yqlx -y
= (x - y)[x* + yg] which is divisible by (x - y). [from step II]

Hence, P(k + 1)is true whenever P(k) is true. So, by the principle of mathematical induction
P(n)is true for any natural number n.

Q. 91 - nis divisible by 6, for each natural number n = 2.

@ Thinking Process
In step I put n=2, the obtained result should be divisible by 6. Then, follow the same
process as in question no. 4.
Sol. LetP(n):n® - nis divisible by 6, for each natural number n= 2.
Step | We observe that PR)is true. P 2): (2)° -2
O 8- 2=6, which is divisible by 6.
Step Il Now, assume that P(n)is true for n = k.
P(k): k® - kis divisible by 6.
| k® -k =6q
Step Il To prove Pk + 1)is true
Pk +1): (k +1)° = (k +1)
=k3 +1+3k(k +1) —=(k +1)
=k3 +1+3k% +3k -k -1
= k3 —k +3k% + 3k
=6q + 3kk +1) [from step II]
We know that, 3k(k + 1)is divisible by 6 for each natural number n = k.
So, P(k + 1)is true. Hence, by the principle of mathematical induction P(n)is true.
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Q. 10 n(n? + 5) is divisible by 6, for each natural number n.

Sol. LetP(n): n(n® + 5)is divisible by 6, for each natural number n.
Step | We observe that P(1)is true.
P (1):1(1? + 5) = 6, which is divisible by 6.
Step Il Now, assume that P(n)is true for n = k.
P(k): k(k® + 5)is divisible by 6.
| k(k?+5)=6q
Step Il Now, to prove P(k + 1)is true, we have
Pk+1):(k+D[k+1)2 +5]
=(k + )[k® +2k +1 +5]
=(k + )[K? +2k + 6]
=k® +2k? + 6k +k? +2k +6
=k% + 3k? + 8k +6
= k3 + 5k +3k? +3k +6
= k(k® + 5) + 3(k? +k +2)
=(69) + 3(k* + k +2)
We know that, k> + k + 2 is divisible by 2, where, k is even or odd.
Since, P (k + 1):6q + 3(k? + k +2) is divisible by 6. So, P (k + 1) is true whenever P(k) is
true.
Hence, by the principle of mathematical induction P(n)is true.

Q. 11 n® < 2", for all natural numbers n > 5.

Sol. Consider the given statement
P(n): n® < 2" for all natural numbers n= 5.

Step | We observe that P(5)is true
P(5): 52 <2°
=25<32
Hence, P(5)is true.
Step Il Now, assume that P(n)is true for n = k.
P(k) = k? < 2K is true.
Step Il Now, to prove P(k + 1)is true, we have to show that
Pk +1): (k + 1)2 <2k*1

Now, k? <2k =k? +2k +1<2K +2k +1
=(k + 17 <2X +2k +1 (D)
Now, 2k + 1) <2* =2f + 2k +1<2F +2K

=2f + 2k +1<2 2*
=2K 42k +1 <2k (i)
From Egs. (i) and (i), we get (k + 1)> <2/ *'

So, Pk + 1)is true, whenever P(k) is true. Hence, by the principle of mathematical induction
P(n)is true for all natural numbers n= 5.
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Q. 12 2n < (n +2)! for all natural numbers n.

Sol. Consider the statement
P(n):2n<(n + 2)! for all natural number n.
Step | We observe that, P(1) is true. P(1): 2(1)< (1 + 2)!
ad 2<3l 0O 2<3x2x102<6
Hence, P(1)is true.
Step Il Now, assume that P(n)is true for n = k,
P(k):2k < (k + 2)!is true.
Step Il To prove Pk + 1)is true, we have to show that
Pk+1):2k+1)<(k +1 +2)!

Now, 2k < (k +2)!
2k +2<(k +2) +2
20k + )< (k +2) +2

Also, k+2)l +2 <(k +3)!

From Egs. (i) and (ii),

2k + )< (k +1 +2)!
So, P(k + 1)is true, whenever P(k) s true.
Hence, by principle of mathematical induction P(n) s true.

1
Q.13 Jn < —+-—=+...+——, for all natural numbers n > 2.
f ﬁ Jn
Sol. Consider the statement
’
n< ..+ —, for all natural numbers n=2.
FrTETE

Step | We observe that PQ) s true.

1 1 S
P@):~2 < + — which is true.

AN AN
Step Il Now, assume that P(n)is true forn = k.

P(k): VE<t+ v+ Distre.

A2 JK
Step Il To prove P(k + 1)is true, we have to show that
1 1 1

Pk+1): Jk+1<—— +_ _ + ...+ is true
( ) 12 k+1
, 1 1 1
Given that, K< —+ — + ... +——
T2 JK
1 1
O Jk + B T S
f f NN
0 k1 LI B I
kel f 2 VK Jk+d
I N e PR bl
Tk +1
] k+ 1<k Jk +1 +1
| k< Jkk +1) O Jk<+k +1

From Egs. (i) and (ii),

1 1 1
lk+1<——+ _— + ...+
12 Jk+ 1

So, P(k + 1)is true, whenever P(k) is true. Hence, P(n)is true.
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Q.14 2+4+6+...+2n =n? +n, for all natural numbers n.

Sol. LetP(n):2+4+6+..+2n=n° +n
For all natural numbers n.
Step | We observe that P(1)is true.
P():2 =1 +1
2 =2 which is true.
Step Il Now, assume that P(n)is true for n = k.
| Pk):2+ 4+ 6+ ..+2k =k? +k

Step Il To prove that P(k + 1)is true.
Pk+1):2+4+6+8+... +2k +2(k +1)
=k® + Kk +2(k +1)
=K% + Kk +2k +2
=k® +2k +1+k +1
=k+17 +k+1
So, P(k + 1)is true, whenever P(k) s true.
Hence, P(n)is true.

Q. 151+2+2% +...+2" =2""1 —1for all natural numbers n.

Sol. Consider the given statement
Pn):1+2+22 + ... +2" =2"*" —1 for all natural numbers n
Step | We observe that P(0)is true.
P(1):1=20%" -1

1=2" -1

1=2 -1

1=1, which is true.
Step Il Now, assume that P(n)is true for n = k.
S0, Pk):1+2 +22 + ... +2K =2K*T —Aistrue.
Step Il Now, to prove P(k + 1)is true.

Pk +1):1+2 +22 + . +2k 40k+1

:2k+1 _1+2k+1
:zmk+1 -1
—ok+2 _4
:2(k+1)+1 -1

So, P(k + 1)is true, whenever P(k) s true.
Hence, P(n)is true.

Q.16 1+5+9+...+(4n —3) =n(2n —1), for all natural numbers n.

Sol. LetP(n):1+ 5+ 9+ ...+ (4n —3) =n@n -1), for all natural numbers n.
Step | We observe that P(1)is true.
P(1):1=12 x1-1),1=2 —1and 1=1, which is true.
Step Il Now, assume that P(n)is true for n = k.
So,P(k):1+ 5+ 9+ ... +(4k —3) =k(2k —1)istrue.

A
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Step Il Now, to prove P(k + 1)is true.
Pk+1):1+5+9+ ... +(4k -3) +4(k +1) -3

=k@k - 1)+ 4k +1) -3
=2k® —k + 4k +4 -3
=2k® + 3k + 1
=2k® + 2k + k +1
=2k(k + 1) + 1k +1)
=k + 1Rk +1)
=k + Rk +1+1-1]
=k+N[2 k+1)—1]

So, P(k + 1)is true, whenever p(k)is true, hence P(n)is true.

Long Answer Type Questions

Use the Principle of Mathematical Induction in the following questions.

Q. 17 Asequencea,, a,, as,... is defined by lettinga, =3anda, = 7a, _,, for
all natural numbers k=2  Show that a, =3@" ' for all natural

numbers.
Sol. Asequencea,, a,, a,, ... is defined by letting , = 3and a, =7a, _;, for all natural numbers
k=2
Let P(n): a, = 37"~ 'for all natural numbers.
Step | We observe P2)is true.
Forn=2, a, =30°7"'=30" =21is true.
As a, =3 a, =7a, _,
O a, =7Ma,_, =7,
O a, =7x3 =21 [va, =7
Step Il Now, assume that P(n)is true for n = k.
Pk):a, =30" "

Step Il Now, to prove P(k + 1)is true, we have to show that
Pk+1):a,,, =30

G yq =78y g =7 (8
=7mO* =3Ok
So, P(k + 1)is true, whenever p(k)is true. Hence, P(n)is true.

Q. 18 A sequence by, by, b,,... is defined by letting b, =5and b, =4 +b, _,,
for all natural numbers k. Show that b, =5 + 4n, for all natural number n
using mathematical induction.

Sol. Consider the given statement,
P(n): b, =5 + 4n, for all natural numbers given that b, = 5and b, =4 + b, _,
Step | P(1)is true.
P):b;=5+4x%x1=9
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As by=5b=4+b, =4+5=9
Hence, P(1)is true.
Step Il Now, assume that P(n)is true for n = k.
P(k):b, =5+ 4k
Step Il Now, to prove P(k + 1)is true, we have to show that

0 Pk +1): by, =5+ 4(k +1)
b1 =4+,
=4+ b,

=4+ 5+4k=5+ 4(k +1)
So, by the mathematical induction P(k + 1)is true whenever P(k) is true, hence P(n)is true.

dy_
Q. 19 A sequenced,, d,, d,... is defined by lettingd, =2andd, = % for

all natural numbers, k = 2. Show thatd, = % foralln ON.
n'

Sol. et P(n):d, = % On 0N, to prove P(2)is true.
n!
2 2
Step | PR):d, =—=—"—"_=1
0 @):d, o T ox
As, given d, =
. g =3k
Tk
O d2:d71:g:1
2 2

Hence, P(2)is true.
Step Il Now, assume that P(k) is true.

2
Pk):d, ==
(K):dj T
Step Il Now, to prove that P(k + 1)is true, we have to show that P(k + 1):d, , ; = ® 2 0
+ 1)
_Oksqo1_d
d, . =k
S A P
-2 - 2
kKlk  (k+1)!

So, P(k + 1)is true. Hence, P(n)is true.

Q. 20 Prove that for alln ON
cosa + cos(™ +B) +cos@ +B) +...+cos[a +(n —1P]

cosg B;lgB%ng—B@

B

sin

® Thinking Process

To prove this, use the formula 2 cos AsinB = sin(A + B) —sin(A —B) and

sinA —sinB =2 cos EA—QBH @A—Q
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Sol. LetP(n):cosa + cosa +B) +cos@ +2B) + ... +cos[a +(n —1)B]

e H@néﬂ@

Slﬂ

COS%‘ ﬁf%sm cos(a + 0) smB

B

S|n sin™
2

Step | We observe that P(1)

.Cosa =

cosa = cosa
Hence, P(1)is true.
Step Il Now, assume that P(n)is true for n = k.

P (k):cosa + cos(@ +fB) +cos@ +2B) + ... +cos[a +(k —1)B]
cos% g—%smkﬁ
sm

Step Il Now, to prove P(k + 1)is true, we have to show that
P(k + 1):cosa +cos(@ +p) +cos@ +2B) + ... +cos[a +(k —1)B]

KB, B
cosfh + Phbink + 1)
+cosfa + (k +1-1)B] = % 2 2

B
sint
LHS =cosa + cos(@ +P) +cos@ +2B) + ... +cos[a + (k —1)B] + cos(@ + AB)
kB
COS% %@%m + cos(a + kB)
sm
i} cos% + %%@3%“%8 + cos(a + KB)sing
smB
=sin§>(+k27B L Bg—sm@x + KB - @+sm@1 + kB + B@ sm%ﬁkB B%
25|ng
sin%x + KB + g@—sin% —g%
_ 23|r1B
2Cc0Ss— %} B+/<B+0( B%m %} Z+ kB - a+2%
23|nI3
o + kB B+B B
cosé? %s g @ cos nlk+ 1) e
sm% sm[3

So, P(k + 1)is true. Hence, P(n)is true.
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_ sin2" 0
Q. 21 Prove that cos® cos26 cos2?8...cos2" ~ 0= —— Uil N
2" sinB
- sin2"@
Sol. LetP (n):cosBcos26...cos2" 'e= "<
- 2"sin@
Step | Forn=1P(1):cosB = sin2 @
2'sin®
_sin206 _2sinBcos O _
= = =cos 6
2sin 6 2sin®@
which is true.
Step Il Assume that P(n)is true, for n = k.
ok
P (k) : cosBt0s208[t0s2%8...cos2k ~18= :m? eeis true.
sin

Step Il To prove Pk + 1)is true.
P(k + 1): cosB [Gos2B[G0s2°6...cos2" ~'0Bos2k 6

- sin2k @
2ksin@
_2sin2"BBos 2" 0
22"sin®
_sin22“e _sin2"* "o
ok*1sing  2F*'sin g

Gos2"0

which is true.
So, P (k + 1)is true. Hence, P (n)is true.

. +1
smnesin(n )e

Q. 22 Prove that, sin@ + sin20 +sin30 + ... +sinnb = 2 A 2 ,
sin—

for alln OON.

® Thinking Process
To use the formula of 2 sin AsinB = cos(A —B) —cos(A +B) and

A+B B—A
cos A —cosB =2sin Gin also cos(—8) =cos @

Sol. Consider the given statement
P (n):sin®+ sin26 +sin30 + ... +sinnd

.nB _. (n+1)0
sin—sin+— "~
=2—92, forall nON
sin—
2
Step | We observe that P(1)is
sin9 II'l;in(1 * 1)9 sing [3in6
P(1):sin@ = 2 =_2 5
sin— sin—
2 2
sinB =sin®

Hence, P(1)is true.
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Step Il Assume that P(n)is true, for n = k.
P(k):sinB+sin20+sin36+ ... +sinkB

)

— £ — = — istrue.
smf
2

Step Il Now, to prove P(k + 1)is true.
Pk +1):sinB+sin26+sin36 + ...+sinkB +sin(k +1)0

- (k+ 10 . §<+1+1
sin sin
- 2 2 %
. 0
sin—
2

LHS = sin9 +sin20 +sin30 + ... +sinkO +sin(k +1)6

smfsm g;% smfsm%@ + sin(k +1) GBm9

— & £ — +sink+1)0
smf S|n7
k0 +10,0 Ck SN
cos - - Cos + cos 4k + 1)0 —cos k+1)0 +
:@%@% EFéL@BH g T
23|n7
2
0 (S] 30
:cosg cos§@+2§+ cos%«e+ @ cos%e+?§
23|n7
36 30 9
cosf cos%@ + 7% 28|n2 % + kO + =— %Eﬁ;m @(6 + ==
23|n7 23|n7
2
e+2e 0 . 0
smg II‘I;lE(< sinfk + )=Bink + 1+ 1)=
] @ ik + 1) i )
Slﬂf sing
2 2

So, P(k + 1)is true, whenever P(k) is true. Hence, P(n)is true.
n® n® 7n.
Q. 23 Show that e + 3 + T is a natural number, for alln OON.

@ Thinking Process
Here, use the formula (a +lo)S =g’ +5ab* +10a°0> +10a°0> +5a‘b +b°
and (a+b)’ =a +b* +3ab(a +b)

Sol. Consider the given statement

n®

Pn): — + — + n is a natural number, for all n ON.
5 3 15

Step | We observe that P(1)is true.

5 3
a° + L + ) _8+5+7 _15_ 1, which is a natural number. Hence, P(1)is true.
5 3 15 15 15

Step Il Assume that P(n)is true, for n = k.

5 3
P(k): L % + % is natural number.

P(1):
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Step Il Now, to prove P(k + 1) is true.
5 3
k+1°, k+1°, 7k+1)
5 3 15
_ KO+ 5kt +10k® +10k® + 5k +1 K> + 1+ 3k(k +1) , 7K +7
5 3 15

_Kk° + 5Kk + 10k +10k® + 5K +1+k3+1+3k2+3k+7k+7

5 3 15
5 43 4 3 2 2
_K> LK LTk 5K"+10k” +10k” +5k +1_ 3k“+3k+1 T7k+7
5 3 15 5 3 15
5 3
=KLk Kok +0K® +2k2 +Kk +K2 +k +0 +0 4.0
5 3 15 5 3 15
_kS KB L 3 2
s + — 3 1 + k™ +2k° +3k® +2k +1, which is a natural number
So, P (k + 1)is true, whenever P(k) is true. Hence, P(n)is true.
1 1 1 13
Q. 24 Prove that —— + —— + ...+ — > for all natural numbers n > 1.
n+l n+2 2n 24
Sol. Consider the given statement
P(n): LI ot — ! >E for all natural numbers n > 1.
n+1 n+2 on 24
Step | We observe that, P(2) s true,
[ L L)
2+1 2+2 24
1.1.18
3 4 24
4+3_13
12 24
7,18
12

Hence, P(2)is true.
Step Il Now, we assume that P(n)is true,
Forn =k,
: L +...+1 13
k+1 k+2 2k 24
Step Il Now, to prove P(k + 1)is true, we have to show that

Ph+t):— v e Ly T T8

k+1 k+2 2k 2k+1) 24
Given, L + ! + . +i>E
k+1 k+2 2k 24

1 + 1 +i+ 1 13+ 1

k+1 k+2 2k 2k+1 24 2(k+1)
1B, 1 .13
20" 2(k + 1) 24

1, 1 1,1 18

k+1 k+2 2k 2(k+1) 24

So, P(k + 1)is true, whenever P(k)is true. Hence, P(n)is true.
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Q. 25 Prove that number of subsets of a set containing n distinct elements is
2", foralln ON.

Sol. Letr (n): Number of subset of a set containing n distinct elements is 2", for all n O N.
Step | We observe that P(1)is true, forn = 1.
Number of subsets of a set contain 1 element is2' =2, which is true.
Step Il Assume that P(n)is true for n = k.
P(k): Number of subsets of a set containing k distinct elements is 2%, which is true.
Step Il To prove P(k + 1)is true, we have to show that
P(k + 1): Number of subsets of a set containing (k + 1) distinct elements is 2% * .

We know that, with the addition of one element in the set, the number of subsets become
double.

ONumber of subsets of a set containing (k + 1) distinct elements =2 x 2k
So, P(k + 1)is true. Hence, P(n)is true.

:2k+1.

Objective Type Questions

Q.26 1f 10" +3&" "2 +k is divisible by 9, for all n 0N, then the least
positive integral value of k is
(@ 5 (b) 3 (0 7 (d) 1
Sol. (@) LetP(n):10" + 3@"* 2 + kis divisible by 9, for all n ON.
For n =1, the given statement is also true 10" + 3[@&'* 2 + k is divisible by 9.
=10+ 364 + kK =10 +192 +k
=202 + Kk
If 202 + k) is divisible by 9, then the least value of k must be 5.

202 + 5 =207 is divisible by 9

0 &:23
9

Hence, the least value of k is 5.

Q.27 Foralln ON, 32" "1 + 23 * 1 is divisible by

(@ 19 (b) 17 (c) 23 (d) 25
Sol. (b, ¢)

Given that, 352" * 1 + 231 +1

For n=1,
3ER(N+ 1 4 o3 +1
=33° +21
=3x125+16 =375 +16 =391

Now, 391=17 x23

which is divisible by both 17 and 23.
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Q. 28 If x" — 1is divisible by x — k, then the least positive integral value of k
is
@1 (b) 2 (€3 (d) 4
Sol. LetP(n):x" —1is divisible by (x — k).
Forn =1 x' - 1is divisible by (x — k).
Since, if x = 1is divisible by x — k. Then, the least possible integral value of k is 1.

Fillers

Q. 29 1fP(n): 2n < n!, n ON, then P(n) is true for alln > ......... .

Sol. Giventhat, P(n):2n<n!, nON
For n=1, 2<! [false]
For n=2, 2x2<214 <2 [false]
For n=3, 2x3<3!
6< 3!
6<3x%x2 x1
(6<6) [false]
Forn =4, 2x4<4l
8<4x3x%x2 x1
(8 <24) [true]
Forn =5, 2x5<5l
10<5%x4 x3 x2 x1
(10<120) [true]
Hence, P(n)is for alln= 4.

True/False

Q. 30 Let P(n) be a statement and let P(k) O P(k + 1), for some natural number
k, then P(n) is true for alln OJN.

Sol. False
The given statement is false because P(1)is true has not been proved.



Complex Numbers and
Quadratic Equations

Short Answer Type Questions
Q. 1 For a positive integer n, find the value of (1—17)" Q —jg

n
Sol. Given expression = (1 —/)”%\ —lg

== =T === T
=[(A=PP (=) @7 =40 =20y (<)
=(1-1 2/)(1) "= (=2 an (=i

= (12" 2" =2"

13
Q. 2 Evaluate = (" +i"*?), where n ON.

n=1
® Thinking Process

Use 7 ==1,i" =(=1F =17 = —j andi’ =i to solve it

13
Sol. Given that, 21 (" +i"™N,nON

:(I'+I'2 +I‘3 +/4 +/‘5 +I‘6 +I-7 +/8 +/-9 +I-1O +I~ﬂ +’-12 _H-WS)

3,:4,5

+ (2 +i% 4% +i5 +)®

+i6 47 48
=(+2i% +2i% +2i% +2i5 +2i8 +2;7 +2i8+2i° +2/1° + 2/
=] =2 -2i +2 +2i +2(i1)i% +2())*i® +2(i%)* +2(i%)% +2(i%)°
+2(1%)° D +2(%)° +
S =2 -2/ +2 42 2 2 +2 +2] 2 i #® ®j A-1+]

+I‘9 +/‘TO +l-11

12 +/‘13 +I‘14)

2/'12 +2l'13 +I‘14)

'2)6 m+(l'2)7
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Alternate Method

13 13
"+ n0ON T Q" A)
n=1 h=1

S+ +i% +i% +i% +i% 48 +7 +8 4% 410 411 412
SA+N)[™] [ "+ +"2 473 =0, wherenON i e.,
=(+i)i
o ()’ 0 =]
= (% +i) =i ~1

Q.31f g—g %g = x +1y, then find (x, y).

® Thinking Process
If two complex numbers z,= x, +iy'and z, = x, +1y, are equal

e,  z;=z, O x,+iy,=x, iy, then x,=x, and y,=y;.

. 3 . 3
Sol. Giventhat, %1%% —g%@ =x+iy

. 3 .3 . . o . .2
0 +/§ _ 1+ +3i(+7)_1-7+3i +3

—i 1-7% =3i(1=i) 1+i-3i +3i?
_2i-2 _i-1_1-i

-2/ -2 —i-1 1+i
(1=i)(=i)_1+i*=2i _1-1-2i
(+i)(=i)  1+1 2

O g =
Similarly, %@ _____

Using Egs. (ii) and (iii) in Eq. (i), we get
- =i =x+iy
O —2i=x+iy
On comparing real and imaginary part of complex number, we get
x=0and y=-2
So, (x, ¥)=(0 -2)

+\2
Q. 4 Ifu = x +iy, then find the value of x + y.

2-1
2
Sol. Given that, (12*'/? —xtiy
=1
A+i2+2i)_ .. o
. = x+ly O ——=x+]
2~ e em T
S -
O I IV A Ty

@-i)@+i) 4-i?

'13]

81

12
2 "=
n=1
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4 -2 . =2 4 .
=x+iy O —+—=x+]
4+1 / 5 5 Y
On comparing both sides, we get
x=-2/5 0 y=4/5
-2 4
0O x+y=—+_=2/5
yEote /

O

_ oo
Q.51f %@ = q+ib, then find (a, b).
1

100

Sol. Given that, g;/% =a+ib
+

100 100
-N-NE" __ .k O D1+/2—2/% Catib
Hi+i) a-iH 0 1-i2 O
g 2 1% b 2
=a-+ . = =
%% a+i [ ]
| (Y =a+ib O 1=a+ib
Then, a=1and b=0 Foi® =1
0 (@ b)=(1,0)
. . . 1+a
Q. 6 If g = cosB +isinB, then find the value of .
-a

® Thinking Process

To solve the above problem use the trigonometric formula cos® =2cos’8/2
—1=1-2sin°8 /2 and sin® =2sinB /2 [&osB /2.
Sol. Giventhat, a=cos8+isin®
0 1+a _1+cosB+isin®
1-a 1-cosB-isinB
_1+ 2c0s26/2 —1+2isin 6/2 [Bos 6/2 _ 2cos 6/2(cos 8/2 + isin 8/2)
1-1+2sin? B/2 —2isinB/2[@osB/2  2sinB/2(sin 6/2 —icos 8/2)
_2c0s 0/2(cos 6/2 + isin 8/2) 1

= =—_cot6/2
2isinB/2(cos 6/2 + isin 6/2) i
2 4 2
= +7{(:ot 0/2 =icot 6/2 g J = LB
/ O ! / 0
Q. 7 If 1+17)z = (1 —1)z, then show that z = —iz.
Sol. We have, (+iz=(-nz o 2=071
z (1+1)
. =(1—/.)(1—/) . 5:1+/2—2/ S
(ENIED Z 1-j2

NN NN

1l

-

|

-

|

S}
O
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ad z=-iz Hence proved.

Q. 8 If z = x +iy, then show that zZ + 2(z+Z) +b =0, where b (IR, represents

a circle.
Sol. Given that, z=x+Iiy
Then, zZ=x-ly
Now, zz+2(z+2)+b =0
O (x+iy)x—iy)+2(x +iy +x —iy) +b =0
d x? + y? + 4x + b =0, which is the equation of a circle.

zZ+2 . .
f . is 4, then show that the locus of the point
7 —

representing z in the complex plane is a circle.

Q. 9 If the real part of

Sol. Let zZ=x+iy

Z¥2 _xiy+2

z-1 x—iy-1
[(x+2) =i yl[(x 1) +iy]
(e =1 =i yll{x =) +iy]

(x = 1) +2) =iyfx =1) +i ylx +2) +y°

Now,

(@ =17+
_ (@ =N(x+2)+y® +i[(x +2)y ~(x ~1)y] [ —i% =1]
) (@ =1F +y? )
_ 2
Taking real part, (=N +2)+y” _ 4
(x =17 +y?
O x%—x+2x -2 + )7 =4(x? 2x +1 +)7)
d 3x? + 3y? —9x + 6 =0, which represents a circle.

Hence, zlies on the circle.

Q. 10 Show that the complex number z, satisfying the condition arg

-1 T .. .
%;Q= — lies on a circle.
+1 4

@ Thinking Process

7,0 _
First use, arg Eﬁ%: arg(z,)—arg(z,). Also apply arg(z) =8 =tan 12, where z =x +iy
2

x
_ - S Ox—y0O
and then use the propertytan 'x—tan”y =tan_ '
property Y %T oy
Sol. Let z=x+ly
) -1
Given that, ar %L = /4
9 7+ 1%
O arg (z—-1)-arg(z+1) =1/4

O arg (x + iy =1) —arg (x +iy +1) =1/4
] arg (x —=1+iy) —arg (x +1+iy) =1/4
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tan' Y —tan' Y= qi/4
1

0 O
o Y - Y O
tan' 0 x=1 x+1 DO= /4

[

Ij+§ gDy d
[bc+1|]|:|
Dc+1—x+1|:|

E x® -1 E:
x? —1+y

=
|
®

tan /4

x% -1
L:‘]
x2+y2—1
x?+y? -1=2y

x2 +y? -2y -1 =0, which represents a circle.

Q. 11 Solve the equation |z| =z + 1 +2i.

Sol. The given equation is‘z‘=z+1+2/ ()
Let z=x+1iy
From Eq. (i), \x+iy\:x+/y+1+2i
0 JxZ+y? sx iy +142 %; |z\+«/x2:y25
0 Va2 = + 1) +i(y +2)

On squaring both sides, we get

O

x4 7 = ()7 +iP(y +2)7 420 (x +1)(y +2)

22+ Y2 =x? +2x +1 Y2 —dy -4 +2j(x H)(y +2)

On comparing real and imaginary parts,

ie.,

and

Forx = -1,

x?+ 2 =x? +2x +1-y2 -4y -4
2y2:2x—4y—3 (D)
2(x+N(y+2)=
(x+1)= Oor(y+2)—0
x=-lory=-2
2y> = -2 -4y -3

2y + 4y +5=0 [using Eq. (ii)]
_—4%./16-2x4x5
- 4
)= —4+-24
4
2(-2) =2x —4(2) -3 [usign Eq. (ii)]
8=2x +8-3

2x =30 x=3/2
z=x+iy=83/2 =-2i
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Long Answer Type Questions

Q. 121If|z+1| =z +2(1 +i), then find the value of z.

Sol. Given that, |z+1|=z+2(1+]) (i)
z=x+1Iy
Then, |x+iy+1]=x +iy +2(1 +i)
O |x+1+iy| =(x +2) +i(y +2)
O @+ 1P +y7 =(x +2) +i(y +2)

On squaring both sides, we get
(x+ 12 + 2 =(x +2F +i%(y +2)7 +2i (x +2)(y +2)
| x2+2x +1+y2 =x% +dx +4 -y -4y -4 +2i (x 2)(y )
O %2+ yP +2x +1=x% -2 +4x -4y 42/ (x+2)(y +2)
On comparing real and imaginary parts, we get
xZ + y2 +2x +1=x° —y2 +4x -4y

O 2y —2x + 4y +1=0 (i)
and 2 +2)(y+2)=0
O x+2=00ry+2 =0

x=-20ry=-2 (i)
Forx = -2, 22 +4+4y+1=0 [using Eq. (ii)]
O 2y + 4y +5=0
O 16-4 x2 x5<0
0 Discriminant, D =b?-4ac <0
O 2y? + 4y + 5 has no real roots.
Fory=-2, 2(-2) —2x + 4(-2) +1 =0 [using Eq. (ii)]
O 8-2x-8+1=0
O x=1/2 1
g z=x+1iy —5—2/

Q. 13 If arg (z — 1) = arg (z +37), then find x — 1: y, where z = x +1iy.

Sol. Given that, arg (z-1) =arg (z + 3i)
and let z=x + iy
Now, arg(z-1) =arg(z + 3i)
O arg (x + iy —1) =arg (x +iy +3i)
arg(x —1+1iy)=arg[x +i(y +3)]
tan~' Y =tan Y+ 3
x —1 x
O Y Y*3 0 y=x-n(y+3)
x—1 X

O xy=xy-y+3x -3 O 3x-3=y
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3x-1) x =1

y

=1 0O

O

w =

g (x=1:y=1:3

z—2 . .. .
——| = 2 represents a circle. Find its centre and radius.
7 -

Q. 14 Show that

@ Thinking Process

21

2

. . z
If 2,= %, +iy,and z, = x, +iy, are two complex numbers, then | 1| =| 1|, (z, 20), use

)
this concept to solve the above problem. Also, we know that general equation of a circle

isal + 1 +2gx +2 fy +c =0, with centre(—g, — f) and radius =Jd+f-c

Sol. Letz=x+1iy

Given, equation is 2_2‘=2 O 2_2‘=2
z-3 z-3
0 xty2_,
x+iy—3
O ‘x—2+iy‘=2‘x—3+/y‘
O V=27 + 7 =2\[(x -3 +)? E' |+ iy] = x® +y25

On squaring both sides, we get
x% —dx + 4 +y? =4(x% -6x +9 +)°)

O 3x? + 3y -20x + 32 =0

20 32 )
] 22+ -+ =0 (i)

/ 3 3
On comparing the above equation with x? + y? +2gx +2fy +¢ =0, we get
=20 -10

O 20 =——" [ =_ -

g 3 g 3
and of=0 O f:Oandc:%
O Centre = (=g, —=f) =(10/3, 0)

Also, radius (1) =/(10/37 + 0 -32/3 [vr=4g?+f -c]
100 -96) =2/3

W=

Q. 15 If 2 ;1 is a purely imaginary number (z # — 1), then find the value of‘z ‘
z

® Thinking Process
Ifz=x+iyis a purely imaginary number, then its real part must be equal to zero ie,
x=0,
Sol. Let z=x +1iy
EALIE S Tl R
z+1 x+iy+1
_x—1+y _(x=-1+iy)(x +1-1y)
x+1+iy (x+1+iy)(x+1-1y)
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(% =)+ iy (x +1) =iy (x =1) =i%y?
(ac + 17 = (iy)?
z=1_ @ =N+ y* +ily(x +1) -y (x -1)]

O =
z+1 (x+ 12 +y?
Given that, 27_1 is a purely imaginary numbers.
zZ+
2 _ 2
Then, % =0
(x+)" +y

x> =1+y? =0 O x%+y =1

|
O Vel +y? =41 0 |z|=1 [ 2= yx2 + y?]

Q.16z, and z, are two complex numbers such that ‘zl‘ = \zz\ and
arg (z,)+arg(z,) = 1 then show that z, = - z,.

Sol. Letz =1 (cos6, +isin®)and z, =1, (cos B, + isin®,)are two complex numbers.

Given that, |z =]z

and arg(z)+arg(z,)=m

i 2/=| 2|

O L=r -.(i)
and if arg(z) +arg(z,)=m

O 6 +6,=m

O 6 =m-6

Now, z, =1, (cos B, +ising)

O z, =1, [cos(T-8,) +isin(T- §)] [vr=randB =(m-8)]
O z, =1, (-c0s B, +isin6,)

O z, = -1, (cos 8, —isin®,)

O z,=—[r, (cos B, —isin6,)]

O z=-12 [z, =r,(cos B, —isin6,)]

Q.171f|2,|=1(z, - 1)and 2, = -

1
, then show that the real part of z,
z;+1

is zero.

Sol. Let zZ =x+ly
0 2| = x® +y* =1 [~ |z]=1 given] ...()
Now, 22=L_1:L'y_1
zp+1 x+iy+1
x=1+10y _(x=1+iy)(x +1-1y)
x4y (x+ 1+ +1 -y
_xP =1y (e 1) —iy (v =) =%y
(x +1)2 =i2y?
_xP =iy +y —iny +iy + )
(@ + 1)+ )2
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2 2 _ . _ .
_x“+y 21+22/y= 1 1-21-2/y2 [+ 2% + 2 =1]
(c+)+y (x+ 17 +y
-0+ 2yi
(x+ 1) + 2

Hence, the real part of z, is zero.
Q. 18 If z,, z, and z;, z, are two pairs of conjugate complex numbers, then

. 0z, O [z, O
find arg G—[+ arg -]
(z, 0 [z, 0

@ Thinking Process
First let, z=r(cos® +isin®), then conjugate of z ie, z=r(cos® —isinB). Use the

roperty ar; EZ—%—W (z,)—arg(z,)
property gEtZD 8 (Z, 8gl2,)

Sol. Letz =r (cos8, +ising,),

Then, Z, =z =1,(cos 6, —isin®,) =r[cos(—6,) +sin(-6,)]
Also, let zy =1, (cos 6, +isin®,),
Then, z,=23="1, (cOs B, —isin@,)
Uz O [z, 0
argGa. 0+ arg 2 0= arg(7) ~arg (2,) +arg (2,) - arg (z,)
Oz, O iz, O
=6, -(-6,) +(-8) -8 [-arg (2)=6]
=6,+6, -6 ~6,=0
Q.19 If|z)| =|z,| =+ =|z,| =1, then show that
101 01 1
‘zl + 2,42y Fe +zn‘_ T S
Zy 2 23 Zp
Sol. Given that, ‘21‘ = ‘22‘ =.. =‘zﬂ‘ =1
2 _ 2 1,2
. 2" =122|" = =[] =
O 22y = 2,2y, = 2325 = =22, =1
u Z1=_iﬁ22:_i= =2 :_i
Z, Z, Zn

Now, [z + 2z, + 253 +2, + +2)

= Zlizw +@ +@+.‘. +@ 0. Z z=1 where z :1Y Z :7271 z :ED
z, zZ, z, z, H z z-z B
2 2 2
_|lzl +‘Zz| +|Zs| .. +|Zn|2
Z Z, Z4 z,
S L L
4 &L Z

1 1 1

= —+ — + -+
Z Zy Z,

Hence proved.
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Q. 20 If the complex numbers z, and z,, arg (z,) — arg (z,) =0, then show

that\z1 —22‘ =‘zl ‘ =z,

Sol. Let 7, =1 (cos 8, +isin®,)
and Z, =1, (COs B, +isinB,)
O arg(z)=6, and arg (z,) =6,

Giventhat, arg(z)-arg(z,)=0
6,-6,=0 06,8,
z, =I,(cosB, +/sin @)

z, = 2z, =(r,c0s8, —r,c086,) +/ (;sinB, —r,sing,)

12, = 2| :\/(qcose1 -1,c088,)° +(5sin@, —r,sing)

- [2 42 _ 2g _ 2
—\/q + 15 =2 1,c08°0; —2n,sin" 6

=2 + 15 ~2n7,(sin’8, + cos8,)

7 E - fioa?

0 |z = 2,| =1 =1y
=|2[-|2]
Q. 21 Solve the system of equations Re (z%) =0, z‘ =2.
Sol. Given that, Re (z2°)=0, z|=2
Let z=x+1iy

2| =2 + 2

a2+ 2 =2
O ¥+ P =4
and Re(z)=x
Also, z=x+1y
O 72 = x% + 2ixy - y?
a 22 = (x% - y?) + 2iny
O Re (%)= x? - y?
0 x2—y2=O
From Egs. (i) and (i),

x2+x%=4

2x®=4 0 x°=2
x=+2

O y=+2
z=x +iy
0 z=\2 V2, -2 £ i\2

[-r=lz]]
Hence proved.

[ Re (z2)=0]
(i)
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Q. 22 Find the complex number satisfying the equation z + V2 ‘ (z+ 1)‘ +i =0.

Sol. Given equation is Z+~2|(z+ )|+ =0 ()
Let z=x+1ly
a x+iy+42|x +iy+1| +i =0
0 x+i(l+y)+42 (x+1)2+y2520
O  x+i(+y)+42 &% +2x +1+)°) =
| x+ V22 +2x +1+)y° =0
0 x2=2(x +2x +1+y°
| x% + 4x +2y% +2 =0 (D)
1+y=0
O y=-1
Fory=- x% +4x +2+2 =0 [using Eq. (ii)]
a ¥2+4x+4=0 O (x+2°=0
O x+2=0 0O x=-2
d z=x+iy=-2-i
. 1-7 .
Q. 23 Write the complex number z = — i’ polar form.

Sol. Given that,

cos— +171sin—
3 3

—1 .10

: —P i

L. 1= __“Bp '8
s i i

cos 1 + jsin" CcosS— + jsin—
3 3 3 3
_ —~2[cos(mt~ 174) +isin( T %))
cos Y3 + /sin (3

_ —2[cos314 + isin3 174]
cosTy3 + /sin 113

=-2 %os? —I%+ isin %T—Er%

=-.2 %OS—+ ISIHTE

Q.241f z and w are two complex numbers such that |zw|=1 and

arg (z) —arg (w) = 1—; then show that z w = —1.

Sol. Let
Also,
O

Further,

z=r(cos @ +isin®) and w=r, (cos8, +/sinB,)
\zw\ =|z|w|=n1 =1
, =1
arg =6, andarg (w)=6,
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But arg (z) —arg (w) =g
s
0 6,-6, = 5
z s
O ="
arg%% 5
Now, to prove zw = =i
LHS = zw

=1r(cos 6, —isin®)r, (cos B, +isin§,)

=rnr,[cos(@, —6,) +isin(6, —6))]

= py[cos(~12) + isin (~1y2)]

=1[0-/]

=-/=RHS Hence proved.

Q. 25 Fill in the blanks of the following.
(i) For any two complex numbers z,,z, and any real numbersa, b,

\az1 —bzz\2 +\bz1 +azz\2 =
(ii) The value of /=25 x /=9 is ...
(1-i)°
1-i°
(iv) The sum of the seriesi +i% +i> +--- upto 1000 terms is ...
(v) Multiplicative inverse of 1 +7is...
(vi) If z, and z, are complex numbers such that z, + z, is a real number,
thenz, =--
(vii) arg (z) + arg z where, (z £0)is ...
(viif) If |z + 4| <3, then the greatest and least values of |z + 1] are ... and

(i11) The number is equal to ...

(ix) 1F 222

T .
= —, then the locus of z is ...
z+2

(x) If|z| = 4 and arg (z) = '%T thenz = .-

Sol. (i) |az _bzz‘z +|bz +az2\2
=|az, ‘2 +|bz, \2 -2Re (az, bz,) +| bz, ‘2 + |az, ‘2 +2Re (az, (bz,)
=(a° +b2)\z1‘2 +(@? +b2)‘z2‘2
=@ +b%)( z ‘2 +‘22‘2)

(ii) V=25 x -9 =i\25 xi\[9=? (5x3)=-15
iy (=0° = 0=0p
1-i% A=) +i+i%)
(=i _1+i® -2 _-2i _
i i i

= = -2
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(iv) i +i%+i%+ _upto1000terms =i +i2 +i3 +j* +... /1% =0
O 0 e ris S g
oy " +i" + "2 473 =0, where nONi e, Z/” =0
0 n=1 0
(v) Multiplicative inverse of 1+ S el :1(1 )

(vi) Let z =x, + iy, and z, =x, + iy,
2y + 2, =(x; +x,) +i(y, +Y,) whichis real.
If z+2zyisreal theny, +y, =0

O ="z
B Z2 =X —1y;
O Z, = 74 [when x; = x,]

(vii) arg(2) + arg(z), (z % 0)
O 8+ «0 )=0

(viii) Given that, ‘z +4 ‘ <3
For the greatest value of ‘ z+ 1‘,

O0 \z+1\:\z+4—3\s\z +4\ +\—3\
:\z+4—3\53+3
=‘z+4—3\s6

So, greatest value of ‘z+ 1‘ =6

For, now, least value of |z + 1‘, we know that the least value of the modulus of a complex
number is zero. So, the least value of ‘z + 1‘ is zero.

(ix) Given that, 2‘2‘:3
z+2 6
0 ‘x+/:y_2‘:];[ 0 ‘x_2+i'y‘=ﬂ
|x+iy+2| 6 |x+2+iy| 6
O Blx -2 +iy| = Mx +2+iy|
O B 2P + 2 = my(x +2)° +y°
0 36[x2 + 4 —4x + 2] = [x% +4x +4 +y?]
0 (36— 1) x° + (36 — 1) y* — (144 + 4TC)x + 144 + 41° =0, which is a circle.
(x) Given that, |z| = 4and arg (z)=571T
Let z=x+iy =r(cos® +isin 6)
O |z|=r=4and arg(2)=9
tane—@
6
TT -
O z = 4[Tos— + isin—[= 4 [cos(Tt 6) +isin( -
pos . - 116) 16)]
_,0 EVE] ,
=45 cos ™ +isin U= 4 + = =243 +2j
B 6 68 H2 2H‘



Complex Numbers and Quadratic Equations 93

True/False

Q. 26 State true or false for the following.
(i) The order relation is defined on the set of complex numbers.

(i1) Multiplication of a non-zero complex number by —i rotates the point
about origin through a right angle in the anti-clockwise direction.

(iif) For any complex number z, the minimum value of |z| +|z = 1/is 1.
(iv) The locus represented by |z —1| =|z —7|is a line perpendicular to the
join of the points (1 0) and (0, 2).
(v) If z is a complex number such that z#0 and Re (z) =0, then,
Im (z2) =0.
(vi) The inequality |z — 4 <|z —2| represents the region given by x > 3.
(vii) Let z, and z, be two complex numbers such that |z, +z,| =|z,| +|z,
thenarg (z, —z,) =0.
(viii) 2 is not a complex number.

’

Sol. (i) False

We can compare two complex numbers when they are purely real. Otherwise comparison
of complex number is not possible.

(i) False
oo_ooo .
(x,y) = which is false.
HH B
(i) True
Let z=x +iy

2|+ |z=1] =4/x? +y2 + o 02 +y2

If x =0,y =0, then the value of | z| + |z -1| =1.

(iv) True
Let z=x+iy
‘2—1‘ =‘z—/"
Then, ‘x—1+iy‘:‘x -i( —y)\
(x =17 +y% =x® + (1 -y
x? —2x +1+y% =x? +1 4% -2y
-2x +1=1-2y
—2x +2y =0
x-y=0 ()
Equation of a line through the points (1, 0) and (0, 1),
y=0=1S (-1
] y=—( -1 0 x+y=1 (D)}

which is perpendicular to the linex -y =0.
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(v) False
let z=x +1/y, z#0 and Re (2)=0
ie., x=0
g z=ly
Im(z%) = i2y? = - y? which is real.
(vi) True
Given inequality, |z-4|<|z-2|
Let z=x+1Iy
O |x -4 +iy|<|x -2 +iy|
0 Yo = 42 + 2 <(x 27 + )2
u (x =4 +y* <(x -2 +y?
0 x%=8x +16 + y? <x® —4x +4 +)?
g - 8¢ 18- 4x+ 4
O - 8% - 4x 12
0 - 4dx - 12
0 4x >12
O x>3
(vii) False
Let zy=xy +ly; and z, =x, + iy,
Given that, |z, + 25| =|z| + |z,
ey + Yy + oy F Y[ =y | gy Y|
0 e+l + 0+l =6 s+ 2)

On squaring both sides, we get

O
O
O

(c; + 0,7+ (g + o) =(x7 +37) Hxs + v3) + 2 + y7) (x5 +y5)
Xk xG 200, T Y] Vs T2V, Sa] H Y Hag s +2 (2 + V) (x2 + y3)
2xxy + 2y, =2y(xf + ¥F) (x5 +¥3)

X%, + Yy =67 + Y75 +Y3)

On squaring both sides, we get

2.2, .22 _.2.2 2, .22, 22
XPXG + VOYE +2x %,y Saias +yixg + xlys + Y

(1Yo _xQ%)Z =0

XiYo = XY
N
Xy Xo
D FiA-F2B=0
OO0 O, O
O arg (z)-arg (z,) =0
(viii) True

We know that, 2 is a real number.
Since, 2 is not a complex number.



Complex Numbers and Quadratic Equations

95

Q. 27 Match the statements of Column A and Column B.

Column A

ColumnB

(vi)

(vii)

(viii)

The polar form of j + +/3 is
The amplitude of =1+ +/ =3 is
It‘z +2‘ Z‘z —2‘,then locus of zis

It‘z+2i‘=‘z —2i|,then locus of z is

Region represented by

Region represented by |z + 4|<31is

Conjugate of]];zll liesin
=i

Reciprocal of 1 -1 liesin

(a)

Perpendicular bisector of segment
joining (=2,0)and @2, 0).

On or outside the circle having
centre at (0, — 4) and radius 3.

om
3

Perpendiculor bisectar of segment
joining (0, —=2) and (0, 2).

2 %OSE‘F isinl%
6 6

On or inside the circle having centre
(=4, 0) and radius 3 units.

First quadrant

Third quadrant

Sol. (i) Given,

O
O

O

and

z=i++/3 =r(cosb+sinf)
rcos ® =+/3,rsin® =1

rP=1+3=4 0O
tang = rsin@ _ 1
rcosd| /3
1
tancx—ﬁ 0 a
x>0 y>0
arg(z): :L[
6

So the polar form of z is 2 %:osg + /singmé

(ii) Given that,

O

0

r=2

[ r>0Q]

z=-1+/8=-1+i3

tana=ﬁ:ﬁ
tana=tan* O a="
3 3
Y
A
Xe—29 > X
A
YI
x<0 y>0
6=m-a = T1mn- _2m
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(i) Given that, |z+2|=]|z-2]
O \x+2+/‘y\:\x -2 +/y\
u (x+2F +y? =(x =2)° +y°
O ¥ +4x +4=x> -4x +4 0O 8x=0
g x=0
It is a straight line which is a perpendicular bisector of segment joining the points (=2, 0)
and @, 0).
(iv) Given that, ‘z +2i ‘ = ‘ z —2/"
O \x+i(y+2)\:\x+i(y—2)\
O 22+ (y+2)7 =x® +(y 2
O 4y=0 O y=0
It is a straight line, which is a perpendicular bisector of segment joining (0, —2)and (0, 2).
(v) Given that, |z+4i|23=|x +iy+4i|23
O :‘x+i(y+4)‘23
| = x? + (y+472 23
O = %% (y 4% 9
| =x? +y? +8y +16 29

=x2+y? +8y +7 20

Which represent a circle. On or outside having centre (0, — 4) and radius 3.

(vi) Given that, |z+4|<3
O |x+iy+4|<3
O |x+4+1iy|<3
d (x + 4?2 +y? <3
| (x + 472 +y? <9
| x% +8x +16+y° <9

| x%+8x +y? +7 <0
It represent the region which is on or inside the circle having the centre (-4, 0)and radius 3.
Z=1+2/’ _(1+2)(0+1i)
1-i A=+
1420+ +2i% _1-2+3i _-1+3j
I T T
-1 3/

a z=_->0
2 2

Hence, @; ;Elies in third quadrant.

(vii) Given that,

(viii) Giventhat, z=1-i
0 LS i A+ :1(1+/)
z 1-i (=-i){d+i) 1-i2 2

Hence, % %@Iies in first quadrant.

Hence, the correct matches are (a) - (v), (b) - (i), (c) - (i), (d) > (iv), (e) - (i),

(®) - (vi), (@) ~ (viii), (h) — (vi)
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Q. 28 What is the conjugate of (12_7?

- 2i)?
Sol. Given that, z= 270 - 27
(=207 1+ 4ic =4
=_2-F . 2-i
1-4-4i -3-4i
_ - __0@e-)@E-4)0
~3+4)) Ha+an@-4anH
__Hb-8i - 3/+4/E (11 +2)
a 9+16 a 25
-1 ) 1
=—@-1) 0 z=—(-2+11
25( ) 25( )
a Zzi( 2—11,'):;2 n
25 25 25
Q.29 If|z|= = z,.
Sol. Given that, \Zw\:\zg\
Let zy=x+iyy and z, = x, +1y,
0 ‘x1 + /'y1‘ =‘x2 + /'Y2‘
: w4 of =xE 1
. i =ad =1
= X =tx =Y,
O Zy=xy +ly; orzy =xx, iy,
Hence, it is not neccessary that z, = z,.

2 2
Q 30 If ——— @+1) = x +1iy, then what is the value of x% + y?

2a —1i
2 2 2 2
Sol. Given that, u:xﬂy 0 u:xﬂy
2a~-i (Ra-1)
0 (a2+1)2(23+/'):x+l.y
(Ra-i)(ea+1)
2 2 :
0 (@ +1) (2a+/)=x+/'y
4a° +1
2 2 2 2
0 _2a@ +1) and _@+1
48° +1 4a° + 1
O x° +y =4a ga +12D Qa +12D

|:|4a +1E |:|4a +1E

:(4a + W@ +1)* - @ +1)*
(48 + 1) (4a” +1)
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Q. 31 Find the value of z, if|z] = 4 and arg (z) = %T

Sol. Let z=r(cos B +isin6)
Also, z|=r=4and 8=""" [+ arg (2) = 6]
6
51 51 .
O z=4 £os— +jsin=— s Z=r(cos B+ isin
oy 100D G
T . B
4 - _n
%osﬁn G%HSH@H 6%

Tt
cos - + isin1o

68

0

=

45—\@ 1 -243 +2i
o2 2D

4

(2+7)

Q. 32 Find the value of 1,
(3+17)

(1+1)

® Thinking Process
First, convert the given expression in the formed a + ib, then use ‘ a+ ib‘ =d +1.

Sol. Given that, (1+/')(2+/.)‘= (2+/+2/,+/ )‘= 2+3/_ !
B+i)| @+i) | 3+
_|1+ 8| _|a+3)E-i)
3+i| | (3+i)3-i)
_|8+9i-i-3°|_[3+8/+3 =‘6+8/
9+1 10

6, 8% _ [36+64_ [100 _,
100 100 \ 100 V100

Q. 33 Find the principal argument of (1 + i\/g)z.
® Thinking Process
Let z=a +ib, then the polar form of z is r(cos@ +isin@), where r = ‘z‘ :\/mand
tan® :é [(Bere, © is argument or amplitude of z i.e, arg (z) =8. The principal argument

a
is a unique value of © such that — TI< B< Tt

Sol. Given that, z=(1+iV3)
o Z:1—3+2/\f 0 z=-2+i24/3
O O
O tana = [2¥2 ‘ f‘ D tana = Im(2) .
O Re (2)| g
d tana =tant O oa=1
3 3
Re (z)<0andIm(z)>
0 arg(z)=m-1 O :2"

3 3
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z—5

z+5

Q. 34 Where does z lie, if =1

® Thinking Process

— 4 - . _[2 2 _[2. 2
lfz1—><1+/,vwandzz—)<2+o)/2,th(3rv‘z1‘—wq+y1 and‘zz‘—\lxz+y2 .

.z z
Also, use the modulus property ie,|—| = ‘ 1‘

o Ja|
Sol. Let z=x+1ly
Given that z=5|_|x+ly =5
z+ 50 x + iy + 5/

z=5i|_|x+ily-9)
z+ 5| |x+i(y+5)
- |z-5i]_yx® + (y-5)
‘Z+ 5i \/x2+(y+5)2
On squaring both sides, we get
x® + (y=5f =x® +(y +5)°

O -10y = + 10y
] 20y =0

O y=0

So, zlies on real axis.

Objective Type Questions

z=5 | _

z+ 5]

Q. 35 sinx +icos2x and cosx —isin2x are conjugate to each other for

1amn
(@ x =nm (b)x_%,.g.géz
()x=0 (d) No value of x
Sol. (d) Let 7z =sinx +icos2x
and Z =sinx —icos2x
Given that, Z=Ccosx —isin2x
ad sinx — fcos2x =cosx —isin2x
O sinx =cosx and cos2x =sin2x
O tanx =1and tan2x =1
O

tanx = tan%amd tan2x = tang

O

X =nNT+ Eand2x =ﬂT[+1—T
4 4

0 2x-x=0 0% O
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1-17sina
Q. 36 The real value of a for which the expression 71 is purely real is
1+ 2isina

(@) (n + 1); (b) 2n + 1) (c) nTt (d) None of these

ISEE|

where, n ON

® Thinking Process
First, convert the given expansion into a + ib form and then check whether the complex
number a +ibis purely real.
1-isha let]
1+ 2isina
(1=isina)(1-2isina)
(1+2isina)(1-2isina)

Sol. (¢) Given expression, z =

_ 1=isina =2isina +2i®sin’a
1-4i%sin®a
_1-3isina -2sin’a
1+ 4sin’a

_1-2sif’a _ 3isina
1+ 4sinfa 1+ 4sin’ a

It is given that zis a purely real.

O _337@20‘:0
1+ 4sin“a
O -3sina=0 O sina=0
o =nm

Q. 37 If z=x +iy lies in the third quadrant, then 2 also lies in the third
z

quadrant, if
@x>y>0 (b) x <y <0 (Qy<x<0 dy>x>0

Sol. (b) Given that, z = x + iy lies in third quadrant.
x<0and y<O.

- VR PR
Now, Z_x—ly_(x-ix-iy) _x" —y -2y

z xtiy (x+iy)(x -y x2 + )2

z_x?-y 20y

Z 2+ Py

Since, Z also lies in third quadrant.

V4
2 _ 2 _
a x2 y2<0and 22xy <0
xZ +y x2 + 2
x?-y? <0 and —2xy<0
O x?<y? and x>0

So, x<y<O0
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Q. 38 The value of (z + 3) (z + 3) is equivalent to

(@) ‘ z+ 3‘ : (b) ‘ z - 3‘ ©z>+3 (d) None of these
Sol. (@) Giventhat, (z + 3)(z + 3)

Let z=x+1iy

a (z+3)(z+3)=(x +iy +3)(x +3 —iy)

=(x + 3P ~(yf = (v + 37 +?

=|x +3+iy|°=|z+3|°

m+il
Q.39 1f—0O =1, then
=70
(@ x=2n+1 (b) x = 4n (©x=2n (d)x =4n +1
where, n ON
Sol. (b) Given that, %l% =1
o-id
. m+ia+nd o O+2i+i2d
1-)+n{ 2oz B
o2 o it
0 =1 0 =-=1
it 5
| =10 i*=(3") [O0/%: 1,/ N
O x =4n
- . [B-4ix0d . .
Q. 40 A real value of x satisfies the equation ———O=a —ip (o, B OR), if
B+ 4ix[
a? +p?is equal to
(a1 (b) -1 (02 (d)-2
Sol. (a) Given equation, ME=G -iB @ BOR)
@B+ 4ix0
B-4ix0O .
0 =a-
E§+ 4/'x% oa-p
Now @ -ip)= B 4)E - 4ix) 9+ 16i°x° —24ix
’ (3 + 4ix)(3 - 4ix) 9-16i%x2
g a_iB:9—16x2—24/'x
9+ 16x2
2 .
0 o ip = 9—16x2 24 i 0
9+ 16x 9+ 16x
0 a+/B_9—16x2 . i24x )

T o+ 1622 O+ 16x2
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2
— 1620 - ?
So,  (a-iB)a+B) =2 1% B et
09+ 16x- 0O +16x

0 o2 4+ p? = 81+256x° -288x? +576x°
(9+16x2)
_ 81+256x" +288x°
(9 + 1627y
(9+16x°) _
(9+ 1622

Q. 41 Which of the following is correct for any two complex numbers z, and z,?

(@) ‘ 2122‘ =‘ z H Z, ‘ (b) arg (z,z,) = arg (z;) Carg (z,)
(© |z, + o] =|z1| +2] Az, + 25| 2|2 ~|z]
Sol. (a) Let z, =1 (cos®, +isin®)
O z| =1 (1)
and Z, =1, (C0s 0, +isinB,)
] 2| =1, .. (i)
Now, 2,2, = fr,[cos 8,cos B, + isin 6,cos B, + icos 8,sin B, + i sin fsin 6]
=1nr,[cos(®, +6,) +isin(6 +6,)]
] |212,] = 1,
O ‘2122‘ = ‘21‘ ‘22‘ [using Egs. (i) and (ii)]

Q. 42 The point represented by the complex number (2 - 1) is rotated about
origin through an angle 5 in the clockwise direction, the new position
of point is

@71+2i (b) -1-2i ©2+i (d)—1+2i
® Thinking Process

Here, z <ia is a complex number, where modulus is r and argument (8 + Q). If P (z)
rotates in clockwise sense through an angle o, then its new position will be z(0 —ia).

Sol. (b) Giventhat,z=2 -/
It is rotated about origin through an angle g in the clockwise direction

O New position = ze ™2 = (2 - j)e™™?
P s . _ 5 _ivro =i
=@-1) %os%@+ isin %‘%’ @-0n[0-1]
=-2i -1=-1-2j
Q. 43 If x, y OR, then x + iy is a non-real complex number, if
(@x=0 (b)y =0 (0)x %0 (d)y#0

Sol. (d) Giventhat, x, yOR
Then, x + jyis non-real complex number if and only if y # O.
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Q.44 1fa+ib =c +id, then
(@a*+c*=0 (b) b? + c* =0
(©) b*+d? =0 (d)a®+ b? =c* +d?
® Thinking Process

If two complex numbers z,= x, +iy,and z, = x, + iy, are equal, then

2=l O {2+ =+

Sol. (d) Given that, a+ib=c+id
O \a+/b\=\c+/’d\
O Ja? + b2 = c? +a?

On squaring both sides, we get
a2 + b2 :C2 +d2

1+2Z
Q. 45 The complex number z which satisfies the condition

- =1 lies on
11—z

(a) circle x? + y? =1 (b) the X-axis

(c) the Y-axis (d) the linex +y =1
Sol. (b) Given that, '. Rl

i-z
Let z=x+liy
. i+ |y g @I
—-x—i(y -1 xZ+ (y—1)?

d x?+(y+1F =x® +(y -1f

O 4y=0 0O g O

So, zlies on X-axis (real axis).
Q. 46 If z is a complex number, then

@]z?% >|z| b)| 2% =|z|? ©@]2* <|z|? ]2 2| z|?
Sol. (b) If zis a complex number, then z = x + iy

2| =|x+iy| and |z|* =|x +iy|?
D 2" =x® +y" -0
and 22 =(x + iy =x° +i%° +i2axy
22 =x% -y +i2xy

O |22 =y(x? - y?P + Cay)?

0 |Zz| =\/x4 +y* —2x2)2 + 4x2)y2

0 |Zz|=\/x4 +yt +2x2y2=\/(x2 +y2)2

O 2] =22 +y? )

From Egs. (i) and (i),
|2* =|2°|
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Q. 47|z, + z,| =|z,| +|z,| is possible, if

@z,=7 (b) Z,=—
Z
(c) arg(z;) = arg (z,) (d |z, =]z,
Sol. (¢) Given that, 2+ 2,| =| 2| +| 2|

O |r(cos® +isin 6)+r, (cos 6, +isin 6)| =|; (cos B +ising)|
+|1r,(cos 8, +isin,)|

O |(5cos @, + r,cos 6) + i (7sin 6 +1,8in6)| =r +1,

0 JiPcos®8, + 2cos®8, + 217, cos B,cos 8, + i2sin’ 8, + 12sin’6,

J*2nn, sinBsing, = +1,

O \/rf + 2 +2r,[cos@ - 8,)] =15 +1,
On squaring both sides, we get

2, 2 242
L°+ry +2n,c080, —8,) =" +1; +210,

] 2rr,[1-cos (6 - 8,)]=0
O 1-cos(® -6,)=0
O cos (8 -6,) =1
O cos(®, - 6,) =cos0°
0 6,-6,=0°
0 6, =6,
a arg (z) =arg (z,)
. . 1+47cosBO . )
Q. 48 The real value of 8 for which the expression ————— is a real number is
1-2icosO

i a T
(a)nT[+Z (b) nTt+ (1) "
(c)2nm g (d) None of these

1+icos® _ (1+icos)(1+2icosb)
1-2icos® (1-2icosB)(1+2icosb)
_ 1+ icosb +2icos +2/°cos” 0

Sol. (¢) Given expression =

1-4i%cos?0
_ 1+ 3icosB -2cos?8
- 1+ 4cos®0
For real value of 6, _8c0s® _
1+ 4cos® 0
O 3cos0=0
O cosO =cos g

O g=2onms
2
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Q. 49 The value of arg (x), when x <0 is
(@0 (b) =

2
Sol. (c) Let z=x+0i and x<0

2] = (=17 +(0%) =1

Since, the point (x, O)represent z = x + 0/ lies on the negative side of real axis.
0 Principal arg (2)= 1t

(T (d) None of these

w2
Xt z X
3n
2
71—z . .
Q.50 1If f(z) = >, Where z =1 +2i, then \f(z) ‘ is equal to
1_
(a)B b)| z|
2
(c)2‘z‘ (d) None of these
Sol. (a) Let z=1+2j
0 2| =T+ 4 =45
Now, f=l"2= 7-1-2
1-22 1-(1+2i)p
_ 6-2i _6-2i
1-1-4i2 -4 4-4i
_ (B-he+2i)
@ -2 +2i)
_6-2/+6/-2i° _6+4i+2
4 - 4j° 4+4
:8+4/:‘]+1f
8 2
fz)=1+ 1
2
O 12)|= 1+ = 4+1_V5_|7|
4 4 2 2
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Linear Inequalities

Short Answer Type Questions

Solve for x, the inequalities in following questions.

Q.1 b <3< 0 (x> 0)
x—1 x+1

® Thinking Process
First solve the first two inequalities, then solve the last two inequality to get range of x .
Sol. Consider first two inequalities,

4 <3
x +1
4<3(x+1)
4<3x + 3
4-3<3x [subtracting 3 on both sides]

1< 3x
1 .
X = — (]
3 ]

O oooo

and consider last two inequalities,
3< 6
x +1
3(x+1)<6
3x +3<6
3x<6-3 [subtracting 3 to both sides]
3x<3 [dividing by 3]
x<1 (i)

Ooooog

From Egs. (i) and (ii),

W= 8
IN O
®
IN lgg?‘g

MmO
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‘x—Z‘—l
.27_
Q \x—2\—2<
® Thinking Process

First, let y Z‘x —2‘ and then for the obtained values of y use the property ‘ x- a‘ 2k e
x<a—korx=a+ kto get the range of x.

Sol. Let k-2 =y
Y=lcg
y-2
O y—-1=0andy-2=0
O y=1and y=2
—e 4o -2 + o
0O 1<y<2
O 1S‘x—2‘<2
] 1S‘x—2‘and‘x—2‘<2
O x—-2<-1
0O x—-221
and -2<x-2<2
O x<lorx=3and O<x <4
O x 00,10 [3 4)
Q.3;51
‘x‘—3 2
Sol. Given, ! sl
‘x‘—S 2
0.1_1 O
O -322 —<—-0Oa b
I §2"5"% “8
O ‘x‘ >5 [adding 3 to both sides]
O x<-5o0rx=5 [ ‘x‘ZaD‘x$— al M al
<o
-5 5
g xOf o - 50 [& ) ()
But ‘x‘—3¢0
Either |x[-3<0 or |x-3>0
O ‘x‘<3 or ‘x‘>3
O - 8 x 3orx<-3orx>3 L(i)

[+ |x[<a & & = aand|xt al <x ax>g]
On combining results of Egs. (i) and (i), we get

xOteo - 5-( 38 & )
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Q. 4|x-1[<5|x|22

Sol. lx-1|<5
-5<x-1<5
O - 4 £ 6
] x Of 4, 6] ..(D)
>
—1 5
and ‘x‘zZ
O x<—-20rx=2
U xOftoeo - 210 [& ) .(if)
——————

-0  _D 2 4o
On combining Egs. (i) and (i), we get
x 0t 4- 20 2, 6]

2—-3x
Q.5-5< <9
4

Sol. We have, _552—4335
O - 28 2> 3« [multiplying by 4 on both sides]
O 3x<2+20
O 3x <22
O xsg
3
and 273 g
4
O 2 -3x<36
O - 3 36 2
] - 3 34
0O 3x=-34
0 xg—%
3
0 Kappr]
3 3
+34 22
0 x=—"—, —
B 38
Q.64x+322x+17,3x -5< -2
Sol. We have, 4x + 322x +17
0O 4 —2x 217 -30 2x =14
0 sz
2
O x=7 ()
Also, we have 3x -5< -2
0O 3x<-2+50 3x<3
] x <1 ...(ii)

On combining Egs. (i) and (i), we see that solution is not possible because nothing is
common between these two solutions. (j.e., x <1, x 27).
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Q. 7 A company manufactures cassettes. Its cost and revenue functions are
C(x) = 26000 + 30x and R(x) = 43x, respectively, where x is the number of
cassettes produced and sold in a week. How many cassettes must be sold
by the company to realise some profit?

Sol. Cost function, C(x) =26000 + 30x
and revenue function, R(x) = 43x
For profit, R(x)>C(x)
O 26000 + 30x < 43x
O 30x — 43x < —26000
O - 13x < —26000
O 13x > 26000
0 > 26000

13

O x >2000

H

ence, more than 2000 cassettes must be produced to get profit.

Q. 8 The water acidity in a pool is considered normal when the average pH
reading of three daily measurements is between 8.2 and 8.5. If the first
two pH readings are 8.48 and 8.35, then find the range of pH value for the
third reading that will result in the acidity level being normal.

Sol. Given, first pH value = 8.48
and second pHvalue = 8.35
Let third pH value be x.
Since, it is given that average pH value lies between 8.2 and 8.5.

848+ 835+ x _

0 82< 85

< 16.83+ x <
3
3x82<16.83 +x <85 x3
24.6<16.83 + x <25.5
24.6 -16.83<x <255 -16.83
777 <x<867
Thus, third pH value lies between 7.77 and 8.67.

82 8.5

ooog g

Q. 9 A solution of 9% acid is to be diluted by adding 3% acid solution to it.
The resulting mixture is to be more than 5% but less than 7% acid. If
there is 460 L of the 9% solution, how many litres of 3% solution will
have to be added?

Sol. Letx L of 3% solution be added to 460 L of 9% solution of acid.

Then, total quantity of mixture = (460 + x)L
Total acid content in the (460 + x) L of mixture

= %60 xi +x xi
100 100

Itis given that acid content in the resulting mixture must be more than 5% but less than 7% acid.
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[multiplying by 100]

Therefore, 5%0f (460 + x)< 460 x 2 + 9% <79 of (460 + x)
100 100
0 5 w60+ x)<a60 x 2 + 3 v <7 x(460 +x)
100 100 100 100
ad 5% (460 + x) <460 x9 +3x <7 x(460 +x)
0 2300 + 5x < 4140 + 3x <3220 +7x
Taking first two inequalities, 2300 + 5x <4140 + 3x
0 Bx — 3x < 4140 —2300
0 2x <1840
0 x < 1840
2
O x <920

Taking last two inequalities, 4140 + 3x <3220 + 7x
0 3x - 7x <3220 - 4140
O - 4x < =920
O 4x > 920
o 920

4
O x>230

x>

(i)

Hence, the number of litres of the 3% solution of acid must be more than 230 L and less

than 920 L.

Q. 10 A solution is to be kept between 40°C and 45°C. What is the range of

Sol.

temperature in degree fahrenheit, if the conversion formula is
9
F=2C+32?
5
Let the required temperature be x°F.
Given that, F= % C+32
O 5F=9C + 32 x5
O 9C =5F -32 x5
0 C = 5F -160
9

Since, temperature in degree calcius lies between 40°C to 45°C.
Therefore, 40< w <45
0 40<5x—9160<45
O 40 x 9<bx —160 <45 x9 [multiplying throughout by 9]
O 360< 5x —160 <405 [adding 160 throughout]
O 360+ 160 < 5x <405 +160
O 520< 5x < 565
O % <x< 5%5 [divide throughout by 5]
| 104<x <113
Hence, the range of temperature in degree fahrenheit is 104 °F to 113°F.
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Q. 11 The longest side of a triangle is twice the shortest side and the third side
is 2 cm longer than the shortest side. If the perimeter of the triangle is
more than 166 c¢m, then find the minimum length of the shortest side.

Sol. Let the length of shortest side be x cm.
According to the given information,
Longest side =2 x Shortest side
=2xcm
and third side =2 + Shortest side
=@ +x)cm
Perimeter of triangle =x +2x + (x +2) =4x +2
According to the question,
Perimeter > 166 cm

0 ax +2>166

0 x> 166 -2

0 4x > 164

0 x>$:41cm

Hence, the minimum length of shortest side be 41cm.

Q. 12 In drilling world's deepest hole it was found that the temperature T in
degree celcius, x km below the earth's surface was given by
T =30 +25(x —3), 3< x<15. At what depth will the temperature be

between 155°C and 205°C?

Sol. Given that, T=30+25(x -3),3<x<15
According to the question,
155<T <205
155< 30 + 25 (x — 3) <205
1565 -30<25(x —3) <205 -30 [subtracting 30 in whole]
125<25(x —3)<175
125 3178 [dividing by 25 in whole]
25 25
O 5<x -3<7
O 5+ 3<x<7+3 [adding 3 in whole]
O 8<x<10
Hence, at the depth 8 to10 km temperature lies between 155° to 205°C.

s
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Long Answer Type Questions

2x+1 x+7

Q.13 Solve the following system of inequalities >5, > 2.
7x —1 x—8
Sol. The given system of inequations is

2x+ig ()

7x -1
and AN i)

x—-8
Now, @—5 >0
7x -1
0 (.2x+1)—5(7x—1)>O
7x =1
- 2x+1-36x+5_
7x =1
0 -33x +6_ 4 B -6_
7x =1 7x =1

0 x D@»,S%@ (i)

F ' T
- -1/7  6/33 +oo

and LRMAS N B 3N

x -8 x—8
0 x+7—2(x—8)>oD x+7-2x+16

x -8 x -8

0 —x+23>O 0 x—23<0

x -8 x -8

i + 8 -23 + Feo
O x[(8, 23) . (iv)

Since, the intersection of Egs. (iii) and (iv) is the null set. Hence, the given system of
equation has no solution.

Q.14 Find the linear inequalities for which the shaded region in the given
figure is the solution set.
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Sol. Consider the line 3x + 2y = 48, we observe that the shaded region and the origin are on the
same side of the line 3x + 2y =48 and (0, 0) satisfy the linear constraint 3x + 2y < 48. So,
we must have one inequation as 3x +2y < 48.

Now, consider the line x + y =20. We find that the shaded region and the origin are on the
same side of the line x + y =20 and (0, 0) satisfy the constraints x + y<20 . So, the
second inequation is x + y < 20.

We also notice that the shaded region is above X-axis and is on the right side of Y-axis, so
we must have x20, y20.

Thus, the linear inequations corresponding to the given solution set are 3x + 2y<48,
x +y<20and x=0, y= 0.

Q. 15 Find the linear inequalities for which the shaded region in the given
figure is the solution set.

y
A
O, 8) b
Yo}
Il
y=5N\_ "
0, 4) Ty
}\
o
X0 @0 GO~
%X
\J;\\
4
Y 4
v

Sol. Considerthelinex + y = 4.
We observe that the shaded region and the origin lie on the opposite side of this line and
(0, 0) satisfies x + y<4. Therefore, we must have x + y=4 as the linear inequation
corresponding to the line x + y = 4.
Consider the line x + y = 8, clearly the shaded region and origin lie on the same side of this
line and (0, 0) satisfies the constraints x + y < 8 Therefore, we must have x + y< 8, as the
linear inequation corresponding to the line x + y =8,

Consider the line x = 5. It is clear from the graph that the shaded region and origin are on
the left of this line and (0, 0) satisfy the constraint x < 5.

Hence, x<5is the linear inequation corresponding to x = 5.

Consider the line y = 5, clearly the shaded region and origin are on the same side (below) of
the line and (0, 0) satisfy the constrain y< 5.

Therefore, y < 5is an inequation corresponding to the line y = 5.

We also notice that the shaded region is above the X-axis and on the right of the Y-axis i.e.,
shaded region is in first quadrant. So, we must have x>0, y= Q.

Thus, the linear inequations comprising the given solution set are
x+y=24x+y<8 x<5 y<5 x=20and y=20
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Q.16 Show that the following system of linear inequalities has no solution
x+2y<3,3x+4y212,x20, y 21.

Sol. Consider the inequation x + 2y < 3as an equation, we have

x+2y=3
O x=3-2y
] 2y=3-x
x 3 1 0
y 0 1 1.5

Now, (0, 0) satisfy the inequation x + 2y< 3.

So, half plane contains (0, 0) as the solution and the line x + 2y = 3intersect the coordinate
axis at (3, 0)and (0, 3/2).

Consider the inequation 3x + 4y =12 as an equation, we have 3x + 4y =12

O 4y =12 — 3x

x 0 4 2
y 3 0 3/2

Thus, coordinate axis intersected by the line 3x + 4y =12 at points (4, 0) and (0, 3).
Now, (0, 0) does not satisfy the inequation 3x + 4y =12.
Therefore, half plane of the solution does not contained (0, 0).
Consider the inequation y =1as an equation, we have
y=1
It represents a straight line parallel to X-axis passing through point (0, 1).
Now, (0, 0) does not satisfy the inequation y= 1.
Therefore, half plane of the solution does not contains (0, 0).
Clearly x = Orepresents the region lying on the right side of Y-axis.
The solution set of the given linear constraints will be the intersection of the above region.

Y

Sx+4y 212

%
It is clear from the graph the shaded portions do not have common region.
So, solution set is null set.
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Q.17 Solve the following system of linear inequalities
3x + 2y =24, 3x+y <15, x=4.

Sol. Consider the inequation 3x + 2y =24 as an equation, we have 3x + 2y =24.
] 2y =24 - 3x

x| 0 8 4

12 0 6

Hence, line 3x + y =24 intersect coordinate axes at points (8, 0)and (0,12).
Now, (0,0) does not satisfy the inequation 3x +2y = 24.

Therefore, half plane of the solution set does not contains (0,0).

Consider the inequation 3x + y<15 as an equation, we have

3x +y=15
O y =15 - 3x
X 0 5

y 15 0 6

Line 3x + y =15 intersects coordinate axes at points (5,0) and (0,15).
Now, point (0,0) satisfy the inequation 3x + y <15.
Therefore, the half plane of the solution contain origin.
Consider the inequality x=4 as an equation, we have
x=4
It represents a straight line parallel to Y -axis passing through (4,0). Now, point (0,0) does
not satisfy the inequation x=4 .
Therefore, half plane does not contains (0,0),
The graph of the above inequations is given below.

(8.0)

5 3 JADN
’ 3x+2y =24
3x+y =15

It is clear from the graph that there is no common region corresponding to these inequality.
Hence, the given system of inequalities have no solution.




116 NCERT Exemplar (Class XI) Solutions

Q.18 Show that the solution set of the following system of linear inequalities
is an unbounded region 2x + y =8, x +2y =210, x>0, y =0.

Sol. Consider the inequation2x + y =8 as an equation, we have

2x+y=8
O y=8-2x
x 0 4 3
y 8 0 2

The line2x + y = 8intersects coordinate axes at (4,0) and (0, 8).
Now, point (0,0) does not satisfy the inequation2x + y=8.
Therefore, half plane does not contain origin.

Consider the inequation x + 2y =210, as an equation, we have

x+2y =10

O 2y=10-«x
x 10 0 8
y 0 5 1

The line2x + y = 8intersects the coordinate axes at (10,0) and (0, 5).

Now, point (0,0) does not satisfy the inequation x + 2y =10.

Therefore, half plane does not contain (0, 0).

Consider the inequation x=0and y=0 clearly, it represents the region in first quadrant.
The graph of the above inequations is given below

D (10,0)
" } :C- } } pLTTY X
X O 1 2 3 4\5 6 7 8 O
x + 2y= 10
y' 2x +y=8

It is clear from the graph that common shaded portion is unbounded.
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Objective Type Questions

Q. 19 If x <5, then
(@ —-x<-5 (b) —x <=5 () =x >-5 (d) —x =-5

Sol. (¢) Ifx <5 then -x > -5
[if we multiply by negative numbers, then inequality get reversed]

Q. 20 If x, y and b are real numbers and x<y, <0, then

x_Yy x_Y XY .Yy
Ty b X<” Sy Y
(a)b<b ()b<b (C)b>b ()b b
Sol. (c¢) ltis given that, x<y,b<0
0 LP4 [+ b<0]
b b
Q. 21 If -3x +17 < —13, then
(@) x (10, o) (b) x O[10 ) (c) x Of o0 ,10] (d) x OF 10,10)
Sol. (a) Giventhat, -3x + 17 < -13
O 3x =17 >13 [multiplying by —10n both sides]
O 3x>13 +17 [adding 17 on both sides]
0 3x > 30
0 x>10
Q. 22 If x is a real number and | x| <3, then
(@ x=3 (b) -3<x <3 (0)x<-3 (d)-3<x<3
Sol. (b) Given, |x|<3
0 -3<x<3 [“lx|<alx & = a
Q. 23 Let x and b are real numbers. If b>0 and | x| > b, then
(@) x Ot bgo ) (b) x Of 0 , b)
(c)x Ot b, b) (d)x Of 0 = b (kg )
Sol. (d) Given, |x|>bandb>0
O x<-bor x>b
a xUfo - b (b )
Q.24 1f | x —1]>5, then
(@) x (-4 ,6) (b) x OF 4,6]
(€)x Ot = 40 (6 ) (d)xOfeo - 403 [60 )
Sol. (¢) Given, |x-1|>5
O (x-N<-5or(x-1>5 [+]x|>al x<aorx>a]
0 x<-4orx>6

u x40 (8 )
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Q. 25 1f| x+ 2| <9, then

(@x0(=7,11) (b)xOF 11, 7]
(©xUfo = 700 (I ) (d)x Ot ,— 700 [ )

Sol. (b) Given, |x+2|<9,
O 9<x+2<9 [[x|]csal+ & = 4]
O -9-2<x<9-2 [subtracting 2 througout]
O -11<x<7
O x OF 11,7]

The inequality representing the following graphs is

Q.26

@|x|<5
@|x|>5
Sol. (@) The given graph represent x > =5 and x <5.

On combining these two result, we get

| x| <5
Solution of a linear inequality in variable x is represented on number line in following
questions.
Q. 27 ———
(@) x O(= o0,5) (b) x O 0 ,5]
(c) x O[5¢0 ) (d) x O(5¢ )

Sol. (d) The given graph represents all the values greater than 5 except x = 5 on the real line
So, x (50 ).

Q.28 <
2

m

@xD%w%
] (e x OB %E

Sol. (b) The given graph represents all the values greater than g including g as the real line.

x [+

N | ©

’

(@ x0O %90
© 5

x[l%qog
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Q.29 —
2
(@x O g% (b) x ko %E
xD% % (d)xD%w%

Sol. (a) The given graph represents all the values less than g on the real line.

0 xl]%oo g%

Q.30 —
(@ x O(= 0, =2) (b) x Of e 7 2]
©x0f 2,00 ] d)xDOf 2,)
Sol. (b) The given graph represents all values less than -2 including -2.
O x0feo + 2]
True/False

Q. 31 State which of the following statements is true of false.

(i) If x <yandb<0,then%<z.

b

(i1) If xy >0, then x>0and y <0

(i1i) If xy >0, then x<0 and y <0

(iv) If xy <0, then x <0 and y <0

(v) If x<—=5and x<-2, then xJf 0 ,— 5)

(vi) If x<—=5and x>2, then x[t 5, 2)
1)
D)
)
)

(vii) If x>-2and x <9, then x[Jf 2,9)

(viii) If| x | > 5, then x(Ofo — 51 [& )
(ix) If | x| < 4, then xOF 4, 4]
(x) Graph of x<3is
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(xi) Graph of x=01s

Y
*O‘—‘X
(xii) Graph of y<0'is ‘
Y
X’;O"x
y
(xiii) Solution set of x=0and and y<0is

Y
*O‘—X

(xiv) Solution set of x=0and y<1is

Y
A
X'{—O—>X
A
v
(xv) Solution set of x + y=0is
0
Sol. (i) Ifx<yandb<0
O xSy
b b

Hence, statement (i) is false.

(i) If x y>0, then, x >0, y>0 or x<0, y<O.
Hence, statement (ii) is true.

(iii) If xy >0, then x <0and y <0.
Hence, statement (iii) is true.
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(iv) If xy<00 x <0, y>0o0r x>0, y<O.
Hence, statement (iv) is false.
(V) If x<=5and x<-2, then
xlfo ~ 5)
Hence, statement (v) is true.
(vi) If x<—5and x>2, then x have no value.
Hence, statement (vi) is false.
(vii) If x>-2 and x<9, then x5 2,9).
Hence, statement (vii)is true.
(viii) If| x| > 5, then either x<-50r x>5.
O xeo - 5 @& )
Hence, statement (viii) is false.
(ix) If| x| < 4, then
-4<x<4
O xlf 4, 4]
Hence, statement (ix) is true.
(x) The given graph represents x<3.
Hence, statement (x) is false.
(xi) The given graph represents x=0.
Hence, statement (xi) is true.
(xii) The given graph represent y=0.
Hence, statement (xii) is false.

(xiii) Solution set of x=0and y<0is

Hence, statement (xiii) is false.
(xiv) Solution set of x=0and y<1is

Hence, statement (xiv) is false.

(xv) The given graph represents x + y =0.
Hence, statement (xv) is correct.
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Fillers

Q. 32 Fill in the blanks of the following
(i) If —4x= 12, then x...-3.

" -3
(i) If Tx <-3, then x...4.

2
x+2
(iv) If x>-5, then 4x...—20.

(v)
(vi) If p>0and g <0, then p—gq...p.
(vii) If| x + 2| >5, then x...=7 or x...3.
(viii) If —2x +129, then x...—4.
Sol. () If -4x=120 x<-3

(iii) If

>0, then x...—2.

If x>y and z<0, then —xz...—yz.

" -3
i) If —x<-3
(if) 2
4
O xz(—3)><—3D x24
2
iii) If >0
(iif) i
o>
- 2 +
O x>-2
(iv) Ifx>-50 4x>-20
(v) If x>yand z<0, then
xz<yz
0O -xZ>-yz
(vi) If p>0and g<0,
then p-g>p
e.g., consider2 >0and -3 <0.
0 2-(-8)=2 +3 =5 >2

(vii) If | x +2]>5, then
x+2<-50rx +2>5

0 x<-5-2o0rx>5-2
| x<-70rx>3
0 x0Ofeo = 710 (& )

(viii) If —2x + 129, then

—2x29-10- 22 8

0O 2x<-8 O x<-4

[since, z< Q]



Permutations and
Combinations

Short Answer Type Questions

Q. 1 Eight chairs are numbered 1 to 8. Two women and 3 men wish to occupy
one chair each. First the women choose the chairs from amongst the
chairs 1 to 4 and then men select from the remaining chairs. Find the
total number of possible arrangements.

Sol. First women choose the chairs from among 1 to 4 chairs. i.e., total number of chairs is 4.
Since, there are two women, so number of arrangements = *P, ways.

Now, men have to choose chairs from remaining 6 chairs.
Since, there are 3 men, so number can be arranged in 6P3 ways.
O Total number of possible arrangements = P, x °P,

- 4 e

4-21 6-3
:i!xg

21 3l

_4x3x21 6x5x4x3l
2 3l

=4 x3x6 x5 x4=1440

Q. 2 If the letters of the word ‘RACHIT are arranged in all possible ways as
listed in dictionary. Then, what is the rank of the word ‘RACHIT"?

Sol. The letters of the word ‘RACHIT in alphabetical order are A, C, H, |, Rand T.

Now, words beginning with A = 5!

words beginning with C = 5!

words beginning with H = 5!

words beginning with I = 5!
Word beginning with Ri.e., RACHIT =1
O Rank of the word ‘RACHIT" in dictionary = 4 x 5! + 1 =4 x120 +1

=480 + 1= 481
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Q. 3 A candidate is required to answer 7 questions out of 12 questions, which
are divided into two groups, each containing 6 questions. He is not
permitted to attempt more than 5 questions from either group. Find the
number of different ways of doing questions.

Sol. Since, candidate cannot attempt more than 5 questions from either group.

Thus, he is able to attempt minimum two questions from either group.
The number of questions attempted from each group is given in following table

Group | 5 4 3 2
Group Il 2 3 4 5

Since, each group have 6 questions and total attempted 7 questions.
0 Total number of possible ways = °C, x °C, + °C, x°C, +°C, x®C, +°C, x°C,
=2[°C, x °C, + °C, x°C;]
=2[6x15+15 x20]
=2 [90 + 300]
=2 x 390 =780

Q. 4 Qut of 18 points in a plane, no three are in the same line except five
points which are collinear. Find the number of lines that can be formed
joining the point.

Sol. Total number of points =18
Out of which 5 points are collinear, we get a straight line by joining any two points.

0 Number of straight line formed by joining the 18 points taking 2 at a time = '6C,
and number of straight line formed by joining 5 points taking 2 at a time = 5C2
But 5 collinear points, when joined pairwise give only one line.
O Required number of straight line = '°C,, - °C,, +1

=153 =10 + 1= 144

Q. 5 We wish to select 6 person from 8 but, if the person A is chosen, then B
must be chosen. In how many ways can selections be made?

Sol. Total number of person = 8

Number of person to be selected = 6

It is given that, if A is chosen then, B must be chosen.

Therefore, following cases arise.

Case | When A is chosen, B must be chosen.
Number of ways = 8 ~%C,_, = °C,

Case Il When A is not chosen.
Then, B may be chosen.

O Numberof ways = ®7'Cy = 'Cq

Hence, required number of ways = °C, + 'Cq

=15+7=22
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Q. 6 How many committee of five person with a chairperson can be selected
from 12 persons?
Sol. - Total number of persons =12

and number of persons to be selected = 5
Out of 12 persons a chairperson is selected = 12C1 =12 ways

Now, remaining 4 persons are selected out of 11 persons.
O Number of ways = ''C, =330

O Total number of ways to form a committee of 5 persons =12 x 330 = 3960

Q. 7 How many automobile license plates can be made, if each plate contains
two different letters followed by three different digits?

Sol. There are 26 English alphabets and 10 digits (0 to 9).
Since, it is given that each plate contains two different letters followed by three different

digits.
!
O Arangement of 26 letters, taken 2 at a time = %P, :% =26 x25 =650

and three-digit number can be formed out of the 10 digits = 10P3 =10 x 9 x 8=720 ways
0 Total number of licence plates = 650 x 720 = 468000

Q. 8 A bag contains 5 black and 6 red balls, determine the number of ways in
which 2 black and 3 red balls can be selected from the lot.
Sol. ltis given that bag contains 5 black and 6 red balls.
So, 2 black balls is selected from 5 black balls in °C,, ways.
and 3 red balls are selected from 6 red balls in °C, ways.
O Total number of ways in which 2 black and 3 red balls are selected = °C, x °C,
=10 x20=200ways

Q. 9 Find the number of permutations of n distinct things taken r together, in
which 3 particular things must occur together.

Sol. Total number of things = n
We have to arrange r things out of nin which three things must occur together.
Therefore, combination of n things taken r at a time in which 3 things always occurs
—n-3
- Cr— 3

If three things taken together, then it is considered as 1 group.
Arrangement of these three things = 3!

Now, we have to arrange =r = 3 + 1 =(r —2) objects
g Arranged of (r —2) objects =r — 2!

0 Total number of arrangements = " ~3C, _; xr -2 x 3|



126 NCERT Exemplar (Class XI) Solutions

Q. 10 Find the number of different words that can be formed from the letters
of the word ‘TRIANGLE’, so that no vowels are together.

Sol. Number of letters in the word ‘TRIANGLE’ = 8, out of which 5 are consonants and 3 are
vowels.
If vowels are not together, then we have following arrangement.

vic]v]clv]clv]c]v]c]y

Consonants can be arranged in = 5! = 120 ways and vowels can occupy at 6 places.

[ [
The 3 vowels can be arranged at 6 place in 6Paways = 5 6'3| :%

I
:6><5><'4><3.:120

Total number of arrangement =120 x 120 = 14400

Q. 11 Find the number of positive integers greater than 6000 and less than
7000 which are divisible by 5, provided that no digit is to be repeated.

Sol. We know that a number is divisible by 5, If at the units place of the number is 0 or 5.
We have to form 4 -digit number which is greater than 6000 and less than 7000. So, unit digit
can be filled in 2 ways.
N ES

Y
Oorb
Since, repeatition is not allowed. Therefore, tens place can be filled in 7 ways, similarily
hundreds place can be filled in 8 ways.
But we have to form a number greater than 6000 and less than 7000.
Hence, thousand place can be filled in only 1 ways.

6 8 7 2

Total number of integers =1x 8 x7 x2
=14 x8=112

Q. 12 There are 10 persons named P,, P,, P;,..., P;,. Out of 10 persons, 5
persons are to be arranged in a line such that in each arrangement p,
must occur whereas P, and Py do not occur. Find the number of such
possible arrangements.

Sol. Giventhat, P, P,,...,R,, are 10 persons, out of which 5 persons are to be arranged but P,
must occur whereas P, and F; never occur.
O Selection depends on only 10 — 3 =7 persons

As, we have already occur B, Therefore, we have to select only 4 persons out of 7.
| [

Number of selection = 'C, = o7 8040 _ 45

417 -4 4131 24x6

0 Required number of arrangement of 5 persons = 35 x 5!= 35 x 120 = 4200
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Q. 13 There are 10 lamps in a hall. Each one of them can be switched on
independently. Find the number of ways in which the hall can be
illuminated.

@ Thinking Process
The number of ways in which the hall can be illuminated is equivalent to the number of
selections of one or more things out of n different things is
"CH+G+G . +C, 2" A
Sol. Total number of ways ='°C, + '°C, + '°C, + °C, +'°C, +'%C, +... +'°C,,
=29 -1 [+Cy + "C, +"C, + ... =2"]
=1024 -1=1023

Q. 14 A box contains two white, three black and four red balls. In how many
ways can three balls be drawn from the box, if atleast one black ball is
to be included in the draw?

Sol. There are 2 white, three black and four red balls.
We have to draw 3 balls, out of these 9 balls in which atleast one black ball is included.
Hence, we can select the balls in the following ways.

Black balls 1 2 3
Other than black 2 1 0

0 Required number of selections = *C, x ¢C, + °C, x5C, +°%C, x°C,
=3x15+3 x6 +1
=45+18 +1= 64

Q.151f "C,_, =36, "C, =84and "C, ,, = 126, then find the value of "C,.

Sol. Given, "C,_,=36 )
U "C, =84 -.(i)
ad "C,,, =126 .. (iii)
On dividing Eq. (i) by Eq. (i), we get

|
nCr—1 _ 36 Er ncr = n.' | B
C B 5 (n—r.r.)D
! @nd nl=n (n-1g
0 n! fn-n'_3
(r=tH4n-(@r-1N}! n! 7
0 1 I:((r—1)!(n—r)!:§
(r="nHn—=r + 1) 1 7
O B gp-m=3pg =3
(n=r+10({n-n! 7 n-r+1 7
O 7r=3n-3r+3

O 10r-3n=3 (iv)
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128
On dividing Eq. (i) by Eq. (iii), we get
”Cf :ﬁ
"C,., 126
0 n! I:(r+1)!(n—r—1)!:174
rt(n-r) n! 21
0 1 |:{r+1)r!(n—r—1)!:g 0 r+1_2
ri(n=nln-r=1)! 3 n-r 3
0 r+3=2n-2r O 2n-5r=3

On multiplying Eq. (iv) by 2 and Eq. (v) by 3, we get

On adding Egs. (vi) and (vii),

From Eq. (v),
O

O

20r-6n=6
6n-15r=9

5r=15 0O r=3

2n=3+15
2n=18 0O n=9
| |
fcz :aczzi :3><2 =3
21! 21

(Vi)
. (vil)

Q. 16 Find the number of integers greater than 7000 that can be formed with
the digits 3, 5, 7, 8 and 9 where no digits are repeated.

Sol. Here, we have to find the number of integers greater than 7000 with the digits 3, 5, 7, 8 and
9. So, with these digits we can make maximum five-digit number because repeatition is not

allowed.

Now, all the five-digit numbers are greater than 7000.
Number of ways of forming 5-digit number =5 x 4 x 3 x2 x1=120

and all the four-digit numbers greater than 7000 can be formed in following manner.

Thousand place can be filled in 3 ways. Hundred place can be filled in 4 ways. Tenth place
can be filled in 3 ways. Units place can be filled in 2 ways.

Thus, we have total number of 4-digit number =3 x 4 x 3 x2 =72
0 Total number of integers =120 + 72 =192

Q. 17 If 20 lines are drawn in a plane such that no two of them are parallel and
no three are concurrent, in how many points will they intersect each

other?

Sol. Itis given that no two lines are parallel means all line are intersecting and no three lines are
concurrent means three lines intersect at a point.
Since, we know that for one point of intersection, we required two lines.

O Number of point of intersection = 2°C,, =

20! _20x19 x18!
2118 2 x1x18!

=19 x10=190

_20x19
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Q. 18 In a certain city, all telephone numbers have six digits, the first two
digits always being 41 or 42 or 46 or 62 or 64. How many telephone
numbers have all six digits distinct?

Sol. If first two digit is 41, the remaining 4 digits can be arranged in

:8P4: 8! :@

8 -4l 4l
_8x7x6 x5 x4l
- 41

=8x7 x6 x5 =1680
Similarly, if first two digit is 42, 46, 62, or 64, the remaining 4 digits can be arranged in
8p, ways ie., 1680 ways.

O Total number of telephone numbers have all six digits distinct = 5 x 1680 = 8400

Q. 19 In an examination, a student has to answer 4 questions out of 5
questions, questions 1 and 2 are however compulsory. Determine the
number of ways in which the student can make the choice.

Sol. Itis given that 2 questions are compulsory out of 5 questions.

So, these two questions are always included in the selection.

We know that, the selection of n distinct objects taken r at a time in which p objects are
always included in " “PC, _ , ways.

—5-2 _ 3
O  Total number of ways = °~?C, _, = 3C,
_ 3l _3x2!_

211! 2!

3

Q. 20 If a convex polygon has 44 diagonals, then find the number of its sides.

Sol. Letthe convex polygon has n sides.
O Number of diagonals = "C, - n

According to the question,

"C,-n=44
|
" hz44
20(n-2)
u N0 p =4
0O

on-1)_ .0 -1-20_
ngly g4 0 n@%@ 44

O nin-3)=44%x2 [0 n(n-3)=88

d n®-3n-88=0 O (h-11)(n+8)=0

O n=11-8 [ n#-8]
0 n=11
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Long Answer Type Questions

Q. 21 18 mice were placed in two experimental groups and one control group
with all groups equally large. In how many ways can the mice be placed
into three groups?

Sol. Itis given that 18 mice were placed equally in two experimental groups and one control

group i.e., three groups.
Total arrangement _ 18!

O Required arrangements = : =
Equally likely arrangement  6!6!6!

Q. 22 A bag contains six white marbles and five red marbles. Find the number
of ways in which four marbles can be drawn from the bag, if (i) they can
be of any colour. (ii) two must be white and two red. (iii) they must all
be of the same colour.

Sol. Total number of marbles = 6 white + 5 red = 11marbles

(i) If they can be of any colour means we have to select 4 marbles out of 11.
O Required number of ways = ''C,
(ii) If two must be white, then selection will be 6C2 and two must be red, then selection will
be °C,.
O Required number of ways = °C, x °C,
(iii) If they all must be of same colour, then selection of 4 white marbles out of 6 = 604
and selection of 4 red marble out of 5 = °C,

O Required number of ways = C, + °C,

Q. 23 In how many ways can a football team of 11 players be selected from 16
players? How many of them will
(i) include 2 particular players?
(ii) exclude 2 particular players?
Sol. Total number of players = 16
We have to select a team of 11 players
(i) include 2 particular players = '® ~2C,, _, = "C,
[since, selection of n objects taken r at a time in which p objects are always
included is " " C, _ ]
(i) Exclude 2 particular players = "¢ ~2C,, = "*C,,

[since, selection of n objects taken r at a time in which p objects are never included
is"PC,]
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Q. 24 A sports team of 11 students is to be constituted, choosing atleast 5
from class XI and atleast 5 from class XII. If there are 20 students in
each of these classes, in how many ways can the team be constituted?

Sol. Total students in each class =20

We have to selects atleast 5 students from each class.
Hence, selection of sport team of 11 students from each class is given in following table

Class XI 5 6
Class XII 6 5

0 Total number of ways of selecting a team of 11 players = 2°C, x 2C, + °C, x ?°C,

=2 x 20C5 x 20C6

Q. 25 A group consists of 4 girls and 7 boys. In how many ways can a team of
5 members be selected, if the team has
(i) no girls.
(ii) atleast one boy and one girl.
(iii) atleast three girls.
Sol. Number of girls = 4and Number of boys =7
We have to select a team of 5 members provided that
(i) team having no girls.
7l _7x6_

O Required selection =" Cy = —— =
5121 2

21

(ii) atleast one boy and one girl
O Required selection = 'C, x *C, + 'C, x*C, + C,; x“C,+ 'C, x “C,
=7 x1+21 x4 +35 x6 +35 x4
=7+ 84 +210 + 140 =441
(iii) when atleast three girls are included = ‘C, x 'C, + “C, x 'C,
=4x21+7 =84 +7 =91

Q. 26 A committee of 6 is to be chosen from 10 men and 7 women, so as to
contain atleast 3 men and 2 women. In how many different ways can this
be done, if two particular women refuse to serve on the same committee?

Sol. - Total number of men =10

and total number of women =7
We have to form a committee containing atleast 3 men and 2 women.

Number of ways ='° C, xC, +'°C, X' C,
If two particular women to be always there .
0 Number of ways = '°C, x °C, + '°C, x °C,
Total number of committee when two particular women are never together
= Total — Together
:(mcs x 7C, + woc4 xC,) —(10C4 x5C, +10C3 x°C,)
=(120 x 35 +210 x21) —(210 +120 x5)
= 4200 + 4410 — (210 + 600)
= 8610 - 810 =7800
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Objective Type Questions
Q. 27 1If "C,, = "C4, then n is equal to

(@) 20 b) 12 © 6 d 30
Sol. (@) Given that, "C,, = "Cyq

0O ”Cn712 = HCS [ ﬂcr - ”Cn—r]

O n-12=8

o n=12 +8 =20

Q. 28 The number of possible outcomes when a coin is tossed 6 times is
(@) 36 (b) 64 (0)12 (d) 32

Sol. (b) Number of outcomes when tossing a coin 1 times =2 (head or tail)
0 Total possible outcomes when a coin tossed 6 times =2° = 64

[-2" for n time tossed coin]

Q. 29 The number of different four-digit numbers that can be formed with the
digits 2, 3, 4, 7 and using each digit only once is
(@) 120 (b) 96 (c) 24 (d) 100
Sol. (¢) Given, digits 2, 3, 4 and 7, we have to form four-digit numbers using these digits.
O Required number of ways = *P, = 41=4 x 3x21=24

Q. 30 The sum of the digits in unit place of all the numbers formed with the
help of 3, 4, 5 and 6 taken all at a time is
(a) 432 (b) 108 (c) 36 (d)18
Sol. (b) If we fixed 3 at units place.
Total possible number is 3! i.e.,6.
Sum of the digits in unit place of all these numbers = 3! x 3
Similarly, if we fixed 4, 5 and 6 at units place, in each case total possible numbers are 3!.
Required sum of unit digits of all such numbers =(3 + 4 + 5 + 6) x 3!
=18x3/=18 x6 =108

Q. 31 The total number of words formed by 2 vowels and 3 consonants taken
from 4 vowels and 5 consonants is
(@) 60 (b) 120 (c) 7200 (d) 720
Sol. (¢) Given that, total number of vowels = 4

and total number of consonants = 5
Total number of words formed by 2 vowels and 3 consonants

:4C2 Xscazixi!
2121 3121
:4><3!x5><4><3><2!:4><5><4><3
2121 3lx 21 4
=5x4x3 =60

Choose what order they appear in 5! i.e., 120.
So, total number of words = 60 x 120 =7200
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Q. 32 If a five-digit number divisible by 3 is to be formed using the numbers
0, 1, 2, 3, 4 and 5 without repetitions, then the total number of ways
this can be done is

(@) 216 (b) 600 (c) 240 (d) 3125
Sol. (@) We know that, a number is divisible by 3, when sum of digits in the number must be
divisible by 3.

So, if we consider the digits 0, 1, 2, 4,5,then (0+1+2 + 4 +5) =12)
We see that, sum is divisible by 3. Therefore, five-digit numbers using the digit
0,1,2,4,5=4x4%x3x%x2 x1=96

4 | 4 | 3 ] 2 |

and if we consider the digit 1, 2, 3, 4,5,then(1+2 + 3+ 4 +5 =15)

This sum is also divisible by 3.

So, five-digit number can be formed using the digit 1, 2, 3, 4, 5in 5! ways.
Total number of ways = 96 + 5! =96 +120=216

Q. 33 Everybody in a room shakes hands with everybody else. If the total
number of hand shakes is 66, then the total number of persons in the
room is

(@ 11 (b) 12 ()13 (d) 14

Sol. (b) Let the total number of person in the room is n.

We know that, two person form 1 hand shaken.

| —
O Required number of hand shakes = "C, = nil =007

21(n-2)

=66

According to the question, w

nn-1)=132
n®-n-132=0
(n=12)(n+11) =0
n=12,-11 [inadmissible]
n=12

Ooo oo

Q. 34 The number of triangles that are formed by choosing the vertices from a
set of 12 points, seven of which lie on the same line is
(@) 105 (b) 15 (c) 175 (d) 185
Sol. (d) Total number of triangles formed from 12 points taking 3 at a time = "“C,
But out of 12 points 7 are collinear. So, these 7 points constitute a straight line mean no
triangle is formed by joining these 7 points.
0 Required number of triangles = °C, - 'C, =220 - 35=185

Q. 35 The number of parallelograms that can be formed from a set of four
parallel lines intersecting another set of three parallel lines is
(@) 6 (b) 18 ()12 (d9
Sol. (b) To form parallelogram we required a pair of line from a set of 4 lines and another pair of
line from another set of 3 lines.
O Required number of parallelograms = “C, x °C, =6 x3=18
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Q. 36 The number of ways in which a team of eleven players can be selected
from 22 players always including 2 of them and excluding 4 of them is
@ '°Cyy (b) °Cs (© '°Cq (d *°Cq
Sol. (c) Total number of players = 22

We have to select a team of 11 players. Selection of 11 players when 2 of them is
always included and 4 are never included.

Total number of players =22 -2 —4=16
O Required number of selections = '°Cy

Q. 37 The number of 5-digit telephone numbers having atleast one of their
digits repeated is
(a) 90000 (b) 10000 (c) 30240 (d) 69760
Sol. (d) If all the digits repeated, then number of 5 digit telephone numbers can be formed in
10° ways and if no digit repeated, then 5-digit telephone numbers can be formed in
9P, ways.
0 Required number of ways =10° - "°A, =100000 - %
=100000 —10 x9 x8 x7 x6
=100000 — 30240 = 69760

Q. 38 The number of ways in which we can choose a committee from four men
and six women, so that the committee includes atleast two men and
exactly twice as many women as men is

(a) 94 (b) 126 (c) 128 (d) None of these

Sol. (@) -~ Number of men = 4

and number of women = 6
It is given that committee includes two men and exactly twice as many women as men.
Thus, possible selection is given in following table

Men Women
2 4
3 6

Required number of committee formed = “C, x °C, + *C, x °Cy
=6x15+4 x1=94

Q. 39 The total number of 9-digit numbers which have all different digits is
(a) 10! (b) 9! (c)9x9! (d)10 x10!

Sol. (¢) We have to form 9-digit numbers with the digit 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0 cannot be
placed at the first place from left. So, first place from left can be filled in 9 ways.
Since, repetition is not allowed, so remaining 8 places can be filled in 9! ways.
0 Required number of ways = 9 x 9!
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Q. 40 The number of words which can be formed out of the letters of the word
‘ARTICLE’, so that vowels occupy the even place is
(@) 1440 (b) 144 (© 7! d) *c, x3¢
Sol. (b) Total number of letters in the word article is 7, out of which A, E, | are vowels and R, T,
C, L are consonants.

Since, it is given that vowels occupy even place, therefore the arrangement of vowel,
consonant can be understand with the help of following diagram.

1 23456 |7

Now, vowels can be placed at 2, 4 and 6th position.
Therefore, number of arrangement = °P; = 31 =6 ways

and consonants can be placed at 1, 3, 5 and 7th position.
Therefore, number of arrangement = *p, = 41 =24

[0 Total number of words = 6 x24 =144

Q. 41 Given 5 different green dyes, four different blue dyes and three different
red dyes, the number of combinations of dyes which can be chosen
taking atleast one green and one blue dye is

(@) 3600 (b) 3720 (c) 3800 (d) 3600

Sol. (b) Possible number of choosing green dyes = 2°

Possible number of choosing blue dyes = 24

Possible number of choosing red dyes = 22

If atleast one blue and one green dyes are selected.

Then, total number of selection = 25 - 1) 2* - 1) x23% = 3720

Fillers

Q.42 If P =840 and "C, =35, thenr is equal to ......... .

Sol. Giventhat, "R, =840 and "C, =35
"p ="C, 1!
840 =35 xr!
= @ =
35

r! 24

r'=4x3x2 x1
rl =4l
r=4

Ooo o o-:

Q. 43 ¢, + ¢, - B¢, - °C,is equal to ........ .
Sol. 15C8 + 15C9 _ 15C6 _15c7 :15C15_8 + 15C15_9 _15C6 _15c7 [,.,ncr - nCn_,]
— 15C7 + 15C6 _ 15C6 _15C7

=0
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Q. 44 The number of permutations of n different objects, taken r at a line,
when repetitions are allowed, is ......... .

Sol. Number of permutations of n different things taken r at a time when repetition is allowed = n"

Q. 45 The number of different words that can be formed from the letters of the
word ‘INTERMEDIATE" such that two vowels never come together is

Sol. Total number of letters in the word ‘INTERMEDIATE’ = 12
out of which 6 are consonants and 6 are vowels. The arrangement of these 12 alphabets in
which two vowels never come together can be understand with the help of follow manner.

v [c v [c v ]c]v |c]v ]c]v [c]v

[
6 consonants out of which 2 are alike can be placed in % ways and 6 vowels, out of which

3 E’s alike and 2 I's are alike can be arranged at seven place in 7PG X % X %ways.

|
O Total number of words = & x 7P x 1 x 1 = 151200
21 6 31 2!

Q. 46 Three balls are drawn from a bag containing 5 red, 4 white and 3 black
balls. The number of ways in which this can be done, if atleast 2 are red, is.

Sol. Required number of ways = °C, x 'C, + °C, [since, at least two red]

=10x7 +10
=70+10=280

Q. 47 The number of six-digit numbers all digits of which are odd, is ......... .

Sol. Among the digits 0, 1,2, 3,4, 5,6, 7, 8,9, clearly 1, 3, 5, 7 and 9 are odd.
O Number of six-digit numbers =5 x5 x5 x5 x5 x5= 5°

Q. 48 In a football championship, 153 matches were played. Every two teams
played one match with each other. The number of teams, participating
in the championship is ......... .
Sol. Let the number of team participating in championship be n.
Since, it is given that every two teams played one match with each other.
O Total match played = "C,
According to the question,
"C, =153
nn =1 _ 453
n? - n =306
n? -n-306=0
(n=18)(n+17)=0
n=18 -17 [inadmissible]
n=18

Ooo oo O
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Q. 49 The total number of ways in which six + and four ‘=’ signs can be
arranged in a line such that no two signs ‘=" occur together, is ......... .

Sol. The arrangement can be understand with the help of following figure.

Lol [+ T[T -[+]-[+[ T+~

Thus, '+’ sign can be arranged in 1 way because all are identical.
and 4 negative signs can be arranged at 7 places in 7C4 ways.

O  total number of ways = C, x 1
_ 7! _7x6x5x4l

413! 3! x 4!
=M: 35ways
3x2 x1

Q. 50 A box contains 2 white balls, 3 black balls and 4 red balls. The number of
ways three balls be drawn from the box, if atleast one black ball is to be
included in the draw is ......... .

Sol. Since, there are 2 white, 3 black and 4 red balls. It is given that atleast one black ball is to

be included in the draw.

0 Required number of ways = °C, x °C, + 3C, x °C, +3C,
=3x15+3 x6+1
=45+18+1=64

True/False

Q. 51 There are 12 points in a plane of which 5 points are collinear, then the
number of lines obtained by joining these points in pairs is **C, — °C,.

Sol. False
Required number of lines = '2C, - °C, + 1

Q. 52 Three letters can be posted in five letter boxes in 3> ways.

Sol. False
Required number of ways = 5% =125

Q. 53 In the permutations of n things r, taken together, the number of
permutations in which m particular things occur together is
tenp xR

Sol. False
Arrangement of n things, taken r at a time in which m things occur together, we considered
these mthings as 1 group.
Number of object excluding those m objects = (r — m)
Now, first we have to arrange (r — m + 1) objects.
Number of arrangements = (r —m + 1)l and m objects which we consider as 1 group, can be
arranged in m! ways.
0 Required number of arrangements = (r —m + 1)l xm!
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Q. 54 In a steamer there are stalls for 12 animals and there are horses, cows
and calves (not less than 12 each) ready to be shipped. They can be

loaded in 32 ways.

Sol. True
There are three types of animals and stalls available for 12 animals.
Number of ways of |oading = 3'?

Q. 55 If some or all of n objects are taken at a time, then the number of
combinations is 2" — 1.

Sol. True
If some or all objects taken at a time, then number of selection would be
"Ci+"Cy+"Cy ... +"C,=2" =1 [ "Cy+ "Ci+"C, +...+7C, =2"]

Q. 56 There will be only 24 selections containing atleast one red ball out of a
bag containing 4 red and 5 black balls. It is being given that the balls of
the same colour are identical.

Sol. Total number of selection=[(4 + 1) (5 +1) =1] =5

=(5x6-1-5
=(B80-1)-5=24

Q. 57 Eighteen guests are to be seated, half on each side of a long table. Four
particular guests desire to sit on one particular side and three others on
other side of the table. The number of ways in which the seating

.11
arrangements can be made is 1l 9!) (9!).

Sol. True
After seating 4 on one side and 3 on the other side, we have to select out of 11;5 on one
side and 6 on the other side.
Now, remaining selecting of one half side = "8 ~* =3¢, ="'C,

and the other half side = "' ~°)C,, = 5C,
Total arrangements = ''C, x 9! x 6C, x 9!
=1 9l x1 x9!
516!
=11 9!l x 9!
516!

Q. 58 A candidate is required to answer 7 questions, out of 12 questions which
are divided into two groups, each containing 6 questions. He is not
permitted to attempt more than 5 questions from either group. He can
choose the seven questions in 650 ways.

Sol. False

He can attempt questions in following manner
Group (A) 2 3 4 5
Group (B) 5 4 3 2
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Number of ways of attempting 7 questions
=%, x°Cc, +°C, x°c, +°, x°C, +°C. x°C,
=2(°C, x °C,; +°C,y x°C,)
=2 (15x6+20 x15)

=2 (90 + 300)
=2 x390 =780

Q.59 To fill 12 vacancies there are 25 candidates of which 5 are from
scheduled castes. If 3 of the vacancies are reserved for scheduled caste
candidates while the rest are open to all, the number of ways in which
the selection can be made is *C; x 2°C,.

Sol. False

We have to select 3 scheduled caste candidate out of 5 in °C, ways.
and we have to select 9 other candidates out of 22 in #C4 ways.
0 Total number of selections = °C, x #C,

Matching The Columns

Q. 60 There are 3 books on Mathematics, 4 on Physics and 5 on English. How
many different collections can be made such that each collection

consists?
Columnl Columnli
(i) One book of each subject (@) 3968
(i) Atleast one book of each subject | (b) 60
(i)  Atleast one book of English (0 3255

Sol. There are three books of Mathematics 4 of Physics and 5 on English.
(i) One book of each subject = °C, x “C, x °C,
=3x4x5=60
(i) Atleast one book of each subject = 2% - 1) x 2% —1) x(2° -1)
=7 x15 x31=3255
(iii) Atleast one book of English = Selection based on following manner

English book 1 2 3 4 5
Others 11 10 9 8 7
=@2° -1y x2’

=128 x 31 = 3968
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Q. 61 Five boys and five girls form a line. Find the number of ways of making
the seating arrangement under the following condition.

Column| Columnli
(i) Boysand girls alternate (a) 5!xe!
(i) Notwo girls sit together (b) 10!-5!6!
(i) All the girls sit together ©  ©6h?+6Y?

(iv)  Allthe girls are never together (d) 2!5!5]

Sol. (i) Boys and girls alternate
Total arrangements = (5!)? + (5!)?
(if) No two girls sit together = 5!6!
(iii) All the girls sit together =21 5! 5!
(iv) All the girls are never together = 10! — 5! 6!

Q. 62 There are 10 professors and 20 lecturers, out of whom a committee of
2 professors and 3 lecturers is to be formed. Find

Columnl Columnli

() inhow many ways committee | (@) '°C, x °C,
can be formed?
(i) inhow many ways a particular | (b)  '°C, x'°C,
professor is included?
(i) in how many ways a particular | (¢)  °C, x*°C,
lecturer is included?
(v) inhow many ways a particular | (d) '°C, x?°C,
lecturer is excluded?

Sol. (i) We have to select 2 professors out of 10 and 3 lecturers out of 20 = '°C,, x 2°C,
o - - _10-1 20~ _09 20
(i) When a particular professor included = Cy x TCy =7Cy x7Cy
(iii) When a particular lecturer included = '°C,, x °C,
(iv) When a particular lecturer excluded = '°C, x '°C,

Q. 63 Using the digits 1, 2, 3, 4, 5, 6, 7, a number of 4 different digits is
formed. Find

Columnl Column I

(i) how many numbers are formed? | (a) 840
(i) how many numbers are exactly (b) 200

divisible by 27

(i) how many numbers are exactly (0 360
divisible by 25?7

(iv)  how many of these are exactly (d) 40

divisible by 47
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Sol. (i) Total numbers of 4 digit formed with digits 1, 2, 3, 4, 5, 6, 7
=7%x6 x5 x4 =840
(if) When a number is divisible by 2. At its unit place only even numbers occurs.
Total numbers =4 x5 x6 x3 =360
(iii) Total numbers which are divisible by 25 = 40
(iv) A number is divisible by 4, If its last two digit is divisible by 4.
O Total such numbers =200

Q. 64 How many words (with or without dictionary meaning) can be made from
the letters of the word MONDAY, assuming that no letter is repeated, if

Columnl Column I

(i) 4 letters are used at a time. (a) 720
(i) All letters are used at a time (b) 240

(i) All letters are used but the (Q) 360
firstis a vowel.

|
Sol. (i) 4 letters are used at a time = 5p =9= 6 x5 x4 x3=360
4 Y
(ii) All letters used at atime =6!=6 x5 x4 x3 x2 x1=720

(iii) All letters used but firstis vowel =2 x 5/=2 x5 x4 x3 x2 x1=240
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Short Answer Type Questions

Q. 1 Find the term independent of x, where x # 0,
15

10
—[ .

2
in the expansion of B’i -
02 3x0

® Thinking Process
The general term in the expansion of (x—a)" ie, T, . 1= "C,(x)"""(=a)". For the term

independent of x, put n —r =0, then we get the value of r.

15
2 |
Sol. Given expansion is E;GL _13.
02 3x [
Let7, , , termis the general term.
15-r
D3x2 0 1 r
Then, T .=%.* 1
1T T2 [ %ng

— 1SC 315—r xSO -2r 2r -15 (_1)r [:B—r Dc—r
r
— 15C (_1)r 315 - 2r2r—15x30 -3r
r
For independent of «,
30-3r=0
3r=300 r=10
T, .1 =Ty .1 =11th term is independent of «.
0 7'10+1 — 15C10(_1)10 315—20 210—15
_ 15C10 3505
- 15C10(6)_5

= 1scwo%gs
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10
Q. 2 If the term free from x in the expansion of ﬁ/; - %ﬁ is 405, then find
x

the value of k.

1
Sol. Given expansion is %/7 %%

X
Let7, ., isthe general term.

0

Then, Tr oy = 1OC )10—r%/2(%
— 1OC ( (10 r)( kr DC—2r
/
=100 2 (-kf T
5-L -2
- 1OC, x 2 ,(_K)r
10 = 5r
— 10C, x 2 (_k)f
For free from x, 10; -0
O 10-5r=00 r=2
Since, T, . ; =T5 is free from x.
O Ty, 1= °Cy(—k)? =405
|
O 10X9 X8l 4 = 405
21 x 8l
O ask? =405 0 k2=2%B_g
45
0 k=%3

Q. 3 Find the coefficient of x in the expansion of (1 — 3x + 7x%) (1

Sol. Given, expansion = (1 - 3x + 7x?

(1-x)"°.

(1 - 3x + 7x (16C 116 16C 115x1 + 16C2114x2 ++ 16C16 x16)

)
)
=(1-3x +7x°)(1 —16x +120x° +...)
ad Coefficientof x = -3 =16 = =19

Q. 4 Find the term independent of x in the expansion of @x -

® Thinking Process

The general term in the expansion of (x—a)" ie, T, . 1= "C,(%)" " (=a)".

. . 2
Sol. Given expansionis [Bx - =1 .
S
Let7, , ;is the general term.
0 T, = 15C, (3x)'5 " %;@ 5C, (3

- 15Cr 315 —rx15 =3r (_2)r
For independent of x, 15-3r=00 r=5
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Since, Ty , ; = Ty is independent of x.
0 T5+1 :15CS 315—5(_2)5
_ _156x14 x13 x12 x11 ><1O![qu[25
5x4x3x%x2 x1x10!

= -3003B'"° @2°

Q. 5 Find the middle term (terms) in the expansion of
30

a 10 0 x
. _a 5 By -0
o - o Be- g
@ Thinking Process

In the expansion of (a +b)", if nis even, then this expansion has only one middle term

ie, % + 1§h term is the middle term and if nis odd, then this expansion has two middle

. +1 +1 .
terms ie, gz—éh and @72— + 1%#1 are two middle terms.

10
Sol. (i) Given expansion is % —gg .
X
Here, the power of Binomial i.e., n = 10is even.

Since, it has one middle term % + 1§h termi.e., 6thterm.
10-5 5

O T,=T,.,="C % a

6 541 5 % %%

5
- cEHEE
__10x9x8x7 x6 x5! %5 aS
5Ix5x4x3x2 x1 % %

= -9 x4 x7=-252

sff
(ii) Given expansion is EBx -*g.
O 60
Here,n=9 [odd]

Since, the Binomial expansion has two middle terms i.e., %%h and % + 1§h

i.e., 5thterm and 6thterm.

xS

6
:9><8><7 x 6 x5| 35 x5 412 574
4x3x2x1x5!
1
:7X6X3X3 x17:@x17
24 8

ooo,

O Ts =T4eq = Cy(3x) "

DQD
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_s0 «8
O T.=T.,,=°C(3x)° 52
6 5+1 5( ) D6

oo,

:_9x8x7 x 6 x5l EB4D)CADXT15|:6_5
5Ix 4 x3x2 x1
= 7216 19 _ 21 19

"~ 3x2° 16

Q. 6 Find the coefficient of x° in the expansion of (x — x%)*.

Sol. Given expansion is (x — x2)"°.

Letthe term T, , ; is the general term.
0 T,+1 :10C,x10—f(_x2)f
- (_1)r @C, ch_’ DC2r
10
:(_1)7 Cr x10+l
For the coefficient of x'°,
100+r=150r=5
Toor = (_1)5 mc5 x5
_110x9x8x7 x6 x5!
5x4x3x2 x1 x5l
= -3 x2 x7 x6=-252

O Coefficient of x'® =

15
. . 1. . 1

Q. 7 Find the coefficient of —-- in the expansion of @c[’ - —gﬁ .
X X

@ Thinking Process
In this type of questions, first of all find the general terms, in the expansion (x —y)" using
the formula T, , ,="C, x"~"(=y)" and then put n — requal to the required power of x of

which coefficient is to be find out.
15

Sol. Given expansion is %x“ - %% _
X

Let the term T, , , contains the coefficient of % ie, x7"

r

Srp 1
O Ty ="C "
r+1 r %x3

- 15Cr x60 —4r (_1)rx—3r
- 150/ xGO =7 (_1)I

For the coefficient x ™'

60-7r = -17
O 7r=77 O r=11
0 Toss = 15C,, x® 7=
O Coefficient of x~17 = Z19 * 14 x13 x12 x11!

T1x 4 x3 x2 x1
=-15x7 x13=-1365

145
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Q. 8 Find the sixth term of the expansion (y?+x3)" if the Binomial
coefficient of the third term from the end is 45.
Sol. Given expansion is (y"? + x'%)".
The sixth term of this expansion is
To =Tsuq = "Csly?) 2 (x3)° ()

Now, given that the Binomial coefficient of the third term from the end is 45.
We know that, Binomial coefficient of third term from the end = Binomial coefficient of third
term from the begining = "C,

"C, =45

0 nin-="1m-2) _ 45
21(n =2)!

O n(n—=1) =90
O n>-n-90=0
0 n? =10n+9n -90 =0
O n(n =10) + 9(n —10) =0
O (n=10)(n+9) =0
g (n+9 =0or(n-10)=0
0 n=10 [+ n#z-09]
From Eq. (i),

T, = 1°C, y5/2 x5/3 = 25252 (x5/°

Q. 9 Find the value of r, if the coefficients of (2r + 4)th and (r — 2)th terms in
the expansion of (1+ x)'® are equal.

@ Thinking Process

Coefficient of (r +1)th term in the expansion of (1 + x)" is "C,. Use this formula to solve

the above problem.

Sol. Given expansionis (1 + x)'®.

Now, @r + 4)thtermie., T, , 5,

O T2r+ 31 - 18C2,+ 3(1)18—2f -3 (x)2r +3
:18C2r+3x2r+3
Now, (r-2)thtermie., T,_5 ;.
O 7',_3+1:18C,_3xf—3
As, 8C,, . 4="8C, _4 [+7C,="C, 0% ¥ n
0 2r+3+r-3=18
0 3r=18
O f=6

Q. 10 If the coefficient of second, third and fourth terms in the expansion of
(1+ x)?" are in AP, then show that 21 — 9n +7 =0.
® Thinking Process

In the expansion of (x + y)", the coefficient of (r + T)th term is "C,. Use this formula to get
the required coefficient. If a, b and c are in AP, then2b =a + c.
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Sol. Given expansionis (1 + x)*".
Now, coefficient of 2nd term = 2"C,
Coefficient of 3rd term = 2"C,
Coefficient of 4thterm = 2"C,,

Given that, 2"C,, ?"C, and 2"Cj are in AP.

Then, 20"C, = 2"C, + ?'C,

0 > an(2n -1 @n —2)!%= 2n@2n = 1)! L+ 2n @n-1@n-2)@2n -3)!
g2xix@n-2)l g @n-1! 31@2n - 3)!

q nen-1)=n+ n@n —123(2n -2)

| n(12n-6)=n(6 + 4n°> —4n -2n +2)

O 12n - 6 =(4n®> - 6n + 8)

| 6@n-1)=2@n? -3n + 4)

| 3@en-1)=2n°> -3n +4

O 2n® -3n+4-6n+3=0

O 20 -on+7=0

Q. 11 Find the coefficient of x* in the expansion of (1+ x + x? + x%)"™.
Sol. Given, expansion=(1+x +x% + )" =[(1 + x) + x°(1 + )"
=[(1+x) 1+ 2] =01+ )" @+ &)
Now, above expansion becomes
:(ﬁco + 11C1x +11C2x2 +ﬁc3x3 +HC4x4 +...)(11C0 + 11C1x2 + 11C2x4 +..)
=(1+11x +55x% +165x° +330x* +..)(1+ 11x? + 55x% +...)
0 Coefficient of x* = 55 + 605 + 330 =990

Long Answer Type Questions

8
Q. 12 If pis a real number and the middle term in the expansion of %+ 2@ is
1120, then find the value of p.
8
Sol. Given expansion is % + 2% .

Here,n=8 [even]

Since, this Binomial expansion has only one middle termi.e., % + 1§h = 5thterm

-4
Ts =Tgeq = 8C4%@8 @'

1120="8c, p*re™ 2*
8x7 x6 x5 x4l 4

1M20=——— - = =
4l x 4 x3x2 x1
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1120=7 x2 x5 x p*

4 _ 1120 44
=_“Y=16 O =2
pE p

O o’=40 p==2

n
Q. 13 Show that the middle term in the expansion of %& - 1% is
x

1x3x5x%x...%x(2n —1) N

pe (-2)".
1 2n :
Sol. Given, expansion is @c - *% . This Binomial expansion has even power. So, this has one
middle term. x
. n
€., + 1ghterm = (n + thterm
i % % (n+1)

Toay = 2Cplxf " %%@ = 21C, & (<12 ™"
- @n)! _1R2BMEDB...2n-1)@2n)
ninl nin!
_10B0...@2n -2 Bl[@...(zn)(_nn
120B0.. n(n!)
_10B...2n - 1).2"(1R2B..n)(-1)
(12...n)(nY
[1B... 2n = 1)]
n!

= 2C, (1) = 17

=2y Hence proved.

Q. 14 Find n in the Binomial %/E + 1%, if the ratio of 7th term from the
3
beginning to the 7th term from the end is %

. . - 1
Sol. Here, the Binomial expansion is @E + —g
3
6
Now, 7thterm from beginning T, =Ty , ; = "C4(32)" © %@ ()
n
and 7thterm from end i.e., T, from the beginning of % + %/5@

e, T, ="C, %Q @py (i)

3 -6/3
Given that, =1 O 2 (8 =1
1 n—G3 6 6 On-60 6

nCG@’%g ®’R2) 3 08 dpe/s




Binomial Theorem 149

gr-66gQn-6_6Q n_y
O éﬁzs Sg.éea 3§=6'1 0O @mB =6
0 N_4=-1pl=3
3
O n=9

Q. 15 In the expansion of (x +a)”, if the sum of odd terms is denoted by 0
and the sum of even term by E. Then, prove that
() 0 - E% =(x* -a%)".
(ii) 40F = (x +a)*" - (x —a)*".

Sol. (i) Given expansionis (x + a)".
O (x+a) ="Cyx"a’+ "Cix" ~'a' + "Cox" "%a” + "Cx" %% + ...+ "C,a"

Now, sum of odd terms

ie., 0="Cox" + "Cpx" " %a% + ...
and sum of even terms
ie., E="Cyx" 'a+"Cux" %% + ...
(x+a)’=0+E ()
Similarly, (x-a)" =0-E .. (i)
a O+E)O-E) = +a) (x —-a) [on multiplying Egs. (i) and (ii)]
0 02_E2:(x2 _aZ)n

(i) 40E =0+ EP -0 -EP =[(x +a)"]° -[(x -a)"]? [from Egs. (i) and (ii)]

2n

=(x +a)?" —(x —-a) Hence proved.

: : 1" :
Q. 16 If x” occurs in the expansion of @cz+ﬁz , then prove that its
X

2n!
(4n - p)! @n+p)!
3! 3!

2n
Sol. Given expansion is %xz + l% ,
X

coefficient is

2n
Let xP occur in the expansion of @cz + 1 .
X

.
Tr= 0t
- 2ncrx4n72rxfr - 2ncrx4n73r
Let 4n-3r=p
| 3r=4n-p 0 r=4,773_'O

! I
O  Coefficient of x? = 2'C, = em! @n)!

r'@en=r) @4/73—;9% n- 4n3— P@
@n)! _ @n)!
PR BRER
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Q. 17 Find the term independent of x in the expansion of
9

1+ x +2x°) %xz N

3x

Sol. Given expansionis (1 + x + 2x°) %xz - Sig
X

Now, con3|der *g

S
39 B el B

Hence, the general term in the expansion of (1 + x + 2x°) %xz - %%9
X

=9, %gﬂ %%axm—sfﬁq %g_r %%%xw—ar +28c, %g o %_%axm—sr

For term independent of x, putting18 = 3r =0,19 - 3r =0and 21 - 3r = 0, we get
r=6r=19/3r=7

Since, the possible value of rare 6 and 7.

Hence, second term is not independem of X.

_9C

O The term independent of x is 9067 % % +2 Ij’C77 %— %

| |
=9x8x7x6.ig1 _2g<_3x8x7.D3FEL
Blx3x2 23 36 7Ix2x1 22 37
841 362 _7 _2_21-4_17

8 3% 4 35 18 27 54 54

Objective Type Questions

100 100
) )

Q. 18 The total number of terms in the expansion of (x +a +(x —a
after simplification is
(@) 50 (b) 202 (c) 51 (d) None of these
Sol. (c) Here, (x +a)® + (x —a)'®
Total number of terms is 102 in the expansion of (x + a
50 terms of (x + a)'® cancel out 50 terms of (x —a)'%. 51 terms of (x + a)'® get added
to the 51 terms of (x —a)'®.
Alternate Method
(x + a)‘IOO +(x _a)100 - 1OOC0 x100 +1OO 01 xQQa + .+ 100C100 a100
+100C0 xTOO _ 1OOC x99a + .+ 100C100 a100
=0 [100C0 xTOO + 1OOC2 x98 a2 + . 100C100 a100]

51terms

100 100
) )

+(x —a
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Q. 19 If the integersr > 1, n > 2 and coefficients of (3r)thand (r + 2)nd terms in
the Binomial expansion of (1 + x)*" are equal, then
@n=2r (b)n =3r
(©@n=2r+1 (d) None of these
@ Thinking Process

In the expansion of (x + y)", the coefficient of (r + T)th term is "C,.

Sol. (a) Given that, r>1, n>2 and the coefficients of (3r)th and (r + 2)th term are equal in the
expansion of (1 + x)?".

Then, Tor =Ty g4y = Cqp a7
and 7—r+2:Tr+1+1:2ﬂCr+1fo
Given, 21Cy _4=7"C, [-"C,="C, 0% g n
O r—-1+r+1=2n
O 4r=2n0 n= ar
2
| n=2r
Q. 20 The two successive terms in the expansion of (1+x)* whose
coefficients are in the ratio 1 : 4 are
(@) 3rd and 4th (b) 4th and 5th
(c) 5th and 6th (d) 6th and 7th
Sol. (¢) Let two successive terms in the expansion of (1 + x)** are (r + thand (r + 2)th terms.
0 Trvq = 24Cr x’
and Tr+2=24cr+ixpr1
24
Given that, 24& =1
Cr +1 4
(24)!

r'24 -r)! _1

. eyl 4

(r+Hrt@3-nt _1

O =_
r'@4-n@3-nt 4
O Vg ar =041
24— 4
] 5r=200 r=4
o Tys1=Ts and Ty, =Ts

Hence, 5thand 6thterms.
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Q. 21 The coefficient of x" in the expansion of (1+ x)*" and (1 + x)*" ~* are in

the ratio
(@1:2 (b)1:3
(©3:1 (dy2:1
Sol. (d) -+ Coefficient of x” in the expansion of (1 + x)*" = 2"C,
and coefficient of x” in the expansion of (1 + x)*" =1 =2""'C,
@n)!
2”Cn _ m
ei-ig @ -1)l
nl(n=1)!
_@n!nt(n-1)!
ntnt@n-1)!

_2n@n="1nln -1
ntnin-="1'@n-1)!

Q. 22 If the coefficients of 2nd, 3rd and the 4th terms in the expansion of
(1+ x)" are in AP, then the value of n is
@2 (b) 7
(o) 11 (d) 14
Sol. (b) The expansion of (1+ x)"is "Cy + "Cix + "Cox? +"Cyx® + ... + "C,x"
O  Coefficient of 2nd term = "C;,
Coefficient of 3rd term = "C,,,
and coefficient of 4thterm = "C,.
Given that, "C;, "C, and "Cj are in AP.
O 21C, ="C, +"C,
5 g (' o_ (n + (n)!

. Br-2p2iH (-1 3in-3)!

0 2I]h(n—1)(n—2)!=n(n—1)!+n(n—1)(n—2)(n—3)!
(n-2)2! (n -1 320N - 3)!

O nn-1=n+0=00=2) TZS(H ~2)

O 6n-6=6+n°-3n+2

O n-9n+14=0

O n®-=7n-2n+14 =0

O nn-7)-2((n-7)=0

O n=7)(n-2)=0

0 n=2orn=7

Since, n =2 is not possible.
0 n=7
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Q.23 If A and B are coefficient of x" in the expansions of (1+ x)*" and

(1+ x)*" ! respectively, then 2 equals to

(@1 (b) 2

1 1
(€)= d)—

2 n

Sol. (b) Since, the coefficient of x” in the expansion of (1 + x)*" is *"C,,.
O A=2C,
Now, the coefficient of x” in the expansion of (1 + x)*" ~is " ~'C,,.
O B=2"Tc,
2n
NOW, A = 5 _?’7 = g =2
B c, 1

Same as solution No. 21.

10

Q. 24 If the middle term of % + xsinxﬁ is equal to 7%, then the value of x is

b s
2T+ — b) nTt + —
(@ 2n o (b)n .

(d) nTt+ (-1)"

w4

() nTt + (-1)"

ol

10
Sol. (¢) Given expansion is %% + xsinx% .

Since, n =10is even, so this expansion has only one middle term i.e., 6th term.

1 10-5
O TG :T5+1 = 1OC5 %% (xsinx)5
0 6783 =1C, xx5sin®x
O @: 10[9[8D7[B[5!Sin5x
8 5[4 B2 OMG!
0 %zzwmngm%
5 1
0 sin®x = —
32
5
0 sinx = %%
O sinx =1
2

O x=nt+ (-1 W6
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Fillers

Q. 25 The largest coefficient in the expansion of (1+ x)*° is ......... .
® Thinking Process

In the expansion of (1 + x)", the largest coefficient is "C,, (when n'is even).

Sol. Largest coefficient in the expansion of (1 + x)* = *C,; , = ¥C 4

Q. 26 The number of terms in the expansion of (x + y +2)" ......... .
Sol. Given expansionis(x + y + 2)" =[x +(y + 2)".
[x +(y+2)]" ="Cpx" +"Cix" " (y + 2)
+"Cox" Py + 2P + ...+ "Crly + 2
O Numberofterms=1+2 +3 +... +n +(n +1)
(n+N)(n+2)
2

16
. 1 .
Q. 27 In the expansion of @cz - —zﬁ , the value of constant term is ......... :
X

Sol. LetconstantbeT, .
,
O Tr+1 :16C,(x2)16—r%%§

- 160, X2 (-
- 160, 32 -ar-
For constant term, 32-4r=00r=8
O Torq = °Cq

)r x—2r

)f

Q. 28 If the seventh term from the beginning and the end in the expansion of

1
%/E + %H are equal, then n equals to ......... .
1 n
. o L1
Sol. Given expansions is @E %Q
6
U T =Tg s =NC6(§/§)H_6@;T§ (1)
3
n
Since, T, from end is same as the T, from beginning of % + %EE .
1 n-=6
Then, T, = ”06%?§ @2y (i)
3
n-% _(n-9)
Given that, "Ce) 3 (3% ="C,3) 3 293
n-12 T
. @ =Hh
which is true, when " _312 =0

0O n-12=00 n=12
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10
Q. 29 The coefficient of a ®h* in the expansion of % - Z_fﬁ 1S ervenne :

® Thinking Process
In the expansion of (x=a)", T, ,,="C, x"~"(=a)"

0
Sol. Given expansion is % - %% ,

LetT

r+1

: oo Bl B

For coefficient of a™®h*, 10-r=60 r=4
Coefficient of a®b* = 1°C, (-2 / 3)*
_10[B[BT B! 2% _1120
glumreO 3* 27

has the coefficient of a®h*.

Q. 30 Middle term in the expansion of (a* + ba)® is ......... .

Sol. Given expansion is (a° + ba)*®.
. n=28 [even]
0 Middle term = % + 1§h term = 15thterm
o Tis =T+ s
- 28C14(83)28 —14(ba)14
- 28C14 2%2p1ag14

= 280, g%0p™

Q. 31 The ratio of the coefficients of x” and x7 in the expansion of (1+ x)"*?

1S ceveeenes .
Sol. Given expansionis (1+ x) P *9.
O Coefficient of x° =P *9C,
and coefficient of x¥ = P *9C,

P*‘CICP P+Qcp

. EE TN R roa
q p

1:1

Q. 32 The position of the term independent of x in the expansion of

10
Olx 30 .
—+ 72|:| | S .
3 2x°0
0 3 0°
Sol. Given expansionis /% + > .
P 3 2xZH

Let the constant term be T,
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0-r

1 r
_ 10 O x|:| 3
Tren, ro="e Bl B

10;/ =10+r
=1OCr 5 P K] P EB/ [Z—r I]c_2'
10 -5r 10 +3r
=%, x 2 3 2 27
For constant term, 10 - 5r =00 r=2
Hence, third term is independent of x.

Q. 33 1f 25% is divided by 13, then the remainder is ......... :
Sol. Let 25'° = (26 - 1)"®
= 15¢, 261 - 15,261 +... 5 C,q
=19C,26"° -1°C,26'* +... -1 -13 +13
=19C, 26" - °C, 26" +... -13 +12
Itis clear that, when 25'° is divided by 13, then remainder will be 12.

True/False
0 20 19 20 Clo
Q. 34 The sum of the series ¥ “°C, is2™” + —
r=0

Sol. False

10
Given series =3 %, =2C, +2C, +2C, +..+2C,,

r=0

— 20 20 20, 20 20 _ (20 20
=TCy+ “C+ . +TC +7C +... TC —(TC + ... +7Cyy)
—n20 20 20

=27 = (TC; + ... +7 Cy)

Hence, the given statement is false.

Q. 35 The expression 7° + 97 is divisible by 64.

Sol. True

Given expression=7% + 9" =(1+ 8)’ —(1 -8)°
=(Cc, + 'C,8+7C,8 +... +'C,8")- (°C, - °C,8 + %C, 8% ... - °C,8")
=(1+7 x8+21x8 +..)-(1-9x8+36 x8 +... -8%
=(7x8+9x8)+ (21x8 -36 x8) +...
=2 x 64 + (21 -36)64 +...

which is divisible by 64.

Hence, the statement is true.

Q. 36 The number of terms in the expansion of [(2x + y3)*7 is 8.

Sol. False
Given expansion is [2x + y°)*] = @x + y°)%°.
Since, this expansion has 29 terms.
So, the given statement is false.
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Q. 37 The sum of coefficients of the two middle terms in the expansion of
1+ x)*" " 1is equal to " 7 'C,,.

Sol. False
Here, the Binomial expansion is (1 + x)

Since, this expansion has two middle term i.e., M%h term and g; + 1§h

termi.e., nthterm and (n + 1)thterm.
0 Coefficient of nthterm = 2"~'C, _,

Coefficient of (n + Nthterm = 2" ~'C,
Sum of coefficients = 2" ~'C, _, + 2" 7'C,

— 2n—1+1cn - ZnCn [,',nC’ + ncr_1 - n+1C,]

2n -1

Q. 38 The last two digits of the numbers 3% are 01.

Sol. True
Given that, 3% =920 = (10 —1)?®
0 (10 _ )200 ZOOC 10200 200C11O199 + .- 2000199101 + ZOOCZOO 1200
| (10 = 1) :10200 -200 x10'° +... =10 x200 +1

So, itis clear that the last two digits are 01.

: 1" :
Q. 39 If the expansion of ﬁx - Zﬁz contains a term independent of x, then n
X

is a multiple of 2.
Sol. False

. _— o 1"
Given Binomial expansion is g — —H -
X

Let T, ,,termisindependent of x.

1
Then, Tr o1 = QnC 2n r P%
2nc x2n r( 1)’.’)6 2ncl x2n—3r(_1)r
For independent of «,
2n-3r=0
0 =20,
3

which is not a integer.
So, the given expansion is not possible.

Q. 40 The number of terms in the expansion of (a + b)", where n 0N, is one
less than the power n.

Sol. False
We know that, the number of terms in the expansion of (a + b)", where nON, is one more
than the power n.
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Short Answer Type Questions

Q. 1 The first term of an AP is a and the sum of the first p terms is zero, show

. . —a(pt
that the sum of its next g terms is (plq)q
p-
Sol. Let the common difference of an AP is d.
According to the question,
S, =0
P _ g =n
O L2a+ (p-1)d]=0 =—{2a+ (n-1)d
2[ (p=1d] ﬁ 2{ (n=1 }Q
O 2a+ (p-1)d =0
0 d= -2a
p-1
Now, sumof nextq terms =S, .4 =S, =S, 44 —
=—p;q[2a+<p+q—1)d]
=E22a+ (p-1d +qd]
(p-1)yn~2a 4 q(=2a) )D
[I p—1 p-10
; @ (22 -
0 1D
:p+qI]-2an
2 Ho-10
_-alp+q)q

(p=1)
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Q. 2 A man saved ¥ 66000 in 20 yr. In each succeeding year after the first year,
he saved ¥ 200 more than what he saved in the previous year. How much
did he save in the first year?

Sol. Letsaved infirst year ¥ a. Since, each succeeding year an increment ¥ 200 has made.
So,it forms an AP whose

First term = a, common difference (@) =200and n =20 yr

_20

a SZO—?[2a+(2O—1)d] [+S,=={2a+ (n-1)d}]

n
2
66000 =10[2a + 19d]
66000 =204 + 190d
66000 =20 a + 190 x200

20a = 66000 — 38000

20a =28000

_ 28000

a="rr
20

Oooooog

=1400

Hence, he saved % 1400 in the first year.

Q. 3 A man accepts a position with an initial salary of ¥ 5200 per month. It is
understood that he will receive an automatic increase of ¥ 320 in the very
next month and each month thereafter.

(i) Find his salary for the tenth month.
(i1) What is his total earnings during the first year?

Sol. Since, the man get a fixed increment of ¥ 320 each month.

Therefore, this forms an AP whose First term = 5200 and Common difference (@) = 320
(i) Salary for tenth month i.e., forn =10,
a,=a+((n-1d

o a,, = 5200 + (10 - 1) x 320
o a,, = 5200 + 9 x 320

0 a,, = 5200 + 2880

0 a,, = 8080

(ii) Total earning during the first year.
In a year there are 12 month i.e., n =12,

S,y = %[2 x 5200 + (12 —1)320]

= 6[10400 + 11 x 320]
= 6[10400 + 3520] = 6 x 13920 = 83520

Q. 4 If the p th and gth terms of a GP are g and p respectively, then show that
1

p Dpf
its (p + g)th term is &D q.
p? O

Sol. Let the first term and common ratio of GP be a and r, respectively.
According to the question, pthterm =g
| alt* '=q ()
and gthterm =p
| a’ '=p ()
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On dividing Eq. (i) by Eq. (i), we get

ar? ™!

=9
ar ! p
. ppotmart =9
p
1
O P-a=9 [ r:@%'q
P Op0O
On substituting the value of rin Eq. (i), we get
T Pt
g 0 ez qufPf
o g
-q
Do
P -
O (p+qihterm, T,,, =am®* @ =g [PH @ (pra-
gt
P 0 #m)+q-1 p -1 p+qg-1
Oolb - - ot o 2
:q'Eﬁ%q E)QS :Q-EEHDQ%DDQ
an Pt g0  OpO
B B
pot  Aprach pP-1_(p+q-1)
HPRp -9 HPH »- Oolb - -
:q'Eﬁ%q%erq :q.Eﬁ%q P -q
O O O
p-1-p-q+1 ER
PH  P- Dol -
=q. BPH *»7 =q. PR
Lgd g0
-1
a=q PP
g0
Now, (p + Q)thterm ie., ap +q =arP +q -1
p -1 p+q -1
0 - o=
=Q-Eﬁ% q.@gp q
g Oo
p+qg-1-p +1 DLE
p-q p-q
_q_qp+q_1_p+1:q.§q - 0O
p-q @pﬁ%

Q. 5 A carpenter was hired to build 192 window frames. The first day he made
five frames and each day, thereafter he made two more frames than he
made the day before. How many days did it take him to finish the job?

Sol. Here,a=5andd =2

Let he finished the job in n days.

Then,

192

Sy
S, Ra+(n-1)d]

=0
2
192 =§[2 x5 +(n -1)2]

192 :g[m +2n -2]
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192 :g[s +2n]

192 = 4n +n®
n? +4n-192 =0
(n=12)(n+16) =0
n=12,-16 [ n#-16]
n=12

CDoooogo o

Q. 6 The sum of interior angles of a triangle is 180°. Show that the sum of the
interior angles of polygons with 3, 4, 5, 6, ... sides form an arithmetic
progression. Find the sum of the interior angles for a 21 sided polygon.

Sol. We know that, sum of interior angles of a polygon of side n= (2n — 4) x90°= (n —2) x180°
Sum of interior angles of a polygon with sides 3 is 180.
Sum of interior angles of polygon with side 4 = (4 —2) x180° =360°
Similarly, sum of interior angles of polygon with side 5, 6, 7... are 540°, 720°, 900°,...
The series will be 180°, 360° 540°, 720°, 900°,...
Here, a=180°
and d =360°-180° =180°
Since, common difference is same between two consecutive terms of the series.
So, it form an AP.
We have to find the sum of interior angles of a 21 sides polygon.
It means, we have to find the 19th term of the above series.
O ag=a+(19-1)d
=180 + 18 x 180 = 3420

Q. 7 A side of an equilateral triangle is 20 cm long. A second equilateral
triangle is inscribed in it by joining the mid-points of the sides of the first
triangle. The process is continued as shown in the accompanying diagram.
Find the perimeter of the sixth inscribed equilateral triangle.

Sol. Side of equilateral AABC =20 cm. By joining the mid-points of this triangle, we get another

equilateral triangle of side equal to half of the length of side of AABC.

Continuing in this way, we get a set of equilateral triangles with side equal to half of the side
of the previous triangle.

a Perimeter of first triangle =20 x3 =60 cm
Perimeter of second triangle =10x3 =30cm
Perimeter of third triangle =5x3 =15¢cm
Now, the series will be 60, 30, 15,...

Here, a =60
0 30 _1 O second term _ O
r=—=2 0 -0
60 2 0 first term 0

We have, to find perimeter of sixth inscribed triangle. It is the sixth term of the series.

O ag=ar®”’ [va, =ar

:GOx%g:@:E(gm
32 8

n—1]
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Q. 8 In a potato race 20 potatoes are placed in a line at intervals of 4 m with
the first potato 24 m from the starting point. A contestant is required to
bring the potatoes back to the starting place one at a time. How far would
he run in bringing back all the potatoes?

Sol. According to the given information, we have following diagram.
24m 4m 4m 4m

1 2 3 4 19 20
Distance travelled to bring first potato =24 + 24 =2 x24 =48 m
Distance travelled to bring second potato =224 + 4) =2 x28 =56 m
Distance travelled to bring third potato =224 + 4 + 4)=2 x32 =64 m
Then, the series of distances are 48, 56, 64, ...

Here, a =148,
d=56-48=8
and n=20

To find the total distance that he run in bringing back all potatoes, we have to find the sum of
20 terms of the above series.
_20

O Sp0 = R x48 +19x8] s, =
=10[96 + 152]
=10x248=2480m

Q. 9 In a cricket tournament 16 school teams participated. A sum of ¥ 8000 is
to be awarded among themselves as prize money. If the last placed team
is awarded ¥ 275 in prize money and the award increases by the same
amount for successive finishing places, how much amount will the first
place team receive?

Sol. Let the first place team got T a.
Since, award money increases by the same amount for successive finishing places.
Therefore series is an AP.
Let the constant amount be d.

Here, 1=275n=16 and S;4 = 8000
a l=a+(n-)d
0 I=a+ (16 -1)(-d)

[we take common difference (—ve) because series is decreasing]

0 275=a -15d ()
and Sis =12—6[2a + (0 = 1)[-0)]

0 8000 = 8 [2a + (16 - 1)(-d)]

0 8000 = 8 [2a — 150]

0 1000 =2a - 15d ..(i)

On subtracting Eq. (i) from Eq. (i), we get
(2a-15d) —(a -15d) =1000 -275

O 2a-15d —a +15d =725

O a=725

Hence, first place team receive T 725.
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Q. 101fa,, a, a,, ..., a, are in AP, where g; > 0 for all 7, show that
n-1

1 1 1
+ +o+ =
Joy+ya, e +io; 0 \fa, o+, Jay+a,

. Since, a,a, as, ..., a,arein AP
Sol. Since, a,a,,a; ., are in AP
O a, —a =a; —a,=... =a, -a,_, =d [common difference]

lfa, —a, =d, then (Ja,)® - (\Ja;)* =d
0 e —aE +ya) =
1

- _a —a
Ja + Ja, d
Similarly, L C O
Va, +fa; d
1 =\/a_ n -1
\/anf1+\/a d

On adding these terms, we get

e

1 1 1
+ +
1 ) )
a[@ -Ja +.a; —Ja, + ...+ Ja, - [a,_,] [using above relations]

+

:5[@ - Ja] ()
Again, a,=a +(@n-1d [+ T =a+(n-1)d]
o a,-a =@n-1d
d Wa,? - (fa,¥ =(n-1d
e O S I IRCRN RS U
n 1

On putting this value in Eq. (i), we get

1 1 1
+ ot —

(n=-Hd _ n-1

Q. 11 Find the sum of the series
(3% -2°)+ (5> —4%) +(7° -6°) +...to (i) n terms. (ii) 10 terms.

Hence proved.

Sol. Given series, (3% -2°%) + (5° - 4%) + (7° -6°) + 0]
=3B +52+7% + ) —(2% +4° +6° +.)
Let 7, be the nthterm of the series (i),
then T, = (nthtermof 3%, 5°,7% ..) - (nthterm of 23, 4%, 6%, ..) = @n + 1)* - (2n)®
=@n+1-2n)[@n + 12+ @n+1)2n +@nf] [+ a®-b3 =(@-b)@>+ab+b?)]

=[4n® + 1+ 4n + 4n® +2n +4n®]=[12n> + 6n] +1
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(i) LetS, denote the sum of n term of series (i).
Then, S, =T, =3(12n° + 6n)
=123n° + 630+ 3n
:12d7(n+1)(2n+1)+ 6n(n+1)+n
2

=2n(n+1)@n+1)+3n(n +1)+n
=2n(n+1)(2n+1)+3n({n +1) +n
=@n® +2n)@n +1)+3n° +3n +n
=4n° +2n° +4n® +2n +3n% +3n +n
=4n° +9n® +6n

(ii) Sum of 10 terms, Sio = 4%(10)° + 9 x(10° +6 x10
=4x1000 +9 x100 +60
= 4000 + 900 + 60 = 4960

Q. 12 Find the rth term of an AP sum of whose first n terms is 2n + 3n%.

Sol. Given that, sum of n terms of an AP

=2n+3n°

=Sn _Sn—1

=(2n +3n%) -[2(n -1) +3(n -1)?]
=(2n+3n°) —[2n =2 +3(n® +1 —-2n)]
=(2n+3n) -(2n -2 +3n® +3 -6n)
=2n+3n%> -2n +2 -3n® -3 +6n
=6n-1

O rnthterm T, = 6r -1

Sp
Tﬂ

Long Answer Type Questions

Q. 13 If A is the arithmetic mean and G,, G, be two geometric mean between

G2 G2
any two numbers, then prove that 24 = —1 + —2,
2 1
Sol. Letthe numbers be a and b.
Then, p=2th
2
0 SA=a+bh 0

and Gy, G, be geometric mean between a and b, then a, G, G,, b are in GP.
Let r be the common ratio.
Then, b=art™! [ a,=ar""]

0O b=a® O Q:r3
a

0 =B
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/3 /3]
Now, G, =ar=a%§ r=%§ O
=
/3
and G, =ar’ :a%g

0 s O /307
., oo eRf o
G +G2 = /3E +D 3E

imifwim

RHS=G—12 o a%g a%g
: 2 %g/s + a2%51/3
/3 /3
%g a%@
=4 +a%§=a +b=2A [using Eq. ()]
= LHS

Q. 14 If0, 6, 8;,..., 6, are in AP whose common difference is d, show that
tan@, —tan@
sec B, sec ©, +secH, secB, +...+sec, _,secf, = — "1 —1,
sind
Sol. Since, 8,6, 6;,.... 8, arein AP
0 92_91 :93—62:... =9,7—9n,1 =d (I)
Now, we have to prove
sec q,;secq, + secg,sec g, + --- + secq,_,sec 6, =w
sin
or it can be written as
sind [sec 6, sec 8, + sec 6, sec §; +--- +secH,_;sec 6,]=tan 6, —tan,

Now, taking only first term of LHS
sind _ sin®, -8)
cos 6, cos B, cos6, cosb,

sind sec 6, sec 6, = [from Eq. (i)]

_sinB, cos B —cos 6, sin §
cos 6, cos 6,
[ sin(A - B) =sin Aldos B —cos A [Sin B]
sin®, cos B, _ cos 6, sin g,

= =tan®, —tan,
cos @, cosB, cosB cosb,

Similarly, we can solve other terms which will be tan 8, —tan 6,,tan 6, —tan 6,,---

a LHS=tan6, —tan®, +tan6, —tan @, + --- + tanB, —tan 6, _,
=-tan®, +tan6,=tan6, —tan b,
=RHS Hence proved.
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Q. 15 If the sum of p terms of an AP is g and the sum of g terms is p, then
show that the sum of p + g terms is — (p + g). Also, find the sum of first

p — g terms (where, p >q).

Sol. Let first term and common difference of the AP be a and d, respectively.

Then, Sp =g
0 §[2a+(p—1)d]=q
2a+(p-1d =29

P

and Sqg=p
O q[2a+< -1)d]=p
0 oa+(-1)d=2P
q

On subtracting Eq. (i) from Eq. (i), we get
2a+(p-1d -2a~(g ~1)d =29 2P

p Qg

2q° -2p°

0 [(p-1)-@ -1 d =22 —=P_
pgq

2 _ 2

0 [o-1-q +1d =20 —F)
pPq

22 - p?

0 (p-q)d =20~ P)
pPq

0 dz‘z(p"'Q)
Pqg

On substituting the value of d in Eq. (i), we get
23+(p—1)DME:2ﬁ
U pg O p
0 0a=29 4 2(P+q)(p-1)
P Pq
0 a:%+m+mm )

)0
H

Now, @Hq:p;qpa+m+q—nm

P*tq2g 2(p+qg)p-1)_(p+q -12(p+q)0
2 Hp pq Pq H
g, Ptqg)p-1-(p+g -1)(p +q)0
pq H
+Prq)p-1-p-g +10
Pq

=(p+q)

=(p+Qq)

He H
(|

.. (i)

.. (il

(i)
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P-9R2g  2(p+qg)(p-1)_(p-g-12(p+q)0
2 Hp pq pq H

- lg . ptgp-T1-p+qg +1)0
=(p-q) *

b pq H
=(p_q)fd7+(p+q)qﬂ

Jole]
lg , p+rql_ (b +2q)

=(p-9) — (P -q)
b o H p

Q. 16 If pth, gth and rth terms of an AP and GP are both and c respectively,
then show thata® "€ ¢ % @° % =1.

Sol. Let A d are the first term and common difference of AP and x, R are the first term and

common ratio of GP, respectively.
According to the given condition,

A+ (p-1d =a (1)

A+(@-10d =b )

A+ (r-1d =c (iii)

and a=xRP! (V)
b=xRI"" )

c=aR" " (Vi)

On subtracting Eq. (i) from Eq. (i), we get
dp-1-g +1)=a -b
O a-b=dp-q) . (vii)
On subtracting Eq. (iii) from Eq. (i), we get
dg-1-r+1)=b-c
O b-c=d(@-r) .. (viii)
On subtracting Eq. (i) from Eq. (iii), we get
dr-1-p+1)=c -a
O c-a=d(r-p) .(ix)
b-c bc—aca—b =1
Taking LHS = a®7¢ p° ~@ 2 ~°
Using Egs. (iv), (v), (vi) and (vii), (viii), (ix),
LHS =(fop —1)d (q-r) (x/?q -1)0’ (r=p) (fo —1)d(P -q)
= 9@ - +d(r-p)+d(p =9) plp ~1d(q -r) +(q@ -Nd (r =p) +(r N)d(p )

Now, we have to prove a

=xd@-r+r-p+p-q)
RA(PG=pr=g+r+gr=pg-r+p +ip -1q p+q) = ,.0 pO _ 4

=RHS Hence proved.
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Objective Type Questions

Q. 17 If the sum of n terms of an AP is given by S, =3n+2n?, then the

common difference of the AP is
(@ 3 (b) 2 () 6 (d) 4

Sol. (d) Given,S, =3n+2n°
First term of the AP,

O T,=3x1+2(12=3+2=5

and T, =S, -5,
=[83x2+2 x(2?] =[3 x1 +2 x(1/]
=14-5=9

0 Common difference d)=T, -T,= 9-5= 4

Q. 18 If the third term of GP is 4, then the product of its first 5 terms is
(a) 4 (b) 4* ©# (d) None of these

Sol. (¢) ltisgiventhat, T, = 4
Let a and r the first term and common ratio, respectively.

Then, ar? =4 ()
Product of first 5 terms = a [@r &r° @r° art
=a° 0= (ar2)5 = (4)5 [using Eq. (i)]

Q. 19 If 9 times the 9th term of an AP is equal to 13 times the 13th term, then
the 22nd term of the AP is
(@0 (b) 22 (c) 198 (d) 220

Sol. (a) Let the first term be a and common difference bed.
According to the question, ~ 9004 =134
9@+ 8d)=13(a +12d)
9a+72d =13a +156d
(9a-13a)=156d -72d
-4a=84d
a=-21d
a+21d =0 (1)
22ndtermie., T,, =[a + 21d]
T, =0 [using Eq. (i)]

Ooooooog

Q. 20 If x, 2y and 3z are in AP where the distinct numbers x, y and z are in GP,
then the common ratio of the GP is

1 1
(@ 3 (b) - () 2 (d) —
3 2
Sol. (b) Given, x,2y and 3z are in AP
Then, 2y = x+ 3z
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x + 3z
O y= 2
O 4y =x + 3z
and x, Y, zarein GP.
Then, Y-Z_-)
x oy
O y=xAand z= N =Nx

On substituting these values in Eq. (i), we get
4(x N)= x + 3(\%x)

0O 4hx =x + 3N«

| 4N=1+ 3)\?

a AP -4 +1=0

O BGA=-NH(A-1=0

O A=la=t
3

169

Q. 21 Ifinan AP, S, =gn? andS,, = gm?, where S, denotes the sum of r terms

of the AP, then S, equals to

3

(@ 4 (b) mng (©q

2
Sol. (¢) Given,S, =gn® andS,, =qm*

0o S§,=9,5,=49,S;=99 and S, =16q

Now, T =q

u I,=58,-S8,=49 -q =3q
I;=8; -5, =99 -4q =5¢q
7,=8,-S; =169 -9q9 =7q

So, the series isq, 3q, 59,79, ...

Here, a=q and d =3q —q =2g

O Sq =2 *q +@ -12q]

(d) (m + n) q*

=7 g +29° ~29) =7 x29” =¢°

Q. 22 Let S, denote the sum of the first n terms of an AP, if S,, =35,

S;, 1S, is equal to

(@) 4 (b) 6 (c) 8 (d) 10
Sol. (b) Let first term be a and common difference be d.

Then, S, = g Ra +(n-1)d]

O S,, = 222 2a + @n -1)d]

S,, =n[2a+@2n-1)d]
San :% Pa+ (31 -1) d]

, then
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According to the question, S,, = 3S,
O n[23+(2n—1)o’]:3g[2a +(n -1)d]

4a + (4n -2)d =6a +(3n -3)d
- 2& (4n 2= 3 3ok O
-2 (# W&+ O
d= 2a

O oog

1 ()

>
+

2a
n+1
2a
n+1

o[Q

Ra+ (3n-1d] 6a+ (-3

SSnz
Sp g[2a+(n—1)d] 2a+ (n-1)

Now,

_6an+ 6a+18an -6a
2an + 2a + 2an -2a

Q. 23 The minimum value of 4 +41™% x ORis

() 2 (b) 4 (©1 (do
Sol. (b) We know that, AM= GM
x 1-x
: wAT Ea
O 4+ 417 20./4
O 45+ 4 0@
O 45+ 47 >4

Q. 24 Let S, denote the sum of the cubes of the first n natural numbers and s,

nS
denote the sum of the first n natural numbers, then ¥ =' equals to

r=15,
n(n+1)(n+2) nin+1
(@ —m8 ———~ (b)
6 2
2+3n+2
% (d) None of these
Sol. (@) 5828145 ,5 , S
r=1S, s, S, S S,
Let 7, be the nth term of the above series.
an(n + )
_S,_B 2 B
. e
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O Sum of the above series = 2T, = % [Zn? + Zn]

(n +1)(2n+1)+n(n+1)[|_1d7(n+1)[(2n+1) 1
H 6 2 Ho2 H 3 H
@n+1+30 1
H 3 H 4xs
n(n+1)(2n+4):%n(n+1)(n+2)

=1
2

1
—nn+1
4( )
A

nn+1@n+ 4

—

2

Q. 25 Ift, denotes the nth term of the series 2+ 3 +6 +11 +18 +..., then t,,

is
() 492 -1 (b) 49? (© 502 +1 (d) 497 + 2
Sol. (d) Let S, be sum of the series2 + 3+ 6 +11 +18 +..
a S, =2+3+6+11+18 +... +iy (1)
and S, =0+2+3+6+11+18 +... +1,9 +ig (D)

On subtracting Eq. (i) from Eq. (i), we get
0=2+1+3+5+7 +-- +tg

O tsp =2+1+3+5+7 +--- upto 49 terms

O top =2 +[1+3+5 +7 +---upto 49 terms]

—2+‘;9[2 X1+ 48 x2]

=2 +4?9x[2 +96]

=2 +[49 + 49 x 48]
=2+ 49 x49=2 + (49)°

Q. 26 The lengths of three unequal edges of a rectangular solid block are in GP.
If the volume of the block is 216 cm® and the total surface area is
252 cm?, then the length of the longest edge is
(@ 12 cm (b) 6 cm (c) 18 cm (d) 3 cm
Sol. (a) Letthe length, breadth and height of rectangular solid block is 5, aand ar, respectively.
r

O Volume = & xa xar =216 cm?®
r

a®=216 0 a° =6°
O a=6

2 >H
Surface area=2§ +a’r+a’ E 252

0 242 §+r+1§:252
On+ 2+

O 2% 36%% 252

1+ 72 tr_ 252
r 2 x 36
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0 142 +r=128,0 424,220
36
O 6+6r°+6r=21r0 6r°=15r+6=0
| 2P -5r+2=00 @r-1)(r-2)=0
a r=1,
2
Forr=1: Length=§=w=12
2 r 1
Breadth=a =6
Height=ar=6x1=3
2
Forr=2: Length:§=§=3
r 2
Breadth=a =6
Height=ar =6 x2 =12
Fillers
: a-b.
Q. 27 If g, b and c are in GP, then the value of p is equal to ......... .
Sol. Giventhat, a, bandc arein GP
Then, b_c_, [constant]
a b
O b=ar O c=br
0 a-b_a-a _a(l-n_a(l-r
b-c ar-br r(@a-b) r(@a-ar
—al-n_1
ar(1-=r r
O a_bzlzgorg

Q. 28 The sum of terms equidistant from the beginning and end in an AP is

equal to ......... .
Sol. LetAPbeaa+d, a+2d---a+((n -1)d
ad a,+a,=a+ta+((n-Nd
=2a+(n-1d ()
Now, a, +a,_y=@+d)+[a+(n -2)d]
=2a+(n-1d
@ ta,_=a ta, [using Eq. (i)]
a; +a,_,=(@+2d) +[a+(n -3)d]
=2a+(n-1d
=a +a, [using Eq. ()]

Follow this pattern, we see that the sum of terms equidistant from the beginning and end in
an AP is equal to [first term + last term].
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Q. 29 The third term of a GP is 4, the product of the first five terms is .....

Sol. ltisgiventhat, 7, = 4
Let a and r the first term and common ration, respectively.

Then, ar’ = 4 .0)
Product of first 5 terms = ar Gar [&r® r® G’
=a° 1'% = (ar?)® = (4)° [using Eq. ()]
True/False

Q. 30 Two sequences cannot be in both AP and GP together.

Sol. False

Consideran APa,a+d,a +2d,...
ai=a+d ¢a+2d
a a a+d

Now,

Thus, AP is not a GP.

Q. 31 Every progression is a sequence but the converse, i.e., every sequence is
also a progression need not necessarily be true.
Sol. True
Consider the progressiona, a +d,a + 2d, ...

and sequence of prime number 2, 3, 5, 7, 11,...

Clearly, progression is a sequence but sequence is not progression because it does not
follow a specific pattern.

Q. 32 Any term of an AP (except first) is equal to half the sum of terms which
are equidistant from it.

Sol. True
Consideran AP a,a+d,a+2d, ...
Now, a, +a, =a+d +a+3d
= 2a+4d=2a,
0 33:732+a4
2
Again, agtas; _a+a2d +a+4d _2a+6d
2 2 2
=a+3d = a,

Hence, the statement is true.

Q. 33 The sum or difference of two GP, is again a GP.

Sol. False
Let two GP are a, ar, ar®, arg,...and b, br,, br, br?,...

Now, sum of two GP a + b, (ar, + br,), (ar? + brZ),...

Now, To_an+bn Ty _ay+bg
T a+b T, an+ b,
O Tl;t&
T,
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Again, difference of two GP is a - b, ar, - br,, ar® = bry,...

Now, hoan=bh gg s o Lz - by
T a-b T, an-br
O LQ + LS
LT

So, the sum or difference of two GP is not a GP.
Hence, the statement is false.

Q. 34 If the sum of n terms of a sequence is quadratic expression, then it
always represents an AP.

Sol. False

Let S,=an® +bn+c
S;=a+b+c
a,=a+b+c
S,=4a+2b +c

O a, =S, -§,

=4a+4b +c —(a+b +c)=3a+b

S;=9a+3b +c

a a; =S;-S,=ba+b

Now, a, —a =Ba+b)-(a+b +c)=2a-c
a;—a, =(5a+b)-(3a +b)=2a

Now, a, —a #a; —a,

Hence, the statement is false.

Matching The Columns

Q. 35 Match the following.

Columnl Columnli
M 40T (a) AP
4 16
(M 2,357 (b)  Sequence
(i) 13,8,3,-2,-7 | (0 GP

. 11
Sol. (i) 4 Lt

0 L_lph_1pgL_116_1
T 4 , 4 T, 1/4 4
Hence, itis a GP.
(i) 2,3,5,7
. T,-T,=3-2=
T;-T,=6-38=2
T,-T, 2T, T,

Hence, it is not an AP.
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Again,

1l
w
~
N
O
o ‘:.o\'
1
(€]
~
w

o S
H
w5 [

Itis not a GP.
Hence, it is a sequence.
(iii) 13,8,3,-2,-7
T,-T,=8-13=-5
T,-7,=83-8=-5
. T,-T,=T,-T,
Hence, itis an AP.

Q. 36 Match the following.

Columnl Columnlli
) 1P +27+3% 4.+’ i+ )0
@ g5 B
() 1°+2°+3° +..4n° | (b) (n+1)
(i) 2+4+6+---+2n © nh+1)Rn+1)
6
(iv) 142+3+---+n d nh+1)
2

Sol. () 1P +2%+3% +... +n°
Consider the identity, (k + 1)® — k® = 3k? + 3k +1
On puttingk =1,2, 3, ..., (n = 1), n successively, we get
2° -1°=30° +300 +1
3P -29=32% +32 +1
-3° =308 +30B +1

n®=(n-1°=30n-1% +3[n -1) +1
(n+1)° -n® =3m" +30 +1
Adding columnwise, we get

[ O
n3+3n2+3n=3%§1r% nin+1,,
gz 0
| 3%2 rZE:n +3n2 +3n - wﬂ,
=1
gz O 3
0 %Z rZE 2n +3n tn_nn+1)@n+1)
=1 2
n
0 g _nnh+1N@n+1)

6

Hence, I r2 =1 +22 + _+p2 =N * D@1 +1)
‘,=1 e 6

175

n(n + 10O
_ n( )D

2 0
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(i) ¥ +2% +3% +... +°
Consider the identity (k + ))* —k* =4k® + 6k + 4k +1
On putting k =1, 2, 3, ---(n = 1), n successively, we get
24 —1* =40% + 607 +40 +1
3t -2 =4m® +6@% +412 +1
4% -3 =43° +6@° +43 +1

n* = =1* =4 -1 +6(n =% +4n -1) +1
(n+ N -n* =4m° +6M* +40 +1
Adding columnwise, we get
(n+ 0 =1 =4m@® +2% +... +n%) +6(17 +22 +3° +.. +n?)
+4(1+2+3+--+n) +(1 +1 +--- +)nterms
0 do o

+ 6%%1r2§+ 4%% r%+n

n
a n4+4n3+6n2+4n:4 z I'S +6E'h(’7+1)(2f7+1)D+4D7(n+1)D+n
=1 H 6 H B 2 H
O § 5+
r=1 4
n oo of
O Zr3=m(n+1)|ﬁ=§2,§
=1 B 2 B H=
n
Hence, 3= 428+ 4 :m(”*'nﬁzéz rg
r= H 2 B =1
(iii) 2+ 4+6+-- +2n=2[1+2 + 3+ +1)]
:2xw:n(n+‘])
(iv) Let S,=1+2+3+..+n
Clearly, it is an arithmetic series with first term, a =1,
common difference, d=1
and lastterm =n
_n _nn+1)
S,=—(01+n)=
n 2( ) 5
Hence, 1+0+3+..4p=00*F1)

2
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Straight Lines

Short Answer Type Questions

Q. 1 Find the equation of the straight line which passes through the point

(1 —2) and cuts off equal intercepts from axes.

Sol. Letthe intercepts along the X and Y-axes are a and a respectively.

0 Equation of the line is L (D)
a a
Since, the point (1, —2) lies on the line,
0 1—%:1
a a
0 1-2 -1
a
O a=-1
On puttinga = —=1in Eq. (i), we get
i+l:
-1 -
O x+y=-10x+y+1=0

Q.2 Find the equation of the line passing through the point (5, 2) and

perpendicular to the line joining the points (2, 3) and (3, —1).
@ Thinking Process
Y2 ™Wa

N
First of all find the slope, using the formula = . Then, slope of perpendicular line is ——.
X =% m

Sol. Consider the given points A(5, 2), B2, 3)and C(3, - 1).

Slope of the line passing through the points Band C, mg = _3

So, the slope of required line is %

Since, the equation of a line passing the point A(5, 2) and having slope % isy-2= %(x -5)

O 4y-8=x -5
O x-4y+3=0
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Q. 3 Find the angle between the lines y = (2 =+/3)(x +5) and y = (2 +/3)(x = 7).

® Thinking Process

If the angle between the lines having the slope m,and m, is ©, then tan © ME

a+mmn
Use this formula to solve the above problem
Sol. Givenlines, y=@2 -/3)(x +5)
Slope of this line, m =@ -+/3)
and y=@ +3)(x -7)
Slope of this line, m, =2 +/3)
Let 6 be the angle between lines (i) and (i), then
Om, - g
tan® :BMD
0+ mmyng
O tane-E2 V3) - 2+\FE 0 tan6= LE
0+ @-v3)@ +3)n o+ 4-30
O tan@=+/3
O tan® =tan 173
O 6 =1 /& 60

For obtuse angle = m— 3 =2 73 =120°
Hence, the angle between the lines are 60° or 120°.

Q. 4 Find the equation of the lines which passes through the point (3, 4) and

cuts off intercepts from the coordinate axes such that their sum is 14.

Sol. Letthe intercept along the axes be a and b.

Given, a+b=14 Ob=14-a
Now, the equation of line is = + ¥ =1,
a b
0 L
a 14-a
Since, the point (3, 4) lies on the line.
O 3.4 oy
a 14-a
O 42-3a+4a _ 40 45y 5=14g - 2°
a(l4-a)
0 a®-13a+42=00a°-7a-6a+42 =0
g a@-7)-6@-7)=00 (@-7)@-6)=0
O a-7=0ora-6=0
O a=7o0ora=6
When a=7thenb=7
When a=6,thenb=8

OThe equation of line, whena=7and b =7 is
£+X:1 Ox+y=7
7 7

So, the equation of line, whena =6and b = 8 is% + Y =1
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Q. 5 Find the points on the line x + y =4 which lie at a unit distance from the

line 4x + 3y =10.

® Thinking Process

The perpendicular distance of a point (x,, y,)from the line Ax + By +C =0, is d, where

d_'l\xﬁByﬁCD
OVA+8 [

Sol. Letthe required point be (h, k) and point (h, K) lies on the line x + y = 4
ie., h+k=4
The distance of the point (h, k) from the line 4x + 3y =10is
B%h + 3k - 105:1
0o 4J16+9
4h+3k-10=%5
Taking positive sign, 4h+ 3k =15

From Eq. (i) h = 4 — k put in EqQ. (i), we get

4(4-k)+ 3k =15
O 16 — 4k + 3k =15
O k=1
On putting kK = 1in Eq. (i), we get

h+1=40h=3
So, the pointis (3,1).
Taking negative sign,

4h+ 3k -10=-5

O 4(4-K) +3k=5
0 16 - 4k +3k =5
O -k=5-16= -1
O k=11
0

n putting k =11in Eq. (i), we get
h+11=40 h=-7
Hence, the required points are (3, 1) and (=7, 11).

. X
Q. 6 Show that the tangent of an angle between the lines —+
a
X . 2ab
— = X =11s IR
a b a’-b
Sol. Given equation of lines are
x + X =1
a b
a Slope, m; = b
a
and X _ Y-
a b
o Slope, m, = b

QD

y

b

=1 and

(i)
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Let 8 be the angle between the given lines, then
a

tane=H" =" H 0 tane="

O+ mm, 0 + b%Q
0 % a

|
QT

b
a

T o O

0O -2p O
0 U 2ab
O tan@ = a O tan6= Hence proved.
E@D 2_p2 E a2 - p2
0 a2 O

Q. 7 Find the equation of lines passing through (1, 2) and making angle 30°
with Y-axis.
@ Thinking Process

Equation of a line passing through the point (x,, y,) and having slope m is
y=y=m(x—x,)

Sol. Given that, angle with Y-axis = 30° Y )
and angle with X-axis = 60° /
O Slope of the line, m = tan60° = +/3 30;'/
So, the equation of a line passing through (1, 2) and , I_?\GOO X
having slope +/3, is X
y—2=3(x -1)
O y-2=+/3x -3
g y-8x -2 +./3=0

Y

Q. 8 Find the equation of the line passing through the point of intersection of
2x+y =5and x + 3y +8 =0 and parallel to the line 3x + 4y =7.

@ Thinking Process

First of all solve the given equation of lines to get the point of intersection. Then, if a line
having slope m, is parallel to another line having slope, m,, then m,=m,. Now, use the
formula i, equation of a line passing through the point (x,,y ) with slope m is
y=yi=m(x—x,)

Sol. Given equation of lines 2x +y=5 (i)
and x+3y=-8 (i)
From Eq. (i), y=5-2x

Now, put the value of y in Eq. (i), we get
x+ 3(5-2x)=-8
0 x+15-6x = —
O -5x =-230 x = ?

Now, x = % put in Eq. (i), we get

46 _25-46 _ 21
5 5 5

Since, the required line is parallel to the line 3x + 4y =7. So, slope of the line ism = _73

y=5-
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So, the equation of the line passing through the point %53 %%having slope _73 is

y+g —3@{ 23@

O 4y+% —-3x +@
5 5
O 3x+4y=84_69 15

0 3x + 4y + = =0
a 3x+4y+3=0
Q. 9 For what values of a and b the intercepts cut off on the coordinate axes by

the line ax + by +8 =0 are equal in length but opposite in signs to those
cut off by the line 2x — 3y + 6 =0 on the axes?

Sol. Given equation of line ax + by +8=0
y
— 4+ _Z_=
- —8 -8
a b
) -8 -8
So, the intercepts are — and —.
a b
and another given equation of line is 2x — 3y + 6 =0.
O i + X =1
-3 2

So, the intercepts are =3 and 2.

According to the question,
8- 3and 8. =2
a b

O a=--,b=4

Q. 10 If the intercept of a line between the coordinate axes is divided by the
point (=5, 4) in the ratio 1 : 2, then find the equation of the line.
@ Thinking Process

The coordinates ofa point which divides the join of (x,,y,) and (x,, y,) in the ratio
Omy X, + my o, myy, + ”’2)’1%

my:my internally is 3

g m+m  m+m 0O
Sol. Letintercept of a line are (h, k).
The coordinates of Aand Bare (h, 0) and (0, k) respectively.
—5= 1x0+2 xh
1+2
O -5= % O+h=-10
_1k+02
and B il
1+2
O k=12

0 A:%%‘E’, oHand B=(0 12)
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Hence, the equation of a line ABis

12-0 15

-0= + =

Y 0+15/2 2§
122 15
O il o i
Y 15 %x 2

O 5y=8x+6008x -5y +60=0

Q. 11 Find the equation of a straight line on which length of perpendicular
from the origin is four units and the line makes an angle of 120° with
the positive direction of X-axis.

® Thinking Process

The equation of the line having normal distance P from the origin and angle & which the
normal makes with the positive direction of X-axis is xcosO + ysind = p. Use this
formula to solve the above problem.

Sol. Given that,

OC =P =4units

OBAX= 120
Let OCOA o, OOCA 99
OBAX=0 COA DO OCA
0 120° = a + 90°
O a = 30°

Now, the equation of required line is
xc0s30° + ysin30° = 4

[exterior angle property]

X'

120°

0 xD\/—é+yEﬂ=4
2 2
| J3x+y=8

Q. 12 Find the equation of one of the sides of an isosceles right angled

triangle whose hypotenuse is given by 3x + 4y =4 and the opposite

vertex of the hypotenuse is (2, 2).

Sol. Let slope of line AC be m and slope of line BC is -3 and let A(2,2)
angle between line AC and BC be 6. 4 £
O + 30 Em +3 g
:D 40 ° =4+ 4
O tan® D] 3m§III tan45° = £ 0—3m0
e g--,-8 45° °
O 40 0 40 B 45\
m+ 3 3x + 4y = 4
. iy . - 4
Taking positive sign, 1 . 3m
4
O m+ § =1 —Sﬂ
4 4
O m + 3£ =1 - E
4 4
O @ = 1 Om= 1
4 4 7
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Taking negative sign,

gm+ -0
1=-p—40 O 1—37m=—m—§
h-3Mp 4 4
] 4 U
O m—37m:—‘]—§
4 4
O m:iDm:—7
4 4

1
-2=—(x -2
y 7( )
O 7y-14=x -2
O x-7y+12=0

and equation of side ABhaving slope (- 7)is

y=-2=-7(x -2)
0 y-2=-7x +14
O 7x +y—-16=0

Long Answer Type Questions

Q. 13 If the equation of the base of an equilateral triangle is x + y =2 and the

vertex is (2, —1), then find the length of the side of the triangle.

® Thinking Process

Find the length of perpendicular (p) from (2, =1) to the line and use p = Isin 60° where [
is the length of the side of the triange.

Sol. Given that, equilateral AABC having equation of base is A2-1)

x+y=2
In AABD, sin60° = AD

AB
O AD = ABsin60° = ABﬁ .

2 860 D 60N -
+y=2
AD:AB%? ) T

Now, the length of perpendicular from (2, =1) to the line x + y =2 is given by

O
AD :l:éa + (_1) -2 = i

i
oVP+r g 2
1 NE
___=AB%
V2 2

AB=\E
3

From Eq. (i),
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Q. 14 A variable line passes through a fixed point P. The algebraic sum of the
perpendiculars drawn from the points (2, 0), (0, 2) and (1, 1) on the
line is zero. Find the coordinates of the point P.

@ Thinking Process
Let the slope of the line be m. Then, the equation of the line passing through the fixed
point P(x,,y,) is y—y,=m(x—x,). Taking the algebraic sum of perpendicular
distances equal to zero, we get y ;=1=m (x,=1). Thus, (x, y;)is (1, 7).

Sol. Let slope of the line be mand the coordinates of fixed point P are (x;, y;).
O Equationoflineisy -y, =m(x —x,) ()
Since, the given points are A(2, 0), B (0, 2) and C(1, 1).
Now, perpendicular distance from A, is
O-y,—-m@2 -x,)

1+m

Perpendicular distance from B, is

1+m

Now, Yy m2mAmxy +2 -y, +mx; +1 -y —m +mxy -0
1+ m?

0 - 3y 3m 3mxy F 0

O -y m mxy ¥ 0

Since, (1, 1) lies on this line. So, the point Pis (1, 1).

Q. 15 In what direction should a line be drawn through the point (1, 2), so
that its point of intersection with the line x + y =4 is at a distance 3

from the given point?

Sol. Let slope of the line be m. As, the line passes through the point A (1, 2).
0 Equationoflineisy -2 =m(x —1)

mx—-y+2-m=0 ()
and x+y—-4=0
X _ y - 1
4-2+m) 2-m+4m 1+m
0 x _ y _ 1
2+m 3m+2 1+m
O x=2+m
1+m
_3m+2
1+m

So, the point of intersection is BM, Sm+2 4
Onm+1 m+10
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_%@+2_1E2+E8m+2_ f

Now, AB? = 20
Om+1 0O Om+1 i
AB=§ [given]
. +2-m-1ff  Bm+2-2m-20f_6
O m+1 o 0O m+1 0o 9
01 d omd
O O0—0 +BL|:|:§
On+10 Om+10 9
O 1+m2 :§
(1+mP 9
O %:9
1+m? +2m 9
] 9+9m° =6 +6m> +12m
O 3m?> -12m+3=0
] m -4m+1=0
- _4x.[l6-4
2
=2++3
=2 +./30r2-4/3
O 8 =75°0r 15°

Q. 16 A straight line moves so that the sum of the reciprocals of its intercepts
made on axes is constant. Show that the line passes through a fixed
point.

@ Thinking Process

Ifaline is Y =1 Wherel +1 =constant 21(501,\/)4 This implies thatE + K =10 line
a b a b k a b

passes through the fixed point (k, k).

Sol. Since, the intercept form of a line is £ + % =1
a
Given that, 1 + 1 =constant =1
a b k
1121
a b k
| 5 + 5 =1
a b

So, (k, k) lieson® + Y =1,
a b

Hence, the line passes through the fixed point.



186 NCERT Exemplar (Class X|) Solutions

Q. 17 Find the equation of the line which passes through the point (=4, 3)

and the portion of the line intercepted between the axes is divided
internally in the ratio 5 : 3 by this point.

® Thinking Process

If the point (h, k) divides the join of A (x,, y;) and B(x,, y,) internally,, in the ratio m,: m,.
Then, first of all find the coordinates of A and B using section formula for internal

o MyXy M, % _ my, +m ; j
division i.e,h = s k= V2 Z’VT Then, find the equation of required
m,+m, m,+ m,

line.

Sol. Since, the line intersects X and Y-axes respectively at A(x, 0)and B(0, y).

Y
©0.Y)
B
3
N
\
X
A (x0)
_4:5><0+3x
5+3
O —4:37x[|x:;32
8 3
and 3=75|]y+3[0
5+ 3
O 3:&Dy:%
8 5

Since, the intercept on the X and Y-axes respectively are a = iSZ and b = %4

00 Equation of required line is

x LYy
~32/3 24/5
O 8x L, Yy
2 o4
0 ~9x +20y =96
O Ox — 20y + 96 =0

Q. 18 Find the equations of the lines through the point of intersection of the
lines x —y +1=0 and 2x —3y +5 =0 and whose distance from the

. .7
point (3, 2) is o
Sol. Given equation of lines x—y+1=0 (D)

and 2x —-3y+5=0 ()]
From Eq. (i), x=y-1
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Now, put the value of x in Eq. (i), we get
2(y-1)-8y+5=0

O 2y-2-3y+5=0
O 3-y=00y=3
y =3putin Eq. (i), we get
x =2
Since, the point of intersection is (2, 3).
Let slope of the required line be m.
O Equation of line is y-3=m(x -2)
O mx —y+3-2m =0 (i)

Since, the distance from (3, 2) to line (iii) is %

7 _Bm-2+3-2m0

U O—F—0
S g J1+m g
O igz(m+1)2
25 1+ m?
| 49 + 49m° =25(m° +2m +1)
0 49 + 49m? =25m? + 50m +25
O 24m? - 50m + 24 =0
O 12m? =25m+12 =0
25+ /625 - 40202
O m=
24
_25%49 _25%7_32 18_4 3
24 24 24 24 3 4
O First equation of a line is y—-3= g(x -2)
O 3y-9=4x -8
O 4x -3y +1=0

and second equation of lineis  y-3= g(x -2)
d 4y-12=3x -6
O 3x -4y +6=0
Q. 19 If the sum of the distance of a moving point in a plane from the axes is
1, then find the locus of the point.
@ Thinking Process

Given that | x| + |y| =1 which gives four sides of a square.

Sol. Let the coordinates of moving point P be (x, y). Y
Given that, the sum of distances of this point in a plane from
the axes is 1. BF—5—P(x, y)
0 x| +[y] =1 y
a txxy=1 X 0 7 X
0O x+y=1
0 —x -y =1
O -x +y=1
g x-y=1 v

So, these equations give us locus of the point which is a
square.
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Q. 20P, and P, are points on either of the two lines y —x/§|x| =2 at
a distance of 5 units from their point of intersection. Find the
coordinates of the foot of perpendiculars drawn from P,, P, on the
bisector of the angle between the given lines.

® Thinking Process
Lines arey = Br+2 andy=— Bx+2 according as x 2 0 or x < 0. Y-axis is the bisector
of the angles between the lines. P, , B, are the points on these lines at a distance of 5 units

from the point of intersection of these lines which have a point on Y-axis as common
foot of perpendiculars drawn from these points. The y-coordinate of the foot of the

perpendiculars is given by 2 +5cos30°

Sol. Given equation of lines are y = J3x =2 [-x=0]
and y++/3x =2 [-x<0]
y=+3x +2 ()
and y=-+/3x +2 (i)
0O J3x +2=-/3x +2
| 23x=00x=0
On putting x = 0in Eq. (i), we get

y=2
Y
D
P; ©,2) P;

30°(30°

% 120°
1 ° 60°
X X
A o B
yl
So, the point of intersection of line (i) and (i) is (0, 2).
Here, oC =2
In ADEC, €D _ cos 30°
CE
O CD =5c0s30°
=5 B\/E
2
O OD:OC+CD:2+5§
So, the coordinates of the foot of perpendiculars are g[) 2+ %ﬁé
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Q. 21 If pis the length of perpendicular from the origin on the line g % =1
a

and a?, p? and b? are in AP, the show thata* + b* =0.

Sol. Given equation of line is,
x + X =1

= (i
275 (i)
Perpendicular length from the origin on the line (i) is given by p
. ab
Le., p= =
\/1 + 1 \/82 + b2
a® b?
0 2 _ 82b2
82 + b2
Given that, a2, p? and b2 are in AP.
O 2p® =a® + b
2,2
O LA _ g2y p?
aZ + b2
o 2a°b® = (a° + b®)
0 2a° + b? =a* + b* +2a%p?
O a'+b*=0

Objective Type Questions

Q. 22 A line cutting off intercept —3 from the Y-axis and the tangent at angle
to the X-axis is o its equation is

(@ 5y —3x+15 =0 (b)3y =5x +15 =0
(c)5y —3x =15 =0 (d) None of the above
Sol. (@) Given that, c=-3 and ng
O Equation of the lineis y =mx +c¢
y=§x—3
5
O 5y =8x —-15
O 5y—-3x+15=0

Q. 23 Slope of a line which cuts off intercepts of equal lengths on the axes is

@ -1 (b)0 (02 d~3
Sol. (a) Let equation of line be Xy Yy
a a
O x+y=a
O y=-x+a
ad Required slope = -1
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Q. 24 The equation of the straight line passing through the point (3, 2) and
perpendicular to the line y = xis

(@x-y=5 (b)x +y =5 (Qx+y=1 (d)x -y =1
Sol. (b) Since, line passes through the point (3, 2) and perpendicular to the line y = «.
Slope (my=-1[since, line is perpendicular to the line y = x]
O Equation of line which passes through (3,2) is
y-2=-1(x -3)
O y-2=-x+3
O x+y=5

Q. 25 The equation of the line passing through the point (1, 2) and
perpendicular to the linex+y +1=01s
@y-x+1=0 b)y-x-1=0
(©y-x+2=0 (d)y-x-2=0
Sol. (b) Given pointis (1, 2) and slope of the required line is 1.
cx+y+1=00F- » O m- 11

0 slope of the line = iy 1

0 Equation of required line is

y-2=1(x -1
O y-2=x -1
O y-x-1=0

Q. 26 The tangent of angle between the lines whose intercepts on the axes are
a, —b and b, —a respectively, is

2 _ 12 2_ 2 2_ 2
-b b* - b* -
(a) a (b) a (© a (d) None of these
ab 2 2ab
Sol. (¢) Since, intercepts on the axes are a, —b then equation of the line is £ - Y=y
O X =X _ 1 a b
b a
a y= bx _ b
a
So, the lope of this line i.e., m, = b
a

f-X:1
b a
O X:f—‘]D y==x-a
a b
and slope of this line i.e., m, =%
b a b2 - a2
- p2 — g2
g tang=_a b -_ab -
1+§|:£ 2 2ab
b a
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Q. 27 If the line ~ + % =1 passes through the points (2, —3) and (4, —5), then
a

(a, b) is
@1, 1 (b) =1, 1) (©1,-1) d(=1-1)

Sol. (d) Given, lineis® + ¥ =1
a b

Since, the points (2, =3) and (4, —5) lies on this line.

g g - E =1
a b
and 4_5 =1
a b
On multiplying by 2 in Eq. (ii) and then subtracting Eq. (iii) from Eq. (i), we get
6,5 _
-~ + = _1
b b
O 1oy
b
O b=-1
On putting b = =1in Eq. (i), we get
g +3=1
a
O 2=_20a=-1
a
O (ab)=(-1-1

(i)
... (i)

Q. 28 The distance of the point of intersection of the lines 2x — 3y +5 =0 and

3x + 4y =0 from the line 5x — 2y =0is

(@ 132 () 12
1729 7429
(© 130 (d) None of these

7
@ Thinking Process

First of all find the point of intersection of the given first two lines, then get the
perpendicular distance from this point to the third line. Using formula i.e, distance of a

ax,+by,+¢
point (x,, y,) from the line ax+by +c =0isd =\1/%.
a +b

Sol. (a) Given equation of lines
2x -3y +5=0
and 3x + 4y =0

From Eq. (i), put the value of x = %4)/ in Eq. (i), we get

2@'%@—3)“5:0

O - 8y 9 15 0
15

O =15
T
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From Eq. (i), 3x + 4 [%’ =0
O x = - 60 :ﬂ
17B 17
. . L 20 15
So, the point of intersection is Q; —=
P 17 17

O Required distance from the line 5x -2y = 0is,

5% o5 [-100_%0
17 78_ 117  17/_ 130

25+ 4 29 17429

Q
1

-~ distance of a point p(x,, y;) from the line ax + by + ¢ =0isd

moO

inclined at 60° to the line /3x + y =1is
@y+2=0,4/3x-y-2-343 =0
(b)x —2=0,/3x—y +2 +3+/3 =0
©~Bx-y-2-34J3 =0
(d) None of the above
Sol. (@) So, the given point Aiis (3, —2).
So, the equation of line +/3x + y = 1.

0
_lax, + by, +c|D

Ja® + b H

Q. 29 The equation of the lines which pass through the point (3, -2

) and are

g y=-3x +1
O Slope, m, = -+/3
Let slope of the required line be m,.
O tan® = V3 -m,{] o tang =T "M B
SUENELYS g T+ m my|g
0 tan60° = + Y3 ~ M2 0
01-.3m, 0
O V3= @%E [taking positive sign]
O J3-3m, =-43 -m,
O 243 =2m,
O m, = /3
O Equation of line passing through (3, —2)is
y+2 =43 -3)
y—+3x +2 +3J3 =0
O J3x-y-2-3/3=0 (D)
[ taking negative sign from Eq. (i)]
0 J3-3m, =43 +m,
O m, =0
0 The equation of lineis y+2 =0(x —-3)
O y+2=0 - (if)

So, the required equation of lines are /3 x — y =2 =3J3 =0and y +2 =0.
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Q. 30 The equations of the lines passing through the point (1, 0) and at a

. 3 -
distance > from the origin, are

V3x +y =43 =0,43x -y =43 =0
V3x+y ++/3=0,43x -y ++3 =0
x+3y =3 =0,x -3y =43 =0

None of the above

=

a
b
c
d

=

(
(
(
(

= <

Sol. (a) Let slope of the line be m.
Equation of line passing through (1, 0) is
y=-0=m(x —-1)
O y—-—mx +m=0 ()

Since, the distance from origin is ?

3_0-0+m
Then, N Y YT
2 1+
O 73 = m
2 1+ m?
2
O § = m
4 1+ P
O 3+ 3m? =4m?
O m? =3
0 m==+43
So, the first equation of line is
y =3 -1
O J3x-y-+3=0
and the second equation of line is
y=-3x -1
O V3x + y—4/3=0
Q. 31 The distance between the lines y =mx +c, and y = mx +c, is
G -6 & -6l
(a) (b)
Jm? +1 AT+ m?
c,—C
(€) —— (o
AT+ m
Sol. (b) Given, equation of the lines are
y=mx +c, ()
and y=mx +C, (i)
[ Distance between them is given by
d= |C1 _C2|

1+ m?
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Q. 32 The coordinates of the foot of perpendiculars from the point (2, 3) on
the line y = 3x + 4 is given by

7 -1 1 37 0 1
(a)%,ﬁﬁ o > (c>§3—7, 108 (d)%, g%

Sol. (b) Given, equation of the line is

y=3x + 4 )
O Slope of this line, m; =3
So, the slope of line OP is —%. [+ OP 0 AB]
[(2 3)
A y=3x+4 P B

OEquation of line OP is

1
y-3= g(x 2)
ad 3y-9=-x+2
O x+3y-11=0 (i)
Using the value of y from Eq. (i) in Eq. (i), we get
x+3@Bx+4)-11=0
O x+ 9% +12 -11=0

0 10x+1=00x=-
10

-1, )
Putx = —in Eq. (i), we get
10 . (i), we g

y:;3+4:_3+402£

10 10 10
. . 1 37
So, the foot of perpendicular is -—, =—
perp %10 10

Q. 33 If the coordinates of the middle point of the portion of a line
intercepted between the coordinate axes is (3, 2), then the equation of
the line will be

(@) 2x + 3y =12 (b)3x + 2y =12 (c) 4x —3y =6 (d)5x —2y =10

Sol. (a) Since, the coordinates of the middle point are P(3, 2). Y
- 4= 1D+ 10k B(0, b)
1+1 1
O 3=20a=6 Pe.a
2 1
Similarly, b=4 X X
O Equation of the line is % + % =1 . @, 0)

0 2x + 3y =12
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Q. 34 Equation of the line passing through (1, 2) and parallel to the line

y =3x—1is
@y+2=x+1 (b)y +2=3(x +1)
@y -2=3(x-1) (dy-2=x-1
Sol. (¢) Since, the line passes through (1, 2) and parallel to the line y = 3x — 1.
So, slope of the required linem = 3. [ slope of y = 3x—1is 3]
Hence, the equation of line is
y-2=3(x -1

Q. 35 Equations of diagonals of the square formed by the lines
x=0,y=0,x=1andy =1are

(a)y:x,y+x:1 (b)y:x,x+y:2
(c)2y=x/y+x=% d)y =2x,y + 2x =1
Sol. (a) Equation of OBis C
1-0
-0=——(x-0 _
y w9 onky=1_|ea.n
O y=x x=0 x=1
and equation of AC is
0 1—0( n ol y=0 |A(1,0
~-0= ¥ -
Y 0-1 0.0
O y=-x+1
0 x+y—1:0

Q. 36 For specifying a straight line, how many geometrical parameters should

be known?
@1 (b) 2 (04 d3
Sol. (b) Equation of straight lines are
y =mx +cC, parameter = 2 ()
XYooy , parameter = 2 ()]
a b
Y=y, =m(x —x,), parameter = 2 - (il
and xXCOSW + ysinw = p, parameter = 2 . (iv)

It is clear that from Egs. (i), (ii), (iii) and (iv), for specifying a straight line clearly two
parameters should be known.

Q. 37 The point (4, 1) undergoes the following two successive transformations
(i) Reflection about the line y = x

(ii) Translation through a distance 2 units along the positive X-axis.

Then, the final coordinates of the point are
(a) (4, 3)

b) (3, 4)

7

1,4 z
©@,4) o &, 25
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Sol. (b) Letthe reflection of A(4, 1) iny =xis B (h, k).
Now, mid-point of AB'is %‘% L K@wmch liesony =x.

4+h _1+k

ie., - —=_ _"Oh-k=-
2 2
So, the slope of line y = xis 1.
O SIopeofAB=h_4
k-1
0 1[%;‘%:_1
Ok -10
O h-4=1-k
O h+ k=5
and h-k=-3
2h=20h =1

On putting h = 1in Eq. (ii), we get

So, the pointis (1, 4).

-3

Hence, after translation the pointis (1 + 2, 4) or (3, 4).

(i)

Q. 38 A point equidistant from the lines 4x + 3y +10 =0, 5x — 12y +26 =0

and 7x+ 24y —50 =0 s
@(1, =1) (b)(1, 1) (0) (0, 0)

Sol. (c) The given equation of lines are

d©, 1

4x + 3y +10=0
O 5x =12y +26 =0
O 7x +24y -50 =0
Let the point (h, k) which is equidistant from these lines.
\4h + 3k + 10\
Distance from line (i
J16+9
\Sh - 12k + 26\
Distance from line (ii) =
25 + 144

)= [7h + 24 50|

72 + 247

Distance from the line (i

So, the point (h, k) is equidistant from lines (i), (i) and (iii).

4h + 3k+10_5h—12k+26:7h+24k—50

....(ii)
... (il

O =
J16+ 9 25+ 144 /49 + 576
0 \4h+3k+10\_\5h—12k+26\_\7h+24k—50\
5 13 25

Clearly,ifh=0k = Othen% 26_5_

13 25
Hence, the required pointis (0, 0).
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Q. 39 A line passes through (2, 2) and is perpendicular to the line 3x + y =3.
Its y-intercept is

- b
(a)3 (b)

® Thinking Process

(©1 (d)

-
[SSH Y
[SSHINN

First of all find the equation of required line using the formulae. ie, y —y,=m(x —x,)
then put x =0 to get y-intercept.

Sol. (d) Givenlineisy=3 - 3x.
Then, slope of the required line = 1

3
Equation of the required line is

]

-2=—(x -2

y 3( )

O 3y-6=x -2

O x-3y+4=0
For y-intercept, put x =0,
0-38y+4=0
4
O =
Y 3

Q. 40 The ratio in which the line 3x + 4y + 2 =0 divides the distance between
the lines3x+ 4y +5=0and3x +4y —5=01s

(@1:2 (b)3:7 (©2:3 (d)2:5
Sol. (b) Let point A(x;,y,)lies on the line 3x + 4y + 5 =0, then 3x, + 4y, +5=0
3x+4y +5=0
A
pl3xtdy+2=0
]
1
B
3x+4y-5=0
Now, perpendicular distance from Ato the line
3x+4y+2 =0

‘3x1+4y1 +2‘:‘_5_2| _-7
J9+16 Jo+16 5

O

Let point B(x,, y,)lies on the line 3x + 4y =5 =0 i.e, 3x, + 4y, -5 =0.
Now, perpendicular distance from Bto the line 3x + 4y +2 =0,
|3x, + 4y, +2| _[+5-2[_3
J9+16 Jo+16 5

Hence, the required ratio is g : g ie,3:7.
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Q.41

Sol. (¢)
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One vertex of the equilateral triangle with centroid at the origin and one
sideasx+y —2=0is
@ (=1 -1) (b) (2, 2)
© (=2,-2) d (2,-2
L] Thmkmg Process
Let ABC be the equilateral triangle with vertex A(h, k) and D (@, 3) be the point on BC.

20+h _ _2[3+/<

-oQd
Then, —— .Also,a +3 =2 =0and %—ODEG—D =-
Ch-o0

Let ABC be the equilateral triangle with vertex A(h, k).
Let the coordinates of D are (a, B).
A, k)
12
iG
(0 0)
:1
B [ c
D
(@ b)
x+y-2=0
We know that, 2 : 1from the vertex A.
g O=2a+hand 0=728+k
ad 20 =-h
and 2B =-k ()
Also, D(a,B)liesonthelinex + y =2 =0.
O a+B- 2= 0 (i)
AD OBC
Since, the slope of line BC i.e., mge = -1
_k-0_k
and slope of the line AGie., my; = ——=—
P ““h-0 n
: -
O h=k ... (iii)

From Egs. (i) and (iii),
2a=-hand2B=-h

0 a=p
From Eq. (ii), 20-2=0 Ua= 1
Ifa =1 thenp =1

FromEq. (i), h=-2,k=-2
So, the vertex A is (=2, —2).
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Fillers

Q. 42 Ifa, b and ¢ are in AP, then the straight lines ax + by +c¢ =0 will always
pass through ......... .

® Thinking Process
Ifa band care in AP, then2b =a + c. Use this property to solve the above problem.

Sol. Givenlineis ax +by+c =0 ()
Since, a, b andc are in AP, then
_a+c
b=
2

0 a-2b+c =0 (i)
On comparing Egs.(i) and (i), we get

x=1y=2 [using value of b in Eq. (i)]

So, (1, —2) lies on the line.

Q. 43 The line which cuts off equal intercept from the axes and pass through
the point (1, =2) is ......... .

Sol. Let equation of line is
Loty 00
a a

Since, this line passes through (1, =2).

O 1-
0 Required equation of the line is

-x -y =1
O x+y+1=0

Q. 44 Equation of the line through thes point (3, 2) and making an angle of
45° with the line x — 2y =3are ......... .

Sol. Since, the given point P(3,2)and lineis x =2y =3,
Slope of this line is m; = %

Let the slope of the required line is m.

O0,-10
Then, tan® = 2 -
1
o 2 0O
0 10
[rn—gu .
O 1=t p3—=Q [-tan45°=1] ... (i)
o+ 70
0 oU
Taking positive sign,
m _ 1
1+ —=m—-——
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0 m-T=14]
2 2
O ﬂ:gmm:(;
2 2
Taking negative sign,
0 10
Ijn_gD
1_—[{7mD
h+ =0
o -0
0 1+m=—m+l
2 2
O m+m:1—1
2 2
O @:jmm:j
2 2 3
0 First equation of the line is
y—-2=3(x -3
ad 3x-y-7=0

and second equation of the line is
1
-2=-—(x -9
Y 3

O 3y-6=-x+3
0 x+3y-9=0
Q. 45 The points (3, 4) and (2, —6) are situated on the ......... of the line
3x -4y -8 =0.
Sol. Givenlineis 3x —4y-8=0 ()
For point (3, 4), 9-4[#4-8
O 9-16-8
O 9-24
0 -15<0 ()
For point (2, -6),
6+24-8
22>0 (i)

Since, the value are of opposite sign.
Hence, the points (3, 4) and (2, —6) lies on opposite side to the line.

Q. 46 A point moves so that square of its distance from the point (3, —2) is
numerically equal to its distance from the line 5x — 12y =3. The
equation of its locus is ......... .

Sol. Let the coordinaters of the point are (h, k),
0 Distance between (3, —2)and (h, k),

d? =3 -hy +(2 -k? (i)

Now, distance of the point (h, k) from the line 5x — 12y = 3is,

[bh — 12k - &_rph - 12k - 3

025+144 o O

o (i)
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Given that, d? =d,

q (S_h)2+(2+k)2:5h—12k—3
13

O 9-6h+h +4+4k +K =75h_1§k_3

O h2+k2—6h+4k+13:75h_1ik_3

] 13h? + 13k® —78h + 52k +169 =5h -12k -3

O 13h% + 13k% - 83h + 64k +172 =0

0 Locus of this point is
13x2 + 13y — 83x + 64y +172 =0

Q. 47 Locus of the mid-points of

xsin@ + y cosO = p intercepted between the axes is

Sol. Given equation of the line is

xsin® + ycos B =p

Let the mid-point of ABis p (h, k).

20

So, the mid-point of AB are % g%
Since, the point (g, 0) lies on the line (i), then
asin@+0=p
O asine=pUa=
and the point (0, b) also lies on the line, then
0+ bcosb=p
O bcosO=p0Ob=—"—

the portion of the line
Y
B(0, b)
b P(h,k)
P X X
sin® a A
y @0
P
cosH

Now, mid-point of AB = % Qﬁor @EL, p
2 sin® 2cos6

P —ho sine=P
2h

2sinB
and _ P —kDcose=F
2cos 6 2k
2 2
O sin?@ +cos?@8=P_ + P_
4h? 4k°
2

_p gt
. =58

Locus of the mid-point is

[

4=p?

ol

O 4x%y% = pP(x® +

+ki2§

1
2

[ [

y
%8

1
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True/False

Q. 48 If the vertices of a triangle have integral coordinates, then the triangle
cannot be equilateral.

Sol. True

We know that, if the vertices of a triangle have integral coordinates, then the triangle cannot
be equilateral. Hence, the given statement is true.

Since, in equilatteral triangle, we get tan 60°= \/37 = Slope of the line, so with integral
coordinates as vertices, the triangle cannot be equilateral.

Q. 49 The points A(-2, 1), B(0, 5) and C(-1, 2) are collinear.

Sol. False

Given points are A (=2, 1), B(0, 5) and C(1, 2).

Now, slope of AB = 5-1.5
0+2

Slope of Bc=275 =3
-1-0

Slope of Ac=2"1 =4
-1+2

Since, the slopes are different.
Hence, A, Band C are not collinear. So, statement is false.

Q. 50 Equation of the line passing through the point (acos®8, asin’®)
and perpendicular to the line xsec®+y cosec @ =a s
xc0sO — ysin@ =asin26.

Sol. False
Given point p (acos®6, asin®6) and the line is xsec 6 + ycosec® =a
Slope of this line = —5°°© = _tang
cosecH
and slope of required line = =cot@
tan 6

0 Equation of the required line is
y — asin®6 =cotB (x —acos® )
O ysin® - asin*® = xcos 8 —acos* 8
O xcos B — ysin 8 = acos* B —asin* 0
O xcos 0 - ysinB =a[(cos®B + sin® B)(cos? B - sin® 0)]
O xcos 0 — ysin 8 = acos? 8
Hence, the given statement is false.
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Q. 51 The straight line 5x + 4y =0 passes through the point of intersection of

Sol.

the straight lines x + 2y —10 =0 and 2x+ y +5 =0.

True
Given that, x+2y-10=0 (i)
and 2x+y+5=0 (i)
From Eq. (i), put the value of x =10 —2yin Eq. (i), we get
20-4y+y+5=0
O 20-3y+5=0
25
0 ==Y
y 3
0 x+%o 10=0 [using Eq. ()]
O x+@:ODx:ﬂ
3 3

So, the point of intersection is %2—; %

If the line 5x + 4y = 0 passes through the point @»20 25

5@@ 5 —100 %_o

So, this point lies on the given line.
Hence, the statement is true.

% then this point should lie on this

line.

Q. 52 The vertex of an equilateral triangle is (2, 3) and the equation of the

Sol.

opposite side is x+y =2. Then, the other two sides are
y-3=Q2%3)(x -2).

True A2, 3)
Let ABC be an equilateral triangle with vertex A(2, 3), \
and equation of BCisx + y =2./.e,, slope = — 1. 60

Let slope of line ABis m.
Since, the angle between line ABand BC is 60°.

0 taneo° =87+ H o 460" 60

ol - m xty=2

a 3=+ " 1% [taking positive sign]
O -m0O
| NJ3-J3m=m+1
O J3-1=m++/3m
g J3-1=m(1 +4/3)
. _WB-)(3-1)
3+ )3 -1)
_3+1-2J3_4- 2@_2_5
3-1 2
Similarly, slope of AB=2 + /3 [taking negative sign]
O Equation of other two side is
y-3=(2 +/3)(x -2)
Hence, the statement is true.
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Q. 53 The equation of the line joining the point (3, 5) to the point of
intersection of the lines 4x+y —-1=0 and 7x -3y —35=0 is
equidistant from the points (0, 0) and (8, 34).

@ Thinking Process
Equation of a line passing through the points (x, , y,) and (x, , y, ) s

_VaTYs
yon= (x=2x,).
Xy Xy
Sol. True
Given equation of lines are
dx+y-1=0 ()
and 7x -3y -35=0 ()]

From Eq. (i), on putting y =1 - 4x in Eq. (i), we get
7x -3+12x =35=0
O 19x -38=00x =2
On putting x =2in Eq. (i), we get
8+y-1=00y=-7
Now, the equation of a line passing through (3, 5) and (2, =7) is
-7-5

-5= x -3
y sy ® 9
O y=-5=12(x - 9)
O 12x -y -31=0 (i)
Distance from (0, 0) to the line (iii),
_ |=31 31

O Distance from (8, 34) to the line (iii),
_[96-34-31 _ 31
2" s i
dy=d,

Hence, the statement is true.

. . 1 1 1 .
Q. 54 The line * + Y =1 moves in such a way that — + — = —, wherecis a
a b aZ bZ CZ
constant. The locus of the foot of the perpendicular from the origin on

the given line is x® + y? =c2.

Sol. True
Given that, equation of line is
L N
PR (i)
Equation of line passing through origin and perpendicular to line (i) is
X Yoo (i)
b a

Now, foot of perpendicular is the point of intersection of lines (i) and (ii). To find its locus we
have to eliminate the variable a and b.
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On squaring and adding Egs. (i) and (i), we get

2

2
®2 LY 2y af Ly 2ay
a® b> ab b? & ab

>0O1 1 >01 10_

. et R P e
2

O x +L:1

O

mata
9|
%=
=
o

Hence, the statement is true.

Q. 55 The lines ax+2y +1=0, bx+3y+1=0 and cx+4y+1=0 are
concurrent, if a, b and ¢ are in GP.
@ Thinking Process

First of all find the intersection point of first two line. Then, if the lines are concurrent
then this point should lies on the third line.

Sol. False
Given lines are
ax+2y+1=0 (D)

and bx +3y+1=0 (i
From Eq. (i), on putting y = _aqu in Eq. (ii), we get

bx—g(ax+1)+1 =0
O 2bx -3ax -3+2 =0
0 x@b-3a)=10x=_

2b - 3a

Now, using x = L in Eq. (i), we get
2b - 3a

a

+2y+1=0
2b - 3a y
0 2y:_Da+2b—3aE|
H2b-3a 1
0 2y:—(2b—2a)
2b - 3a
0 y= (@-b)
2b - 3a

So, the point of intersection is %17 a-b E
[Pb-3a 2b-3al

Since, this point lies oncx + 4y + 1 =0, then
c  ,4@-b
2b-3a 2b-3a

O c+4a-4b+2b -3a =0
0 2b+a+c =00 2b=a+c

Hence, the given statement is false.

+1=0
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Q. 56 Line joining the points (3, —4) and (-2, 6) is perpendicular to the line
joining the points (-3, 6) and (9, —18).

Sol. False
Given points are A(3, —4), B(-2, 6), P(-3, 6)and Q(9, —18).
Now, slope of AB = 6+4 -2
-2 -3
and slope of PQ = —18-6_ -2
9+ 3
So, line ABis parallel to line PQ.
Matching The Columns
Q. 57 Match the following.
Column| Columnll

(i) The coordinates of the points P and Q on
the linex+ 5y =13 which are at a
distance of 2 units from the line
12x=5y +26 =0are

(i) The coordinates of the point on the line 111 7
x+ y =4, which are at a unit distance ) @‘ Q@i
from the line4x + 3y =10 =0 are

(i) The coordinates of the point on the line 12 16
joining A(=2, 5) and B(3, 1) such that o) Q @ E‘i @
AP =PQ =QB are

Sol. (i) Let the coordinate of point P(x;, y;) on the line x + 5y =13i.e.,
P(13 = 5y, y).
0 Distance of P from the line 12x — 5y + 26 =0,

5 :B|2(13 - 5y,) — 5y, +2BH

0 J144 +25 0
0 o - 4 15660y, — 5y, +26
13
- 65y - 156 [taking positive sign]
156 _12
65 5
xy =13 - by,
=13-12 =1

So, the coordinate of is P%& %@

Similarly, the coordinates of Q are %S, % [taking negative sign]
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(i) Let coordinates of the point on the line x + y = 4be (4 -y, y;).
Distance from the line 4x + 3y =10 =0.
1:B4(4— ¥) + 3y, —1OH
o J16+9 ¢
_— 16 — 4y, + 3y, —10

O 1

5
O 5=6-y
O ¥y =1

Ify, =1 thenx, =3
So, the point is (3, 1).
Similarly, taking negative sign the point is (=7, 11).
(iii) Given point A (=2, 5) and B (3, 1).
(-2, 5) @1

B
A 3 Q

(X4, Y1) (X, ¥2)

Now, the point P divides line joining the point Aand Bin 1 : 2.
_1B+2(2)_3-4_-1

1

1+2 3 3
and yW:M:H
1+2 3

So, the coordinates of P are % %%

Thus, the point Q divided the line joining Ato Bin 2 : 1.
. = 2B+1(2)_4

2 =

2+1 3
and 1% :M:Z
27 241 3

Hence, the coordinates of Q are % %%

Hence, the correct matches are (i) — (c), (i) - (@), (iii)) - (b).

207

[taking negative sign]

Q. 58 The value of the A, if the lines (2 + 3y +4) + A(6x — y +12) =0 are

Column| Columnll
3
() parallel to Y-axis is @ A= ~
) ) 1
(i) perpendicularto7x+ y —4 =0is by A :—g
17
(i) passes through (1, 2) is ©) A= ——]
(iv) parallel to X-axis is d A=3

Sol. (i) Given equation of the line is

(2x+3y+4)+ A6x -y +12) =0
If line is parallel to Y-axis i.e., it is perpendicular to X-axis
O Slope = m =tan90° = «
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Fromline (i), x@2 + 6A)+ (3= A)+ 4+12A =0

and slope =—e+6N
3-A
0 2 -6A_
3-A
O 276 _1p- 3
3-A 0
(ii) If the line (i) is perpendicular to the line7x + y —4 =0ory=-7x + 4
-@+ 6)\)(_7) -1
B-A)
O 14+ 42N=-3 + A
O 4N =-17
O A=-17
41
(iii) If the line (i) passes through the point (1, 2).
Then, @+6+4)+N6-2+12)=0
0 12+16A=00A= -3
4
(iv) If the line is parallel to X-axis the slope = 0.
Then, —@+ 6N _ 0
3-A
0 —@e+6N)=0 O )\:—%

So, the correct matches are (i) - (d), (i) » (c), (i) - (a), (iv) - (b).

Q. 59 The equation of the line through the intersection of the Llines
2x —3y =0and 4x -5y =2and

Column| Column|l
() through the point (2, 1) is (@ 2x-y=4
(i) perpendiculartothelinex+2y+1=0 | (b) x+y-5=0
(i) parallel totheline3x—=4y +5=01is (@ x-y-1=0
(iv)  equally inclined to the axes is (d) 3x—4y-1=0
Sol. Given equation of the lines are
2x -3y =0 .0
and 4x — 5y =2 (i)
From Eq. (i), putx = % in Eq. (ii), we get
45@ -5y=2
O 6y — 5y =2
O y=2

Now, put y =2in Eq. (i), we get
x=3
So, the intersection points are (3, 2).
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(i) The equation of the line passes through the point (3, 2) and (2, 1), is

1-2
-2 = x -3
y-2= " x-9
O y—-2=(x-3)
O x-y-1=0

(ii) If the required line is perpendicular to the linex + 2y +1=0
Slope of the required line =2
0 Equation of the line is

y-2=2(x - 3)
O 2x —y—-4=0
(iii) If the required line is parallel to the line 3x — 4y + 5 =0, then the slope of the required
line ==
4
0 Equation of the required line is
3
y-2 —Z(x 3)
O 4y-8=3x -9
0 3x -4y -1=0

(iv) If the line is equally inclined to the X-axis, then
m = *tan45° = +1
0 Equation of the line is

y—-2=-1x -3) [taking negative value]
O y-2=-x+3
| x+y-5=0
So, the correct matches are (a) - (i), (b) - (i), (c) - (iv), (d) - (ii).
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Conic Sections

Short Answer Type Questions

Q. 1 Find the equation of the circle which touches the both axes in first
quadrant and whose radius is a.
Sol. Given that radius of the circle is ai.e., (h, k) = (a, a)

So, the equation of required circle is
(x -a) +(y —a)* =a

x% —2ax +a% +y? -2ay +a% =a?

0
x? + y? —2ax —2ay +a° =0

O

42
Q. 2 Show that the point (x, y) given by x = Lz and y =a(17t2) lies on a
1+t 1+t

circle.
_ 42
2at and _a(l t)_
1+1° 1+12
P24 22 dattt @ttty
(A+t2F  (1+12)
R
(1+12)

X =

Sol. Given points are

1,0
O — (%
22

+y%)
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1 .2 oyt 22 +1
O —xt Ay ==
a® (1+2)
2\2
a iZ(x2+ 2):(1+t2)2
a (1+1%)
O x° + y? = which is a required circle.

Q. 3 If a circle passes through the points (0, 0), (a, 0) and (0, b), then find the
coordinates of its centre.
® Thinking Process

General equation of the circle passing through the origin is 2 + y* +2yx +2fy =0.
Now, satisfied the given points to get the values of gand f. The centre of the circle is

(&=
Sol. Letthe equation of circle is
x% + y? +2gx +2fy =0 . 0)
Since, this circle passes through the points A (0, 0), B (a, 0)and C (0, b).
| a’+2ag =0 . (i)
and b% +2bf=0 .. (i)

From Eq. (i),a+2g =00 ¢ - a/2
From Eq. (ii),b+2f =00 &#—- b/2

Hence, the coordinates of the circle are % g@

Q. 4 Find the equation of the circle which touches X-axis and whose centre is
(1, 2).

Sol. Given that, centre of the circle is (1, 2).

X

YI

. Radius =2
So, the equation of circle is
(x =17 +(y -2 =27

0 x?—2x+1+ 2 —dy +4 =4
x2 =2x+y® —4y +1=0
O 2%+ y? —2x —4y +1=0

|
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Q. 5 If the lines 3x + 4y +4 =0 and 6x —8y —7 =0 are tangents to a circle,
then find the radius of the circle.
® Thinking Process

The distance between two parallel lines ax + by + ¢, =0and ax + by + ¢, =01s given by,

. ¢G—cC .
ie, d=|———2|. Use this formula to solve the above problem.

Sol. Given lines,

3x —4y+4=0 0
6x -8y -7 =0
or 3x —4y-7/2=0 (D)}

It is clear that lines (i) and (ii) parallel.
Now, distance between them i.e.,

8+7
_4+7/2|_| 2 =3/
Jo+16| | 5

[ Distance between these line = Diameter of these circle
[0 Diameter of the circle =3/2
and radius of the circle =3/ 4

Q. 6 Find the equation of a circle which touches both the axes and the line
3x —4y +8 =0 and lies in the third quadrant.

Sol.
3x— 4y+8=0

B

y'

Let a be the radius of the circle. Then, the coordinates of the circle are (-a, —a). Now,
perpendicular distance from C to the line AB = Radius of the circle

d:‘—3a+4a+8 _la+ 8
| Jo+16 | 5 |
ase[PA00
5
Taking positive sign, a=2 ; 8
O 5a=a+8
0O 4a=8Hda=2
Taking negative sign, a=_ 85_ 8
ad S5a=-a-8

O 6a=-80a=-4/3
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But az-4/3
a=2
So, the equation of circle is
(x +2)7 +(y +2f7 =22 [-a=2]
O x2+d4x + 4+ Y2 +4y +4 =4
O x2 + Y2 +4x + 4y +4 =0

Q. 7 If one end of a diameter of the circle x* + y? —4x —6y +11 =0is (3, 4),

then find the coordinates of the other end of the diameter.

® Thinking Process

First of all get the centre of the circle from the given equation, then find the mid-point of
the diameter of the circle.

Sol. Given equation of the circle is

x? + y? —4x -6y +11 =0,
O 2g =-4and2f=-6
So, the centre of the circle is (-g, —f)i.e., (2, 3).
Since, the mid-point of AB is (2, 3).

Then, p=3%%
2
O 4=3+x,
O x =1
and 3=4*n
2
u 6=4+y, Oy 2
So, the coordinates of other end of the diameter will be (1, 2).

Q. 8 Find the equation of the circle having (1, — 2) as its centre and passing

through 3x + y =14, 2x + 5y =18.

Sol. Given that, centre of the circle is (1, = 2) and the circle passing through the lines
3x +y=14
and 2x + 5y =18
From Eq. (i) y =14 - 3x put in Eq. (i), we get
2x + 70 —15x =18
O -18x=-52 0% 4
Now, x = 4 putin Eq. (i), we get
12+y=140y=2
Since, point (4, 2) lie on these lines also lies on the circle.

O Radius of the circle =/ (4 =12 + @ +2)?

=J9+16 =5
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Now, equation of the circle is

(x =17 +(y +2f =5
| x%2-2x +1+y? +4y +4 =25
| x2 + y?—2x + 4y -20 =0

Q. 9 If the line y =+/3x +k touches the circle x® + y? =16, then find the
value of k.

Sol. Given equation of circle,

OJRadius =4 and centre =(0, 0)
Now, perpendicular from (0, 0) to line y = +/3 x + k = Radius of the circle

0-0+k| _
J3+1
Since the distance from the point (m, n) to the line Ax + By + k =0isd = %‘
+
0 + K-y
2
O k=+%38

Q. 10Find the equation of a circle concentric with the circle
x? + y? —6x +12y +15 =0 and has double of its area.

Sol. Given equation of the circle is

x%+y? —6x +12y +15 =0 (i)
a 2g=-60g=-3
2f=120f=6
and c=15
O Centre =(-g, - 1) =(3, -6)
So, the centre of the required circle will be (3, - 6). [since, the circles are concentric]

Radius of the given circle
- g2 + f2 —c
=.,/9+36-15 =30
Let radius of the required circle =r,
O 2 x Area of the given circle = Area of the required circle
0 2 [M(W/30F] =mf
0 60 =1’
0 r, =60
O Jg? + 2 —c =60
O 9+ 36 -c =60
O c=-15
So, the required equation of circle is x® + y? — 6x + 12y =15 =0.
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Q. 11 If the latusrectum of an ellipse is equal to half of minor axis, then find

its eccentricity.

2 2

Sol. Consider the equation of the ellipse is % + =1,
a

O Length of major axis =2a
Length of minor axis =2b

and length of latusrectum = 2b”

Given that,

0

We know that,

O

b2

2b% _2b

a 2
a=2b0k a/2
b? =a%(1-e?)

a _ .2 2
I—a (1-e9)
1-g2 =1
4
32:1—1
4
_ 3: 3
4 2

Q. 12 If the ellipse with equation 9x® + 25y? =225, then find the eccentricity

and foci.
@ Thinking Process

Find the values of a and b by the given equation of ellipse, then use the formula

b =d’ (1 —¢’) to get the value of e.

Sol. Given equation of ellipse,

O

O

We know that,

O

O
O
g

9x? + 25y° =225

e?2=1-9/25

=./1-9/25 = @

25

:\/5:4/5
25

Foci=(x ae, 0)=(x 5x4/5 0)=(£ 4, 0)
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Q. 13 If the eccentricity of an ellipse is 3 and the distance between its foci is

10, then find latusrectum of the ellipse.

Sol. Given that, eccentricity = g ie.,e= g

2 2
Let equation of the ellipse be *_ + ¥ =1,
aZ b2

Since the foci of this ellipse is (+ ae, 0).

a Distance between foci = /(e + ae)?
| 2+a%? =10 [ distance between its foci = 10]
O a’e® =5
O a%e? =25
0 22 = 25 x 64
25
O a=8
We know that,
0 b? =a® (1-e?)
0O bz =64 Q‘ - 2£
64
o b® =64 @‘L%Q
64
b® =39
2
O Length of latusrectum of ellipse = 2b” - 2 %Q: 3749
a

Q. 14 Find the equation of ellipse whose eccentricity is 3 latusrectum is 5 and

the centre is (0, 0).
@ Thinking Process

First of all find the values of a and b using the formula b* =d” (1—¢”), then get the
equation of the ellipse.

Sol. Giventhat,e =2/3and latusrectum =5

2
ie., 20" —5pp2 =22
a 2
We know that, b? =a® (1-e?)
O @ = az @1 —é@
2 9
0 S-%8png gm 2 8
2 9 4
O b2 = 5%9 = ﬁ
2%x2 4
2 2
So, the required equation of the ellipse is % + % =1
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2 2

Q. 15 Find the distance between the directrices of ellipse % + JZLO =1

2 2
Sol. The equation of ellipseis *— + ¥ =1
36 20

2
On comparing this equation with % + . 1, we get

@ b2
a=6b=2V5
We know that, b? = a2 (1-¢e?)
O 20=36(1-¢e?)
O @: —e2
36

O e = 1—@:@
36 36

E:ﬂ:g
6 3
Now, directrices = @‘r g, —a/e@
e
6
O g:i:ﬁ:g
e 3 2
and -8=-_9

e
O Distance between the directrices = \ 9-(- 9)\ =18

Q. 16 Find the coordinates of a point on the parabola y? = 8x, whose focal
distance is 4.

@ Thinking Process

The distance of a point (h k) from the focus S is called the focal distance of the point P.
The focal distance of any point P(h, k) on the parabola y* = 4axis ‘ h+a ‘

Sol. Given parabola is y* = 8x )
On comparing this parabola to the y* = 4ax, we get

8x=4dax 0O a=2
O Focal distance =\x + a\ =4

] ‘x+2‘:4

O x+2=%4

0O x=2,-6

But x#-6

For x =2, y2 =8x2

| yvy=160y=+4

So, the points are (2,4)and (2, — 4).
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Q. 17 Find the length of the line segment joining the vertex of the parabola
y? = 4ax and a point on the parabola, where the line segment makes an

angle 0 to the X-axis.

Sol. Given equation of the parabola is y° = 4ax

O\ a? A
(0, O)\\

Let the coordinates of any point P on the parabola be (at2, 2at).

In APOA, tang=23 -2
at® t
O tan9=$Dt= 2coto
O length of OP =0 - at®? + (0 -2at?
=.Ja%t* + 43%?
=at \t? + 4

=2acot 0,/4cot’ 6 + 4

=4acot 041 +cot® 8

=4acot 8 [tosec O
:4acose 1 =4acose

sin@ sin®  sin?@

Q. 18 If the points (0, 4) and (0, 2) are respectively the vertex and focus of a
parabola, then find the equation of the parabola.

Sol. Given that the coordinates, vertex of the parabola (0, 4) and focus of the parabola (0, 2).
y=6

>
S
2
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By definition of the parabola, PB = PF

0 02V 201= fiw - 0F +(y -2p
JO+1

O ‘y—G‘: x2+y2 —4y+4

O x?+y -4y +4=y? +36 -12y

O x? + 8y =32

Q. 19 If the line y = mx + 1 is tangent to the parabola y? = 4x, then find the

value of m.
Sol. Given that, line y = mx + 1is tangent to the parabola y2 = 4x.
| y=mx +1 (1)
and v = dx N0

From Egs. (i) and (ii),
mPx? + 2mx +1=4x

| m2x? +2mx - 4x +1=0
O mx® +x@m-4)+1=0
O @em=-472 -4m? x1=0
| 4m? +16 —16m —4m> =0
O 16m =16
O m=1

Q. 20 If the distance between the foci of a hyperbola is 16 and its eccentricity
is v/2, then obtain the equation of the hyperbola.

® Thinking Process

First of all find the value of a and b using the given condition, then put them in % —Zz—z =1
to get the required equation of the hyperbola.
Sol. Distance between the focii.e., 2ae =160 ae =8
and e=\2
0 a2 =8
a=42
We know that, b? =a? 2 -1)
O b? = (2P [V2)° -1]
=16x2 @2 -1)
=32@ -1
So, the equation of hyperbola is
Y
32 32



220 NCERT Exemplar (Class XI) Solutions

Q. 21 Find the eccentricity of the hyperbola 9y? — 4x? = 36.

Sol. Given equation of the hyperbola is

9y2—4x2 =36
O 9y :@
36 36 36
0 y_x
4 9
2 2
o L
9 4
} ) : ) x2 y2
Since, this equation in form of — = + oz =1, wherea=3and b =2.
a
O e= 1+%g
= ‘]+9 :@
4 2

Q. 22 Find the equation of the hyperbola with eccentricity % and foci at

2 0).
Sol. Given that eccentricity i.e., e = 3/2 and (+ ae, 0)=(x 2, 0)
O ae =2
O a. 53 =20a=4/3

b2—a2(2—1)
O bt =2 1@
- i i

So, the equation of hyperbola is
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Long Answer Type Questions

Q. 23 If the lines 2x — 3y =5 and 3x — 4y =7 are the diameters of a circle of
area 154 square units, then obtain the equation of the circle.
® Thinking Process

First of all find the intersection point of the given lines, then get radius of circle from given
area. Now, use formula equation of circle with centre (h, k) and radius a is (x—h)* +

(y—k)ZZaz.
Sol. Givenlines are 2x -3y -5=0 ()
and 3x -4y -7 =0
From Egs. (i) and (i), £ -y -
21-20 -15+14 -8+9
O E:L:i
1 -1 +1
u x=%1y=-1

Since the intersection point of these lines will be coordinates of the circle i.e., coordinates of
the circle as (1, = 1).
Let the radius of the circle is r.

Then e =154
O 22 %12 =154
7
. 2 2 184x7
22
O r2=7142x7 02 =49

So, the equation of circle is

(x =12+ (y +1)? =49
O x2 —2x +1+y? +2y +1 =49
| x% + % —2x +2y =47

Q. 24 Find the equation of the circle which passes through the points (2, 3)
and (4, 5) and the centre lies on the straight line y — 4x +3 =0.

Sol. Let the general equation of the circle is

x? + y? +2gx +2fy +c =0 (i)
Since, this circle passes through the points (2, 3) and (4, 5).
d 4+9+4g +6f +c =0
O 4g +6f+c = -13 (D)}
and 16+25+8g +10f +c =0
O 8g + 10f +¢c = - 41 .. (i)
Since, the centre of the circle (- g, — f) lies on the straight line y = 4x + 3 =0
ie., +4g -f+3=0 . (iv)

From Eq. (iv), 4g =f -3
On putting 4g = f—3in Eq. (ii), we get
f-3+6f+c =-13
O 7f+c =10 (V)
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From Egs. (i) and (iii),
8g +12f +2c = -26
8g +10f +¢c =-41
- - - +

2f+c =15 (Vi)
From Egs. (ii) and (vi),
7f+c =-10
2f+c =15
5f=-25
O f=-5
Now, c=10+15=25
From Eq. (iv), 49 +5+3=0
| g=-2

From Eq. (i), equation of the circle is x2 + y? — 4x =10y +25 =0.

Q. 25 Find the equation of a circle whose centre is (3, — 1) and which cuts off
a chord 6 length 6 units on the line 2x — 5y +18 =0.

Sol. Given centre of the circle is (3, —1).

0 (3,-1)
i_l
A P B
Now, op=[6+5*18_29 _ 55
4+25 | 29
In A OPB, OB? =0OP? + PR? [-AB=60 PB 3]
0 OB? =29+ 90 0B% =38

So, the radius of circle is +/38,
0 Equation of the circle with radius r = /38 and centre (3-1)is
O (x— 37 +(y+1? =38
O x? —6x+9+y? +2y +1=38
%2+ y2 —-6x +2y =28

Q. 26 Find the equation of a circle of radius 5 which is touching another circle
x?+y? —2x -4y —20 =0at (5 5).

Sol. Let the coordinates of centre of the required circle are (h, k), then the centre of another
circleis (1, 2).

P (5, 5)

Radius =1+ 4+20 =5
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So, it is clear that P is the mid-point of C,C,.

0O 5= gE o

2

and 5= ;ka: 8

So, the equation of and required circle is

(x -9 +(y -8)? =25
| x% —18x + 81+ y? —16y +64 =25
O x% + y? =18y =16y +120 =0

Q. 27 Find the equation of a circle passing through the point (7, 3) having
radius 3 units and whose centre lies on the line y =x — 1.

® Thinking Process
First of all let the equation of a circle with centre (h, k) and radius r is
(x=h)’ +(y—h)’ =1, then we get the value of (h, k) using given condition.

Sol. Let equation of circle be
(@ =hy +(y k7 =r

O (x = h? +(y —k? =9 ()
Given that, centre (h, k) lies on the line

y=x—1ie k=h-1 (D)
Now, the circle passes through the point (7, 3).
| 7-hm2+@B-k?*=9
0 49-14h+ h? +9 -6k +k? =9
g h? + k® —14h -6k +49 =0 ... (iii)

On putting k = h = 1in Eq. (i), we get
R? + (h =12 =14h -6 (h —-1) +49 =0

O h? + h?> =2h +1-14h —6h +6 +49 =0
O 2h? —22h + 56 =0
O h? -11h +28 =0
O h? -7h-4h +28 =0

O hth-7)-4(h-7)=0

O (h=7)(h-4)=0

O h=47
When h=7thenk=7-1=6

0 Centre (7, 6)

When h=4thenk=3

O Centre — (4, 3)
So, the equation of circle when centre (7, 6), is

(x =77 +(y - 67 =9
| x% —14x + 49 + y° —12y +36 =9
| xZ + y? —14x =12y +76 =0
When centre (4, 3), then the equation of the circle is

(x - 4P +(y -3 =9
O x?2-8x +16+y> -6y +9 =9
| x% +y? —8x -6y +16 =0
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Q. 28 Find the equation of each of the following parabolas
(i) directrix =0, focus at (6, 0)
(ii) vertex at (0, 4), focus at (0, 2)
(iii) focus at (— 1, — 2), directrix x —2y +3 =0
Sol. (i) Given that, directrix = 0 and focus = (6, 0)

So, the equation of the parabola
(=67 +y° =x

O x% +36-12x + y? =x?
O y? —12x +36 =0
(ii) Given that, vertex = (0, 4) and focus = (0, 2)
y- 6=0
Al 4) !
P (x y)
0, 2)

So, the equation of parabola is

(x = 0F +(y -2)* =|y -6|

o x?+ P —dy+4 =y ~12y +36

| x? -4y +12y -32 =0

O x? +8y-32=0

O x? =32 -8y

(iii) Given that, focus at (- 1, =2) and directrixx =2y + 3 =0

So, the equation of parabola is y/(x + 1)2 + (y +2)? = %

+
2 > 12 2 Ay —
O x“+2x+1+y +4y+4-g[x + 4y + 9 —4xy —12y +6x]

| 4% + dxy + y? + 4x + 32y +16 =0

Q. 29 Find the equation of the set of all points the sum of whose distances
from the points (3, 0), (9, 0) is 12.

Sol. Letthe coordinates of the point be (x, y), then according to the question,
Y= + 2+ Jlw - 97 + 7 =12

| (x =37 + y? =12 —J(x = 9P + y?
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On squaring both sides, we get
x% —6x + 9+ Y% =144 +(x% —18x +81 +y2)—24 J(x — 9 + ?
12x =216 = =24 4/(x —9)® +?
x—18=-2(x =97 +°
x 2 —36x +324 =4 (x® —18x +81 +y°)
3x? + 4y - 36x =0

OO o o

Q. 30 Find the equation of the set of all points whose distance from (0, 4) are

2 .. .
— of their distance from the line y = 9.

® Thinking Process

Consider the points (x, y), and apply the condition given in the problem, then get the set
of all points.
Sol. Letthe point be P (x, y).
0 Distance from (0, 4) =/x2 + (y — 4)

So, the distance from the line y = 9is y-9

A

2ly-9
O x2 +(y - 47 =7‘7‘
\ (y=-4 313

O ¥+ y? ~8y +10 :g(y2 ~18y +81)
a 9x? + 9y? — 72y + 144 =4y® -T2y +324
O 9x? + 5y° =180

Q. 31 Show that the set of all points such that the difference of their
distances from (4, 0) and (— 4, 0) is always equal to 2 represent a

hyperbola.
Sol. Let the points be P (x, y).
O Distance of Pfrom (4, 0) /(x — 4)> + 2 ()
and the distance of P from (= 4, 0) 1/(x + 4)> + ? ()
Now, Ja+ a2 + 2 = -4 + 7 =2
O \/(x+4)2+y2 =2+\/(x—4)2+y2

On squaring both sides, we get
X2+ 8x +16+ y? =4+x2 - 8x + 16 + y° +4,/(x — 4)
160 —4=4(x =4 +y°
44 =) =4 J(x =47 +
16x% - 8x +1=x% + 16 — 8x + °

1542 — y? =15which is a parabola.

2+y

OO o o
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Q. 32 Find the equation of the hyperbola with
(i) Vertices (£ 5, 0), foci (£ 7, 0)
(ii) Vertices (0, £7), e :g.
(iii) Foci (0, £ \/E), passing through (2, 3).
Sol. (i) Given that, vertices=(x 5,0), foci=(x 7,00 anda=+ 5

O (£ ae, 0)=(x7,0)
Now ae=70b5e=7

O e=7/5
. b% =22 ? -1)

9
] b% =25 -1
% - H
O b? =25 {02
25

0 b? =24
So,the equation of parabola is
é - ﬁ =1
25 24
(ii) Vertices=(0,+7),e =4/3
0 b=7e=4/3
2
e2 =1+ i
b2
2
0 6 _,-a
9 49
2
0 7.8 gz 3883
9 49 9
So, the equation of hyperbola is
— x2 x9 + Lz =1
343 4
9x? >
O -2 42 =49
7 Y
| 9x? -7y° +343=0
(iii) Given that, foci = (0, + ~/10)
be =10
O a® +b% =10
0 a® =10 - b?
0 Equation of the hyperbola be
x2 2
-7 4+ 7 :‘I
a® b?
Since, this hyperbola passes through the point (2, 3).
4 9
O -0y 2=
a® b
0 _—4 + 9 =1

[ a® =25and b? =24]
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—4p° + 90 - 9% _
b? (10 - b?)

O - 13b% 9& 10b% b*

| b* -23b% +90=0

O b* —18b2 =5b2 +90 =0

O b? (b -18) - 5(b% -18) =0

O (b? -18)(b°> - 5)=0

O b? =180 b =+ 32

or b?=50b=45
O b? =18thena® = - 8 [not possible]
When a®=5thenb® =5
So, the equation of hyperbola is
—ﬁ + LZ =1
5 5
O y2 -x%=5

True/False

Q. 33 The line x + 3y =0 is a diameter of the circle x* + y? + 6x +2y =0.

® Thinking Process
If a line is the diameter of circle, then the centre of the circle should lies on line. Use this
property to solve the given problem.

Sol. False
Given equation of the circle is
¥+ y? +6x +2y =0

g Centre = (=3, -1)
Since given lineis x + 3y = 0.
O -3-3%0

So, this line is not diameter of the circle.

Q. 34 The shortest distance from the point (2, —-7) to the circle
x? + y? —14x —10y —151 =0 is equal to 5.

Sol. False
Given circle is x2 + y? —14x —10y =151 =0.
ad Centre = (7, 5)
and Radius =,/49 + 25 + 151= 225 =15

So, the distance between the point (2,-7) and centre of the circle is given by
d, =@ -7 +(-7 -5
=25+ 144 =169 =13

O Shortest distance, d = \13 —15\ =2
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Q. 35 If the line [x + my =11is a tangent to the circle x> + y? =a?, then the
point ({, m) lies on a circle.
Sol. True

Given circle is x® + y* =a° .0
0 Radius of circle =a and centre = (0, 0)

0 Distance from point (I, m) and centre is y/(0—e)? + (0 -m)® =a
| ?+m?=a’
So, I, mlie on the circle.

Q. 36 The point (1, 2) lies inside the circle x* + y? — 2x +6y +1 =0.

@ Thinking Process
If the x, y, lies inside the circle S=x+y’ +2gx+2fy +c =0 then
X+ +2gx, +2 fy, +¢ <Oand it S> 0, then the point lies outside the circle.

Sol. False
GivencircleisS = x2 + y* —2x + 6y +1 =0,
Since, the pointis (1, 2).
Now, S;=1+4-2+12 +1
O S$;>0
So, the (1, 2) lies outside the circle.

Q. 37 The line lx + my +n =0 will touch the parabola y? = 4ax, if In =am®.

Sol. True
Given equation of a line is
Ix+my+n=0 ()
and parabola y? = 4ax (i)

From Eq. (i), x = - W@put in Eq. (i), we get

V= _4a(my+n)

l
O Iy’ =-4amy-4ax
| Iy’ + 4amy + 4an =0
For tangent, D=0
| 16a°m® =4l x 4an
0 16 a°’m? =16 anl

] am® =nl
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2 2
Q. 38 If P is a point on the ellipse % + ;/—5 =1 whose foci are S and §’, then
PS+ PS'= 8.
Sol. False

2
Given equation of the ellipse is R
16 25

2 2
which is in form of % + 2/72 =1, where b>a
a

ad Foci, S =(0, be),S' (0, — be)
2
_,_a
O e=_/ o

_ 516 _ 45
25

Foci, S = QD 8 ; 5@3' = g) -3 ; 5@/&, $=(03,5'=(0-3

Let the coordinate of point P be (x, y) then PS + PS'=2b =2 x 5 =10

2 2
Q. 39 The line 2x + 3y =12 touches the ellipse ry + yj =2 at the point (3,2).
Sol. True
Given equation of line is
2x + 3y =12 ()
x2 y2 o ( )
and elipse = + Z— = (i
P 9 4
Since, the equation of tangent at (x;, y;) is %61 + VT)? =2.
OTangent at (3, 2),
Six + ﬂ =2
9 4
O L
3 2
O 2x + 3y =12 which is a given line.

Hence, the statement is true.

Q. 40 The locus of the point of intersection of lines 3x - y - 4~/3k =0 and
\/gkx+ky - 4+/3 =0 for different value of k is a hyperbola whose
eccentricity is 2.

® Thinking Process

First of all eliminate k from the given equations of line, then get the equation of

hyperbola.
Sol. True
Given equations of line are
V3x =y —4J3k =0 .0)
and V3kx + ky =443 =0 ...(ii)

From Eq. (i), 43k=3x-y
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NBx -y y

0O k= ut in Eq. (i), we get

el P q. (i), we g

3x - yH, V3x - y[d

Jax B3~y B Oy-4/3=0
2300430

O 1(«/§x2—xy)+1§xy—y—2%—4«/§=0
4 4 V3
V3 2 )/2

O N2 -t _-4J3=0
4 43

0 3x% - y? -48=0

0 3x? - y? = 48, which is a hyperbola.

Fillers

Q. 41 The equation of the circle having centre at (3, — 4) and touching the
line 5x + 12y —12 =0'is ......... .

Sol. The perpendicular distance from centre (3, — 4) to the line is, d = 15-48-12)_45
J25+ 144 | 13

A P

B
So, the required equations of the circle is (x — 3)° + (y + 4)° = @%g

Q. 42 The equation of the circle circumscribing the triangle whose sides are
the lines y = x +2, 3y = 4x, 2y =3xis ......... .

Sol. Given equations of line are

y=x+2 ()
3y = 4x (i)
2y =3« ... (i)
From Egs. (i) and (ii),
dx x+2
O 4x =3x + 6
Ox=6
On putting x = 6in Eq. (i), we get
y=8
a Point, A=(6, 8)
From Egs. (i) and (iii),
Si =x +2
2

0O 3x=2x+40x=4
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When x=4theny=6
0O Point, B = (4, 6)

From Egs. (i) and (iii) x;=0,y=0
Now, C=(00)

Let the equation of circle is
x%+ y? +2gxn +2fy +c =0
Since, the points A (6, 8), B (4, 6) and C (0, 0) lie on this circle.
36+ 64+12g +16f +c =0

] 12g + 16f +¢ =-100 (iv)
and 16+ 36 + 8g +12f +c =0

O 8g +12f+c =-52 (V)
O c=0 (Vi)

From Egs. (iv), (v) and (vi),
12g + 16f = =100

0 3g + 4 +25=0
0 2g +3f+13=0
0 g - 1
+562-75 50-39 9-8
O L:L:]
-23 11 1
O g=-237="1

So, the equation of circle is
x? + y? —46x +22y +0 =0
O x% + y? —46x +22y =0

Q. 43 An ellipse is described by using an endless string which is passed over

Sol

two pins. If the axes are 6 cm and 4 cm, the length of the string and
distance between the pins are ......... .

2 2
* Let equation of the ellipse be % + =1

a® b2

O 29=6and2b =4
0 a=38and b =2
We know that,

A’/.‘_\A
N

c2=a? -b2 =(3F - )
=9-4=50c¢c=45
O Length of string = AC'+ C'C + AC
=a+c +2c +ac
=2a+2c=6+25
O Distances between the pins = 24/5 =cc'
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Q. 44 The equation of the ellipse having foci (0, 1), (0, — 1) and minor axis of
length 1is ......... .

@ Thinking Process
First of all get the value of a and b with the help of given condition in the problem, then
we get the required equation of the ellipse.

Sol. Given that, foci of the ellipse are (0, + be).

. be =1
ad Length of minor axis,2a=10 & 1/2
e2=1-8
b2
0 (be)2=b2—52D1=b2—%
0 1+1=p2p 2=p2
4 4
So, the equation of ellipse is
2 2 2 2
eV oqp B
5/4 1

Q. 45 The equation of the parabola having focus at (= 1, — 2) and directrix is
x =2y +3=0,5 ... .

Sol. Giventhat, focus at F (- 1, —2)and directrix isx =2y + 3 =0
Let any point on the parabola be (x, y).

O pF=|t-2y*3
NEX
2
O (12 +(y+2p =72V *9
5
O 5x? +2x +1+y% +4y +4] =x® + 4y + 9 - 4ay —12y +6x
| 4x% + y? + 4x + 32y +16 =0

. . . ... 5
Q. 46 The equation of the hyperbola with vertices at (0, + 6) and eccentricity 3

S vereenens and its foci are ......... .
2

2
Sol. | ¢t the equation of the hyperbola be - *_ + 2/7 =1
a

Then vertices =(0, £ b) = (0, = 6)

0 b=6ande =5/3
2 2
e=[1+2 O §—1+i
| b2 9 36
_ 2 2
0 D-9_8 =2 g2 4
9 36 4

So, the equation of hyperbola is,
2 2 2 2
X LY g VYoox
48 36 36 48
. 5
Foci =(0, + be) == 0, £+ = x60=(0, = 10
0ci =(0, £ be) = [0, + 2 x6f=(0 + 10)

=1
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Objective Type Questions

Q. 47 The area of the circle centred at (1, 2) and passing through the
point(4, 6) is

(a) 51 (by10TU
(c) 251 (d) None of these
Sol. (¢) Given that, centre of the circle is (1, 2).
P (4,6)

. CP = /9 + 16 =5 =Radius of the circle
| Required area = w2 =25 1

Q. 48 Equation of a circle which passes through (3, 6) and touches the axes is
@ax>+y?+6x+6y +3 =0 (b) x* + y? —6x —6y =9 =0
©x*+y? —6x -6y +9 =0 (d) None of these

Sol. (¢) Let centre of the circle be (g, a), then equation of the circle is (x — a)® + (y — a)° =a°.

Since, the point (3, 6) lies on this circle, then
3 -a)?+(6-aF=a
a®+9-6a+36-12a +a° =a°
a®-18a+45=0
a® —-15a - 3a + 45 =0
a@-15)-3(@-15) =0
(@-3)(@-15=0

a=3a=15

OoOooOo o oo

So, the equation of circle is

(x =37 +(y -3 =9
0 x2—6x +9+y? -6y +9 =9
0 x?+y? —6x -6y +9 =0
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Q. 49 Equation of the circle with centre on the Y-axis and passing through the
origin and the point (2, 3) is
@x?+y?+13y =0 (b) 3x% + 3y? +13x +3 =0
(© 6x%+6y? =13y =0 d) x?+y?+13x +3 =0
Sol. (c) Let general equation of the circle is x2 + y? +2gh +2fy +c =0.

Since the point (0, 0) and (2, 3) lieonitc = 0.

O 4+9+4g +6f =0

O 2g +3f=-13/2
Since the centre lie on Y-axis, then g = 0.

O 3f=-13/2

O f=-13/6

So, the equation of circle is

2, .2 13y _
x° + -— =0
Y 6

0 6x% + 6y> =13y =0

Q. 50 The equation of a circle with origin as centre and passing through the
vertices of an equilateral triangle whose median is of length 3a is
@ x? +y? =9a’ (b) x? +y% =16a’
(c) x* +y? =42 (d) x? +y? =a?
Sol. (¢) Given that, length of the median AD = 3a

Radius of the circle =3« Length of median

x3a =2a

wln N

A

B C

So, the equation of the circle is x? + y* = 4a°.
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Q. 51 If the focus of a parabola is (0, — 3) and its directrix is y =3, then its
equation is
@x?=-12y (b) x? =12y
©@y?=-12x dy?=12x
Sol. (a) Given that, focus of parabola at F (0, — 3) and equation of directrix is y = 3.
Let any point on the parabolais P (x, y).

Then, PF =y -3|

o (x =0 +(y + 3 =|y -3

O ¥+ +B6y+9=y° -6y +9
| xZ2+12y=0

a x? =12y

Q. 52 If the parabola y? =4ax passes through the point (3, 2), then the
length of its latusrectum is

2 4

fal b) -
(a)3 ()3

1

- d) 4
(C)3 (d)

Sol. (b) Given that, parabola is
y? = dax ()
O Length of latusrectum = 4a
Since, the parabola passes through the point (3, 2).

Then, 4=14a(3)
O a=1/3
ad 4a=4/3

Q. 53 If the vertex of the parabola is the point (- 3, 0) and the directrix is the
line x + 5 =0, then its equation is
(@) y” =8 (x +3) (b) x2
(©y*=-8(x +3) (d)y?
Sol. (a) Here, vertex =(- 3, 0)
0 a =-3anddirectrix, x + 5=0

=8(y +3
8 (x +5)

M A P

B ,(
wBl A0

X
(=5/0) 0(0,0) S (xy, y1)

x+5:0‘\

y
Since, axis of the parabola is a line perpendicular to directrix and A is the mid-point of
AS.
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Then, -3 :L_5
2

O - 6=x-50xF- 1

0+,

0=""Yigy =0

5 Y
g S=(-10)
PM = PS
o+ 5] =(x +17 +y°
22 +2x +1+y% =x2 +10x +25

y> =+8x +24

O oo o -

Y =+8(x+3

Q. 54 If equation of the ellipse whose focus is (1, — 1), then directrix the line
x —y —3=0 and eccentricity % is

(@ 72 + 2xy + 7y> =10x +10y +7 =0
(b) 7x* + 2xy + 7y* +7 =0
(© 72 + 2xy + 7y> +10x =10y =7 =0
(d) None of the above
Sol. (a) Given that, focus of the ellipse is (1, — 1) and the equation of directrix is x =y -3 =0

ande=1
2
Let P (x, y)and F (1, = 1).
q PF _1
Distance of P from (x -y -3 =0) 2
0 (=) +(y+1)* 1
‘x—y—3‘ 2
N2
. 2[x -2x +1+y”  +2y +1] _1
(x -y -3 4
O 8x% —16x + 16 + 8y +16y =x? +y° +9 —2ay +6y —6x
0 7x2 +7y% +2xy —10x +10y +7 =0

Q. 55 The length of the latusrectum of the ellipse 3x° + y? =121is
(@ 4 (b) 3 ©8 @
® Thinking Process
First of all find the value of a and b from the given equation, after that get length of
latusrectum by using formula %2.

Sol. (d) Given equation of ellipse is
3x® + Y7 =12
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Q. 56

Sol. (b)

Q. 57

Sol. (¢)

2 2
O L+L:1
4 12
O a®=40a=2
and b2 =120b =243
b>a
x4 4 23°
0O Length of latusrectum = = _ ==
¢ 2J3 V3 b
x2 y2
Ife is eccentricity of the ellipse — + e =1 (where, a <b), then
a
@b’=a’(1-¢e) (b)a’=b*(1-€)
(©a*=b%(e* -1) d b?=a(e’ -1)
2 2
Given that, X4 Y =1 a<p
a b
2 2 _ .2
We know that, e=[1-8 g 2= -2a)
b? b?
O b%e? =b? -3g°
0 a® =b®(1-e?)

The eccentricity of the hyperbola whose latusrectum is 8 and conjugate
axis is equal to half of the distance between the foci is

4 4
@ — (b) —

3 NE)

2
(€)—= (d) None of these

V3
Length of latusrectum of the hyperbolai.e.,

2
8= 0pz 4a 0
a

O Distance between the foci = 2ae
Since, transverse axis be a and conjugate axis be b.

0 1 ae)=2b
2
g ae =2b .. (i)
O b% =a? 2 -1) (i)
From Egs. (i) and (ii),
2.2
4a=2¢
4
O 16a = a’%e?
O 16=ac’ 0 & 2
e
4a=a’ (e? -1
0 L
a
2
O 4i :62 -1
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Q. 58 The distance between the foci of a hyperbola is 16 and its eccentricity is
V2. Its equation is

2 2

2_y2=32 by X - Y =
@x" -y ()4 9
(©2x -3y*=7 (d) None of these

® Thinking Process

The distance between the foci of hyperbola is 2ae and b* = a* (& =1). Use this relation to
set the value of a and b.

Sol. (a) Given that, distance between the foci of hyperbola

ie., 2ae =160 ae =8 (1)
and e=2 ..(ii)
Now, J2a=8
O a=4aP2
= b? =a? (e? - 1)
| b% =322 -1)
O h? =32
0 A
32 32
| x? -y =32

Q. 59 Equation of the hyperbola with eccentricity % and foci at (£ 2, 0) is

22y, 22y,

@ -Y =2 XY =2
4 5 9 9 9 9
2y

() ——-"—=1 (d) None of these
4 9

Sol. (a) Given that, eccentricity of the hyperbola,e = 3/2

and foci =(£ 2, 0), (+ ae, 0)
ae =2
ad ax3/2=20a=4/3

b? =a® ? -1)

0 bzzg —@D b2:§§§

O b2 = @
9
So, the equation of the hyperbola is
é - y2 =10 L2 - Lz = ﬂ
16 20/9 4 5 9
9
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Introduction fo Three
Dimensional Geometry

Short Answer Type Questions

Q. 1 Locate the following points
(i) (1, -1,3) (i) (-1, 2, 4)
Gii) (=2,-4, - 7) (iv) (- 4, 2,-5)
Sol. Given, coordinates are
(i) (1,-1,3) (i) B(-1,2, 4)
(iii) C(-2,-4,-7) (iv)D (-4,2,-5)

V4

X-increment = Y-increment = Z-increment = 1



240 NCERT Exemplar (Class XI) Solutions

Q. 2 Name the octant in which each of the following points lies.
(i1) (4,— 2, 3)

(i) (1,23)
(iii) (4,-2, = 5) (iv) (4, 2,- 5)
(V) (-4, 2, 5) (iv) (-3, - 1, 6)
(vii) (2,— 4, = 7) (viii) (- 4, 2, = 5).
Sol. (i) Point (1,2 ,3) lies in first quadrant. (i) (4, -2, 3) in fourth octant.
(iii) (4, -2, -5) in eight octant. (iv) (4, 2, - 5) in fifth octant.
(v) (-4, 2,5)insecond octant. (vi) (=3, =1, 6) in third octant.
( (viii) (—4, 2, —5) in sixth octant.

(vii) (2,4, - 7) in eight octant.

Q. 3 If A, B, C be the feet of perpendiculars from a point P on the X,Y and
Z-axes respectively, then find the coordinates of A, B and Cin each of the

following where the point P is
() A (3, 4, 2) (i) B (-5, 3, 7)
(iii) € (4, =3, = 5)
Sol. The coordinates of A, B and C are the following
(i) A(3,0,0),B(0,4,0),C (00,2
(i) A(-5,0,0),B(0,3,0),C(0,0,7)
(iii) A (4,0,0),B(0,-3,0),C (0,0,-5)

Q. 4 If A, B, and C be the feet of perpendiculars from a point P on the XY, YZ
and ZX-planes respectively, then find the coordinates of A, B and Cin each

of the following where the point P is
(i) (3, 4, 5) (ii) (=5, 3, 7)
(iif) (4, -3, —5)
Sol. We know that, on XY-plane z =0, on YZ-plane, x =0 and on ZX-plane, y = 0. Thus, the
coordinate of A, B and C are following
(i) A(3,4,0),B(0,4,5),C(3,0,5)
(i) A(-53,0,B(0,3,7),C (=507
(iii) A (4,-3,0),B(0,-3,-5),C (4,0,-5)

Q. 5 How far apart are the points (2, 0, 0) and (-3, 0, 0)?

@ Thinking Process
Distance between two points (X, y,, z,) and (%,, ¥, 2,)

d= =)+, )+, 2.

Sol. Given points, A (2,0,0) and B(- 3,0, 0)
AB=@ + 3?2 +0° +0° =5
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Q. 6 Find the distance from the origin to(6, 6, 7).

Sol. Distance from origin to the point (6, 6,7)

241

=J0-67 H0 =67 +(0 =72 [ d =, ~x, +(y ~yoF +(z ~2,)]

= /36 + 36 + 49
=121 =11

Q. 7 Show that, if x® + y? =1, then the point (x,y,1- 2% —y?) is at a

distance 1 unit form the origin.

Sol. Giventhat, x% + y* =1
O Distance of the point (x, y,4/1 — x2 = y?)from origin is given as

d=|x?+ 2 +(1-a? -2

=1

Z‘\/x2+y2+1—x2 Y

Hence proved.

Q. 8 Show that the point A (1, -1, 3), B (2, — 4, 5) and C (5, — 13, 11) are

collinear.
® Thinking Process
If the three points A, B, and C are collinear, then AB +BC =AC.
Sol. Given points,A(1,-1,3),B (2,-4,5)and C (5, - 13, 11).
AB =1 —2f +(=1 + 4P +(3 -5)
=1+9+4=414
BC =@ -5 + (-4 +137 +(5 —117
=9 +81+36 =126

AC =1 =5 + (=1 +13F +(3 —117

= [16 + 144 +64 =224

AB + BC = AC
O V14 + 126 =224
0 V14 + 3,14 =414

So, the points A, B and C are collinear.
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Q. 9 Three consecutive vertices of a parallelogram ABCD are A (6, — 2, 4),
B (2, 4, -8) and C (- 2, 2, 4). Find the coordinates of the fourth vertex.

Sol. Let the coordinates of the fourth vertices D (x, y, 2).

@ Y, 2)
D C
(-2,2,4)
P
A B
6,-2, 4) (2, 4,-8)
Mid-points of diagonal AC,
=%t Nty -4t %
2 2 2
and x=6_‘2—2,y=_‘2+2 =0, e
2 2 2
Since, the mid-point of AC are (2, 0, 4).
Now, mid-point of BD, 2 = * ; 2 Ox=2
0 0=Y*4ny=-4
2
0 4=2"80 2216
2

So, the coordinates of fourth vertex D is (2, — 4, 16).

Q. 10 Show that the AABC with vertices A (0, 4, 1), B (2, 3, — 1) and C (4, 5, 0)
is right angled.

® Thinking Process

In a right angled triangle sum of the square of two sides is equal to square of third side.

Sol. Given that, the vertices of the AABC are A (0, 4, 1), B (2,3, - 1) and C (4, 5, 0).

Now, AB=J(0 -2 +(4 -3 +(1 +1
= JA¥1%4 =3
BC =.J@ - 47 + (3 -57 +(-1 -0
= J4+4+1=3
AC = /(0 - 4F +(4 -5 +(1 -0
= fi6+T+1 =418
: AC? = AB? + BC?
0 18=9+9

Hence, vertices AABC is a right angled triangle.
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Q. 11 Find the third vertex of triangle whose centroid is origin and two
vertices are (2, 4, 6) and (0, - 2, 5).
® Thinking Process
The vertices of the AABC are A(x,,Y1,27) , B(%,,¥,,2,) and C(x,,y5,25), then the

) . [, +x + +y, + z, vz, +z.00
coordmatesofthecemmrdGareE1 % xg,yw LAl R T

3 3
Sol. Let third vertex of AABC i.e., is A (x,, 2).
Alx Y, 2)
F
5 C (0,-2,-5)
(2,4,6)
Given that, the coordinate of centroid G are (0, 0, 0).
0=¥*2*0p ¢ _ »
- yt4 -2
0= — " [0Og- 2
3 ¥
O=7Z+6 o0 z- 1
2

Hence, the third vertex of triangle is (- 2, — 2, -1).

Q. 12 Find the centroid of a triangle, the mid-point of whose sides are
D(1,2 -3),E(3,0 1) and F(-1,1, —4).

Sol. Given that, mid-points of sides are D (1,2, = 3), E (3,0, 1) and F (-1, 1, = 4).
A (x1.y1,241)

C
(x3 ¥3 23)

B D
(2, Vo, 22) (1,2,-3)

Let the vertices of the AABC are A (x;,Y;,2), B (x5, Y,,23)and C(xg,Y3,23).
Then, mid-point of BC are (1, 2, - 3).

0 1:"2;7’“35 Xy x, =2 (0
2:%5 Yot ys =4 (i)

—3:%5 Z,+2,=-6 ...(ii)
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Similarly for the sides AB and AC,

O —1:"*;7’“25 X+ x, = =2 (V)
0 1:%5 Yo+ Yy, =2 ()
O —4:%5 Z+2,=-8 .. (vi)
0 3= ;xS Ox, +x, =6 ...(vii)
O o:%my1 +y,=0 (vl
0 12478074 =2 (%)
On adding Egs. (i) and (iv), we get

X, +2x, + x5 =0 (X
On adding Egs. (ii) and (v), we get

Vi +2Y, +y; =6 - (X0)
On adding Egs. (iii) and (vi), we get

z+2z, + 23 =-14 .. (xii)

From Egs. (vii) and (x),
2x,=-60x,=-3
Ifx, =-3thenxy =5
Ifx; =5 then x, =1 x,=-3x3=5
From Egs. (xi) and (viii),
2y, =60y, =3
Ify, =3 theny,=-1 Ify,=-1theny, =1 y,=3y; =1
From Egs. (xii) and (ix),
2z, =-1602,=-8
z, =-8,then z, =0
z =0, then z; =2
=02 =-82=2
So, the pointsare A (1-1,0),B(-3,3,-8)and C (5,1, 2).
+3+10-8+2
3 3

0 Centroid of the triangle = Gg - 3;' 5 %/’.e‘,G 1,1-2)
Q. 13 The mid-points of the sides of a triangle are (5, 7, 11), (0, 8, 5) and
(2, 3, — 1). Find its vertices.

Sol. Letvertices of the AMABC are A (x4, ¥, ), B (x5, Vo, Zo)and C (x5, V5, Z3), then the mid-point
of BC (5,7, 11)

A (%1, Y1, 24)
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5:%D X, + x5 =10 (0
7—)/22y3Dy2+y3—14 (i)
11=2 ; % Z, + 2y =22 -..(iii)
Similarly for the sides AB and AC,
2:x1+X2Dx1+x2=4 .‘.(iV)
3_V1ZY2|:|y1+y2_6 (V)
L P (Vi)
o:%mm +2x,=0 ...(vil)
8:%5 Y+ ys =16 ... (viii)
5:%5 z, + 2z, =10 (%)
From Egs. (i) and (iv),
X, +2x, + x5 =14 .(x)
From Egs. (i) and (v),
Yy + 2y, + Yy =20 . (xi)
From Egs. (iii) and (vi),
2y +22, + 23 =20 ~.(xii)

From Egs. (vii) and (x),
2x, =140 x, =7
x, =7,thenx; =10-7 =3
x5 =3 thenx, =-3
x=-3x,=7,%x3=3
From Egs. (viii) and (xi),
2y, =40y, =2
Y, =2, theny, =4
¥, =4 then y, =12
Vi=4 Y, =2, Y3 =12
From Egs. (ix) and (xii),
2z,=100 2, =5
z, =5then z = -7
z,=—7,then z; =17
zy=-7,2,=5 23 =17
So, the verticesare A (- 3,4, -7),B(7,2,5andC (3, 12,17).

Q. 14 If the vertices of a parallelogram ABCD are A (1, 2, 3), B (-1, -2, - 1)
and C (2, 3, 2), then find the fourth vertex D.

® Thinking Process
The diagonal of a parallelogram have the same vertices. Use this property to solve the
problem

Sol. Let the fourth vertex of the parallelogram ABCD is D (x, y, z). Then, the mid-point of AC are

p 2’2+33+2 P%
2 2
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Now, mid-point of BD,

S e P
2
5_-2+y
— = O =7
2 2 /
§:_1+Z[| Z=06
2
(x ¥ 2)
D C
2 3,2
P
A B
(1,2,3) -1,-2,-1)

So, the coordinates of fourth vertex is (4, 7, 6).

Q. 15 Find the coordinate of the points which trisect the line segment joining
the points A (2, 1, =3) and B (5, — 8, 3).
® Thinking Process
If point P divided line segment joint the point A(x,, y,, z,) and B(x, y, z,) in my:m,

. » +m,x, myy, +m,y, myz, +m, z,0
internally then the coordinate of P are %”1952 2 Y 2 ywy 172 Chlll g
O m+m, m,+ m, my+m, [

Sol. Letthe P (x,,y;,z)and Q (x,, ¥, Z,)trisect line segment AB.

A P Q B
(2,1, -3)(x1, ¥4, 21) (xp Y2 22) (5,-8,3)

Since, the point P divided line AB in 1 : 2 internally, then
_2x2+1x5_9

Xy =————===3
1+2 3
_2%x1+1x(=8)_-6_ >
AR W R
3 3
_2x(-3)+1x3 _-6+3 _ -3 _
z = = =_Y=-
3 3 3

Since, the point Q divide the line segment ABin 2 : 1, then

_1x2 +2x5_

N
1x1+ (-8 x2

Yo = (3 ):—5

22=1><(—3)3+2><3=_1

So, the coordinates of P are (3, =2, — 1) and the coordinates of Q are (4, — 5, 1).
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Q. 16 If the origin is the centroid of a AABC having vertices A(a, 1, 3),
B(-2,b, -5)and C (4, 7, c), then find the values of g, b, ¢

Sol. Given that origin is the centroid of the AABC i.e., G (0, 0, 0).

A (@1,3)

B D
(-2,b,-5) @.7.0
0=272%40,=->
3
O_1+b+7Db_ 8
3
0=375*CHc=42
3
O

a=-2b=-8andc =2

Q. 17IfA (2,2, -3),B(5,6,9), C(2,7,9) be the vertices of a triangle. The

internal bisector of the angle A meets BC at the point D, then find the
coordinates of D.

Sol. Letthe coordinates of D are (x, y, 2).

A (2,2-3)

1
1
1
1
1
\
\
\
\
\
\
1
1
1

C
B D
(5.6, 9) (% y, 2) @79
AB= .9+ 16 + 144 =169 =13
AC =./0+25 +144 =169 =13

O AB 130 ag=ac

AC 13

@ = 1 0O BD =DC

DC 1
Since, D is divide the line BC in two equal parts. So, D is the mid-point of BC.
O =5*2-7p
O y=8%7 =432

2

0 9+ 9

2
So, the coordinates of D are % 1?3 9%
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Long Answer Type Questions

Q. 18 Show that the three points A (2, 3, 4), B (1, 2, - 3) and C (- 4, 1,- 10)
are collinear and find the ratio in which C divides AB.

Sol. Givenpointsare A (2,3,4),B(-1,2,-3 and C (- 4, 1,-10).

0 AB =@ + 17 + (3 -2 +(4 +3)
- [9+1+49 =59
BC =/(-1+4F +@ —17 +(-3 +10)
= /9+1+49 =59
AC = e + 47 + (3 -17 +(4 +10
= /36 +4+196
=236 =259
Now, AB+ BC =+/59 + /59 =2/59
AB+ BC =AC
Hence, the points A, B and C are collinear.
Now, AC :BC =2459:/59 =2:1

So, C divide ABin 2 :1 externally.

Q. 19 The mid-point of the sides of a triangle are (1, 5, - 1), (0, 4, — 2) and
(2, 3, 4). Find its vertices and also find the centroid of the triangle.

Sol. Letthe vertices of AMBC are A (xy,Y;,2y), B (x5, Y5,2,)and C (x5, Y5, Z3).
A (x4, Y1, Z1)

(o ynz) (1,5-1) ®VeZ)

Since, the mid-point of side BCis D (1, 5, —1).

Then, ’52;'7’%=1 Oxy+x, =2 (0
&%&:5Dh+%=m ()
ZZ;Z3 =-1 0z, +2z3=-2 -..(iii)
Similarly, the mid-points of AB and AC are F (2, 3, 4)and E (0, 4, -2),
B o +a, =4 (V)
%:SDy1+y2:6 (V)

and % =40z +2, =8 (Vi)
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Now, Y% gy +x,=0 . (vii)
% =40y, +y, =8 ... (viii)
A% - o0z 4z,=-4 ()

From Egs. (i) and (iv),
X, +2x, +x3 =6 .(X)

From Egs. (i) and (v),
Yi+2y, + Y, =16 -(X0)

From Egs. (iii) and (vi),
2y +22, + 23 =6 - (xii)

From Egs. (vii) and (x),
2x, =60 x, =3
x, =3 thenxg = -1

x5 =-1
Then, x;=10x=1x, =3 x, =—1
From Egs. (viii) and (xi),

2y, =80y, =4

Yo =4,
Then, ¥, =2

¥y =2,
Then, Y3 =6,
O Vi =2Y, =4 y;=6

From Egs. (ix) and (xii),
2z,=100 2, =5

z, =5,
Then, 2 =3
z, =3,
Then, 23=-7
0O 2,=32,=52z3=-7

So, the vertices of the triangle A (1, 2, 3), B (3, 4,5) and C (- 1, 6, =7).

—12 “3”6,3 +5 _7%/.&, G (1,4 1/3).

Hence, centroid of the triangle G g - g’

Q. 20 Prove that the points (0, -1, — 7),(2, 1, —9) and (6, 5, —13) are
collinear. Find the ratio in which the first point divides the join of the
other two.

® Thinking Process
First of all find the value of AB,AC and BC using distance formula ie,
\/(aq —3(2)2 +(y,—y,) *+(z4 —22)2 , then show that AB+BC =AC for collinearity of the
points A, B and C.

Sol. Givenpointsare A(0,-1,-7),B(2,1,-9)and C (6, 5, - 13)
AB=(0-2P +(-1 12 +(-7 +92 = JA+ 4+ 4 =23
BC =2 -67 +(1-57 +(-9 +137 =,[16+16 +16 = 4/3
AC = /(06 +(=1-57 +(~7 +13 = /36 + 36 + 36 = 63
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AB+ BC =23 + 43 =63
So, AB+ BC = AC
Hence, the points A, Band C are collinear.

A B C
AB:AC=2,3:6/3=1:3
So, point A divide B and C in 1: 3 externally.

Q. 21 What are the coordinates of the vertices of a cube whose edge is 2 units,
one of whose vertices coincides with the origin and the three edges
passing through the origin, coincides with the positive direction of the
axes through the origin?

Sol. The coordinates of the cube which edge is 2 units, are (2, 0, 0), (2, 2, 0), (0, 2, 0),
0,2,2),(0,0,2),(2,0,2),(0,0,0) and (2, 2, 2).

Objective Type Questions

Q. 22 The distance of point P(3, 4, 5) from the YZ-plane is
(a) 3 units (b) 4 units
(c) 5 units (d) 550

Sol. (@) Given, pointis P (3, 4, 5).
Distance of P from YZ-plane, [ YZ-plane, x = 0]
d=0-3F +(4-42 +(5 -57 =3

Q. 23 What is the length of foot of perpendicular drawn from the point P
(3, 4, 5) on Y-axis?

@) 41 (b) /34
()5 (d) None of these

Sol. (b) We know that, on the Y-axis, x = 0and z = 0.
0 PointA (0, 4, 0),
PA=\[(0-3F +(4-47 +(0 -5

=./9+0+25 =34
Q. 24 Distance of the point (3, 4, 5) from the origin (0, 0, 0) is

@) /50 (b) 3
(© 4 (d)5

Sol. (a) Given, points P (3, 4, 5) and O (0, 0, 0),
PO =037 +(0 -47 +(0 -57

= /9+16 +25 =50
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Q. 25 If the distance between the points (a, 0, 1) and (0, 1, 2) is /27, then
the value of a is

(@5 (b) £ 5
(-5 (d) None of these

Sol. (b) Given, the points are A (g, 0, 1) and B (0, 1, 2).

AB= \/(a -0F +(0-1? +(1 -2
V27 =yja% +1+1

27 =a% +2

a? =25

a=z=5

O oo g

Q. 26 X-axis is the intersection of two planes

(@) XY and XZ (b) YZ and ZX
(c) XY and YZ (d) None of these
Sol. (@) We know that, on the XY and XZ-planes, the line of intersection is X-axis.
V4
0 %

X

Q. 27 Equation of Y-axis is considered as
(@x=0,y=0 (b)y=0,z=0
(©0z=0,x=0 (d) None of these

Sol. (¢) Onthe Y-axis, x =0and z = 0.

Q. 28 The point (- 2, -3, — 4) lies in the
(a) first octant (b) seventh octant
(c) second octant (d) eight octant

Sol. (b) The point (-2, - 3, - 4) lies in seventh octant.
Q. 29 A plane is parallel to YZ-plane, so it is perpendicular to

(a) X-axis (b) Y-axis
(c) Z-axis (d) None of these

Sol. (a) Aplaneis parallel to YZ-plane, so it is perpendicular to X-axis.



252 NCERT Exemplar (Class XI) Solutions

Q. 30 The locus of a point for which y =0 and z =0, is

(a) equation of X-axis (b) equation of Y-axis
(c) equation at Z-axis (d) None of these

Sol. (a) We know that, equation on the X-axis, y =0, z=0.
So, the locus of the point is equation of X-axis.

Q. 31 The locus of a point for which x =0 is

(@) XY-plane (b) YZ-plane
(c) ZX-plane (d) None of these

Sol. (b) Onthe YZ-plane, x = 0, hence the locus of the point is YZ-plane.

Q. 32 If a parallelopiped is formed by planes drawn through the points
(5, 8,10) and (3, 6, 8) parallel to the coordinate planes, then the

length of diagonal of the parallelopiped is

(@) 243 (b) 3+2
©~2 d~3
Sol. (@) Given points of the parallelopiped are A (5, 8, 10) and B (3, 6, 8).
0 AB=./(5-387 +(6 -8 +(10 -8
= J4+4+4 =23

Q. 33 L is the foot of the perpendicular drawn from a point P (3, 4, 5) on the
XY-plane. The coordinates of point L are
(@) (3,0, 0) (b) (0, 4, 5)
(© (3,0, 5) (d) None of these

Sol. (d) We know that, on the XY-plane z = 0.
Hence, the coordinates of the points L are (3, 4, 0).

Q. 34 L is the foot of the perpendicular drawn from a point (3, 4, 5) on
X-axis. The coordinates of L are
(@ @3,0,0) (b) (0, 4, 0)
(©) (0,0, 5) (d) None of these

Sol. (a) Onthe X-axis, y=0and z=0
Hence, the required coordinates are (3, 0, 0).
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Fillers

Q. 35 The three axes 0X, 0Y and 0Z determine ......... .

Sol. The three axes OX, OY and OZ determine three coordinates planes.
V4

X

Q. 36 The three planes determine a rectangular parallelopiped which has
......... of rectangular faces.
Sol. Three points

Q. 37 The coordinates of a point are the perpendicular distance from the
......... on the respectives axes.
Sol. Given points

Q. 38 The three coordinate planes divide the space into ......... parts.
Sol. Eight parts

Q. 39 If a point P lies in YZ-plane, then the coordinates of a point on YZ-plane
is of the form ......... .

Sol. We know that, on YZ-plane, x = 0. So, the coordinates of the required point is (0, y, 2).

Q. 40 The equation of YZ-plane is ......... .

Sol. The equation of YZ-plane is x = 0.

Q. 41 If the point P lies on Z-axis, then coordinates of P are of the form

..........

Sol. Onthe Z-axis, x = 0and y = 0. So, the required coordinates are (0, 0, z).

Q. 42 The equation of Z-axis, are ......... .
Sol. The equation of Z-axis, x = 0and y = 0.

Q. 43 A line is parallel to XY-plane if all the points on the line have equal

Sol. z-coordinates.
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Q. 44 A line is parallel to X-axis, if all the points on the line have equal ......... .

Sol. yand z-coordinates.

Q. 45 x = a represent a plane parallel to ......... .

Sol. x =arepresent a plane parallel to YZ-plane.

Q. 46 The plane parallel to YZ-plane is perpendicular to ......... .

Sol. The plane parallel to YZ-plane is perpendicular to X-axis.

Q. 47 The length of the longest piece of a string that can be stretched straight
in a rectangular room whose dimensions are 10, 13 and 8 units are

Sol. Given dimensionsarea =10, b =13andc = 8.

| Required length = y/a® + b? +¢?
=,/100 + 169 + 64 = /333

Q. 48 If the distance between the points (a, 2, 1) and (1, -1, 1) is 5, thena

..........

Sol. Given points are (a, 2, 1) and (1, -1, 1).

O

Ja-12 +@+ 17 +(1-1¢ =5
@-1?+9+0=25
a®-2a+1+9=25

a®>-2a-15=0

a®>-5a+3a-15=0

a(@-5+3@a-5-=0

@-5@+3=0

a-5=0ora+3=0
a=+5o0r-3

Ooooooog

Q. 49 If the mid-points of the sides of a triangle AB, BC and (A are D (1, 2, - 3),
E (3,0, 1) and F (-1, 1, —4), then the centroid of the AABC is ......... .
Sol. Letthe vertices of MMBC is A (x;, y;, ), B (x5 Yo Zp)andC (x3 Y3 Z3).
A (%1, Y1, 24)
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Since, D is the mid-point of AB, then

Similarly, £ and F are the mid-points of sides BC and AC, respectively.

From Egs. (i) and (iv),
From Egs. (ii) and (v),
From Egs. (iii) and (vi),
From Egs. (vii) and (x),

d
If x5 =1 thenx, =-3

From Egs. (viii) and (xi),

If
If

From Egs. (ix) and (xii),

If
If

So, the vertices of AABC are A
Hence, coordinates of centroid of AABC, G E_

ie.,

M:‘]Dx1+x2:2
2
y‘l-;yZ :2|:|y1+y2:4
7Z*+22=—3Dz1+22=—6
2
962;7363:3|:|x2+x3:6
yQ;-yS:ODy2+y3:O
272 40z, 42, =2
2
7x1+x3=—1[lx1+x3:—2
2
Y1"2'y3= 1Dy1+y3=2
72142-23:—4D21+23:—8

X, +2x, + x5 =8
Yi+2y, +y, =4
2 +22, + 23 =4

2x, =100 x, =5
x, =5thenx; =1

Xy =-3x,=5x5=1

2y, =20y, =1

¥, =1 then y; = -1
ys ==1theny, =3
Vi =38 Y, =1y;=-1

2z,=402,=2
z, =2,then z; =0
zy=0thenz =-8
2,=-82,=2,23=0

(-33,-8,B(5 1,2 and C(1,-1,0).
3+5+13+1-1 -8 +2 +0

3
G(11-2)

255

...(ii)
...(ii)

(V)

(Vi)
.. (vil)

...(viil)

(%)



256

NCERT Exemplar (Class XI) Solutions

Q. 50 Match each item given under the Column I to its correct answer given
under Column II.

Column||

Column i

In -XY-plane

Point (2, 3, 4) lies in the

Locus of the points having X coordinate
0is

A line is parallel to X-axis if and only

If X =0, y = 0taken together will
represent the

7 = ¢ represent the plane

Planes X = a,Y = brepresent the line

Coordinates of a point are the distances
from the origin to the feet of
perpendiculars

A ball is the solid region in the space
enclosed by a

Region in the plane enclosed by a circle
is known as a

— o~ o~
o o2

c

Ist octant
YZ-plane
z-coordinate is zero

Z-axis
plane parallel to XY-plane

if all the points on the line have
equal y and z-coordinates

from the point on the respective
parallel to Z-axis

disc

sphere

Sol. (i) In XY-plane, zcoordinates is zero.
(ii) The point (2, 3, 4) lies in 1st octant .
(iii) Locus of the points having x-coordinate is zero is YZ-plane.

(iv) Aline is parallel to X-axis if and only if all the points on the line have equal y and
z-coordinates.

(v) x =0, y = Orepresent Z-axis.

(vi) z =c represent the plane parallel to XY-plane.

(vii) The planes x = a, y = b represent the line parallel to Z-axis.

(viii) Coordinates of a point are the distances from the origin to the feet of perpendicular from
the point on the respective.

(ix) A ball is the solid region in the space enclosed by a sphere.

(x) The region in the plane enclosed by a circle is known as a disc.
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Limits and Derivatives

Short Answer Type Questions

2

Q. 1 Evaluate lim X 9.

x-3x—3
2
= jim ®* 99 lim (x + 3)
x- 3 (x=3) x- 3
=3+3=6
4y -1
Q. 2 Evaluate lim .
x-1/22x -1

4’ =1 @x)f - ()

Sol. Given, lim =
x- 12 2x -1 x-1/2 2x -1
= |im W: lim (29C+1)
x-12  Q2x-1) x-1/2
:2x1+1:1+1:2
2
_ Jx+h-x
Q.3 Evaluate lim .
h-o0 h
_ 1/2 _ o N1/2
Sol. Given, lim NErh -V lim &+ )7 - @)
h-20 h h-0 x+h-x
1/2 _ o \1/2 O no_ 0
= w o lim = a =ng" WD
h-0 (x+h) -x 0*-a x-a 0
1
=
=1n = pve [+h-00% A x
2 2
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. (x+2)3 -3
Q. 4 Evaluate lim ( ) .
x -0 X
Sol. Given, i (x+ 2)1/3 _21/3 - Iim (x+ 2)1/3 _21/3
©= 0 x =0 (x+2)-2
1_
:1 xgE !
3
n _ gn
=1 x (2)72/3 lim*_ ~@ -nan—wg
3 D x-a x—4a D
=3(21)2/3 [+x-00% 2 2]
. (1+x)° -1
Q. 5 Evaluate lim —_— .
x-0(1+x)° -1
] (1+x)° -1
Sol. Given, Iim (+x) = lim L [dividing numerator and denominator by x]
o014+ 2P =1 x-0(1+ 2 —1
X
A+ x° -1
= fim (*+ %) -1 [x o004 2 A
2= 01+ x)° -1
1+ x) -1
0+ -()° )
||m( 0
:xgo (1+x)_1 0. ||m@= xllfnaf(X)D
fim U+ x)° = (1) Ox-agx) lim g)d
xliﬂo (1+x) -1 8 x - a [}
6-1 0
_80 i 278" _
(17~ 02 x-a
6x1_6
= =-=3
2x1 2
5/2 5/2
Q 6 Evaluate lim @+ 2) - (@+2) /
X - da X —da
Sol. Given, lim ©* 0% —@+2)f? lim €+ )% ~(a +2)°'?
. "r-a x —a X - a (2+JC)—(8+2)
E*1 n_ on
:§(a+2)2 0o lim x a _nanf1g
2 E x-a x —a @
=2§(a+2)3/2 [cx-al* 2 & 2]
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4 _
Q. 7 Evaluate lim ﬂ
x -1 x —1

Sol. Given, lim xt = Vx _ lim N
. IS IV I Jx -1

= lim ()% - Dllm Jx lim ) @) = lim f(x)Oim g@)E
xa‘l\/;—‘] X - gxaa x - a x-a a

fx) x||£n f(x)

0
|~
eg(x) m g

|
5
~
|
im [l

1
\SNN|\CRIEN
1l
~

x2 -4

~e -2 - fx+2
2

. i x? -4 — (x°—4),/3x -2 + Jx +2)

Sol. leen’x@wsx -2 - Jx +2 x'ﬂnzusx -2 - Jx +2)({f3x -2 - Jx +2)
= i (x? = 4)(\[3x =2 +Jx +2)
ve2 ([3xr -2 —(Jx +2)°
[ @+ b)@-b)=a® -b?]

_ I|m x - 4)(\/3x =2 + . Jx +2

Q. 8 Evaluate hm

-2 (Bx =2)—(x +2)
- im, (x? - 43 -2 + T +2)
3x -2 -x -2
- in (% - 4)(3x =2 + Jx +2)
2x — 4
||m (x +2)(x —=2) \/m+\/x7+
2(x-2)
= jim @2 (f3x -2 + Jx +2)
x -2 2
_R+2)(J6-2+ 2 +2)
2
:4(2+2):8
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4
-4
Q. 9 Evaluate lim Zx—
v~ V2 x? + 320 - 8
Sol. Given, lim % —4 oy &7 -@F

w2 42 + 326 -8 -2 x% + 32x -8
- @ -2 +2)
¥~ V2 x% + 42x —2x -8
i 6 2) + R +2)
¥ V2 x(x + 442) —2(x + 4/2)
i B N2) () (22 +2)
N2 (x = 2)(x + W2)
- lim (x + ~2)(x? +2)
x -2 (x + 4/2)
_ (2 +\2)[(2) +2]
(V2 + 42)
_2\2@+2)_8

52 5

7 5
-2x~ +1
Q. 10 Evaluate lim rooer e

x- 17 =3x% +2
7 5
. . -2x° +1 nY O
Sol. Given, lim X ~<* 71 form
o143 - 3x2 +2 & B
= lim x - x5 —x% +1
w1 g% —x? —0x? 42

- Im x° (2% =) =1(x° -1)
v-1 (= 1) —2(x2 = 1)
On dividing numerator and denominator by (x — 1), then

x° (2% -1) _1(x%-1)
- fim (=1 (x-1)
o x(x-1) _2(x% -1)
(x=1) (x=1)

5_10
lim ®(c +1) - lim Eaiily

_! r-10x-10

lim x? - lim (x +1)
x - 1 x -1

_1x2-5x(1)' _2-5
1-2x2 1-4
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Q. 11 Evaluate lim

x - 0

3 3
Sol. Given, fim Y1* ¥ “VIZ% imj”x
X - X -

Q. 12 Evaluate lim

Sol. Given, lim

= lim
"”OxQ(\/1+x3 +\/1—x3)
= lim 2’
20214 %3+ 1-4%)
. 2x
= lim
jc*()(\/1+x3 +\/1—x3)
=0
x> +27
x--3x% 4+ 243
x% +27
x% +27 - x+3
= - = |m =
x--3x% +243 x- 345 4243
x+ 3
x® - (=3)° im x% - (=3)
= fm X (8) w8 x—(-8)
x- =3 x5_(_3)5 lim x5_(_3)
x=(-8) *--8 x-(-9
_3(=3°7"_3(8/
5(-3°"" 5(-3
3 3 _1

Q. 13 Evaluate lim

x - 1/2

Sol.

Given, lim
x - 1/2Px —1

%x—?:_4x2+1Ij

\/1+x3 —\/1—x3
> .

201

3—\/1—x3 D\/1+x3+\/1_x3

X
=
x

im0+ x%) = (1 -x°)

- Oxg(\/1+ x° +\/1 -x%)

1+ % =1+ 28

x—3_4x2+1D
x-1 4x% -1

= lim

x? 1+ x% + 41 -8

4p? =10 -2 (4x® - 1)

= lim

ng -3)@x + 1) — (4x? +1)B
0

O

¥ =125 dx? -1

1
§

Eﬂexz + 8x — 6x — 3 —4x°

—10
a
ad
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2 (6x? + 4x — 3x —2)
4x? -1
2 Px(3x +2) —=1(3x +2)]
4% -1
2[(Bx +2)(2x = 1)]
@xy - (1f
lim 2 (Bx +2)@2x —1)
x- 12 Qx —1)2x +1)

2 (3x +2) Z%X%J’Z@

lim
x - 1/2

= lim =
x =12 2y —1 2x1+1
:E + 2 :Z
2 2
x" =2"
Q. 14 Find the value of n, if lim =80, n ON.
XxX-2 X —
n _nn
Sol. Given, lim X 22 80
x-2 x =2
O n@)" " =80 S-
a
O nE)" '=5x%x16
O nx2" "1 =5 x @)
| nx2" T =5x@)>!
O n=>5
. sin3x
Q. 15 Evaluate lim =—-,
x - 0sin7x
sin3x B i sin3x
Sol. Given, lim 3% =x-0 ,3975 i
x - 08iN7x Tz lim sin7x  7x
7x x-0 7x
. sin3x
lim —/—=—
:§ -0 Sx
7 . sin7x
lim ——=
-0 7x

xn _an n—1D
=na
x-a .
0. 4im sinx -0
H+"0x H

[x - 00 (kx> 0), here k is real number]
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Q. 16 Eavaluate lim

Sol. Given,

Q. 17Evaluate lim

Sol. Given,

sin 2x
x - 0sin’4x
. sin®2x sin®2x
[im 5 = lim 5
¥~ 0gin“4x x- 0 [sin2 (2x)]

lim

sin®2x

x - 0 (2sin2xc0os2x)?

lim

sin®2x

x - 0 4sin®2xcos’®2x

lim

11

x- 0 4c0s?2x 4

1-cos2x
x -0 x2
. 1=-cos2x _ . 1-1+2sin“x
lim =1
x- 0 x x- 0 .’XZ2
. L2
= lim 2sin X 5 |im sin“ x
x -0 x- 0 x2

Q. 18 Evaluate lim

Sol. Given, Iim0

x - 0

=2 |lim

X
. Finx@2
x -0 X

=2 x1=2

2sinx —sin2x

2sinx —sin2x

xS

= lim

= lim

x3

2sinx — 2sinxcosx

x -0

x -0

x3

2sinx(1 - cosx

3

)

=0 ||m sinx Olim COSQCQ
X - x -0

=20 lim

—COsx

x -0 x2

1-1+2sin?x

2 lim

x- 0 x
Cxrf

o %IHED

—— lim g—=p=

4x-0n*n
0o 0O

263

[+ sin28 =2sinBcos f]

[ cos0=1]

[ cos2x =1-2sin?x]

0. jim SIN% - 40

Hx-0 x H

[ sin2x =2sinxcosx]

- lim sinx =1t

Elxao H
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. 1-cosmx
Q. 19 Evaluate lim .
x -0 1-cosnx
1=1+2gin2 M Er Cosmx—1—23|n2mx5
. . 1-cosmx _ .
Sol. Given, I|m01_ = ||m0 = 0 ; 0
o cosme == 21 -1+ 2sin® = %ndsinnx:1—23in2i5
2 B
. 2 Mx lﬁ
sin® —~ . mx
2 xg i %|H7D
E@ m o2&
.o Mx X 2 xlao mx o 2x2
sin® —= o™ 0 mPr
= i 2 = jm 2 = DZDD 4
¥ 0gip2 1% e 0 g2 1% nx[f x°
2 2 x in—= 4
#2 lim 5725
gﬁg x-0g Nx g
2 oo 0O
B[]
lim —2 0
¥-0g M g
:QZDM:miz . ||mw_1D
n? %innxﬁ n? Hx -0 « H
- O
im 0—2 0
-0 x g
oo 0O

1/1 — Cosb6x
Q. 20 Evaluate lim
x - T/3
JE%‘ x@

Sol. Given, lim Ji-cos6x _ im \1-1+2sin 3x
xan/sﬁgg_xg x - /3 @Eg_xg

V2'sin3x sin3x

xATIIS\/*@i @ quIIST[

sin(1t— 3x)
- 3x
3
sin(1t - 3x)
(11— 3x)

lim
x - T/3

lim =3 x1
x - /3

=3

=3

['.'xHOI:I K %> O]

[ cos2x =1-2sin® x]

[ sin(rt = =sin 6]

o. [im sin —1D

H+-0x B

xﬁgmgx g@aog

matm
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. sinx —cosx
Q. 21 Evaluate lim —————
X n T[
-2 y-_
4 4
@%inx 0 —cosx Di@ V2 %inx cos M- cosx Einjg
V2 RO im 4 4

Sol. Given, . lirﬂ/4 - Lo, P

Qx-;@ @“Z@
V2 sinHe - ™
-

@xliw,fié%_; 2 g Am 5= 1g
4

%-xﬁgugs f@qog

Q. 22 Evaluate lim M

x> T/6 Tt

6
. O
J3si 2 %smx - %Cosx[l
Sol. Given, lim 3sinx —cosx = 1im a O

xanleﬁ X~ /e Qx—gg
2 %inxcosg —cos;csingmg . S'”E’C GE
-

= | =
xall'[/G Q’C_EQ xJT{/G @
6 6

[~ sinAcosB —cos AsinB =sin (A = B)]

=2 lim me —1D

Hxaox H

Sl"xagDQc g@—»og

sin2x + 3x
Q. 23 Evaluate lim —————
x - 0 2x +tan3x

sin2x + 3x
in2x + 3x T Px
Sol. Given, Iim SMe** 9% _ iy 20
x-02x + tan3x «x- 0 2x + tan3x Bx

ngx sz sin2x + §
= fim —2x m 2% 2.
x- 0 x+tan3x§3x xao2+tan3x 3
X 3x
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sin2x+§
=2 m 2x 2
3xﬁ02+ lim tan3x
3 x-0 3x
30
%"fﬂj
=2 20 O Jim $N% = qand fim 12N* =40
3F +10 Hx-0 x <0 x B
03
5
ngg:gXE)(g:-]
3 532 5
3

Q. 24 Evaluate lim SINX ~51na

Sol. Given, lim sinx —sina _ | 2e0s éti@nggg
Jx -+a

x-a \/7—\/7 an

U.sinc -sinD =200s8 1D gin€ =00

g o 25

il o LB

(Jx - va) (x +a)

2cos Q’C;iagsin Q’%Q (Wx + +a)
x-a

= lim

x -0

=2 lim cos gLQ (Jx + V&) lim — 25 gxz;a@

x-a
:2xli£nocos %Q\/*Jr \/’ x“EHO g%iﬁ@@
2

=2 os? B/a 0. jim SN _ O
2 2 Heo x H
= Jacos?
2
2
cot“x -3

Q 25 Evaluate lim ———
x - T/6 cosecx — 2

2 _ > .
Sol. Given  lim cotx -3 _ ., cosecx-1-3

[~ cosec? x =1+ cot? x]
x-ml6cosecx —2 «x-T/6 COSEC x —2

= ym Cosec’x-4_ . (cosec x)’ - @F
x-T/6 cosecx —2 x-T/6  Ccosecx —2
lim (cosecx + 2)(cosecx —2) _ lim  (cosecx +2)

¥ mle (cosecx -2) x- /6

=cosecg+2=2 y2=4
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\@ - 41+ cosx

Q. 26 Evaluate lim

267

x -0 sin® x
e V2 - [1+2c0s? 2 -1
+
Sol. Given, lim V2 - 1 cosx = |lim 2 o, cosx =2cos? ¥ —1D
x-0 sin® x x-0 sin® x H 2 B

V2 - Jocos?®
=lim_—— Vv 2 0. sinx = 2S|n2003x

x-0 sin® x H

= lim

O

2B

x@@l cosfg in «E@i—1+2$in2%

x-0  sinfx sin® x
@%sin Q sinf % gig

= Iim72— |m2f

x-0  sin“x X

@fg

|nf
=22 lim D—D Olim gtli
x-0g X x - 0 Csinx 6

04
-2z Onn. L
16 NP

sinx — 2sin3x +sin5x

Q. 27 Evaluate lim
x - 0 X

Sol. Given,
. sinx —2sin3x +sinbx _ . sin5x + sinx —2sin3x
lim = lim
x -0 X x -0 X

- lim 2sin3xcos2x —2sin3x _ lim

2sin3x(cos2x — 1)

x -0 X x -0

- Iim 2sin3x _ A Sin3x

x -0 x-0 3x

— x 3x

. sin3x
=6 lim —/—=
x-0 3x =x-0

4 3 3

-1
Q. 28 If lim 70 im xi, then find the value of k.

4 _ 3 _ 13
Sol. Given, im ¥ 1= jim XK
x-1 x =1 xaKxZ_kg
3_k3
0 AT = fim XK

quxz_kz

x —K

dlim (cos2x =1) =6 x1x0 =0

X

(cos2x —1)=6 lim =——(cos2x — 1)
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i x3 - K3
im 0 i 0
0 4_x~k x =k ’ lim f(x)_x“‘r»naf(x)g
22—k O x-ag(x) lim g(x)0
lim x-a g
x-k x—K
2
O 4:% 0 4:§k
2k 2
O k=4x2_8
3 3

Differentiate each of the functions w.r.t. x in following questions

4 3 2
x'+xT+x" +1
Q.29
x

e xd a2 410
sol. 2 e D=i§x3
dx x 0 dx

x x
dx dx dx dx

= 3x% +2x +1+§—i2§
X
1

=37 +2x +1 -

X

:3x4+2x3 +x° -1
x2

wn
=)
-
-
@
<
1
mum!
+
2|
o,

dy _d 1@3 _ 1@3" d 1 .
O o a§,5+; 3§x+; %Qx+;§ [by chain rule]
_ 1 1
=3+ ;@2@ ot
= 3x2 - x% _3734 +3
Q. 31 (3x +5)(1 + tanx)
Sol. Let y=(3x + 5)(1 + tanx)
O % = j—x[(Sx + 5)(1 + tanx)]
=(3x + 5)i(1 +tanx) + (1 + tanx)i(Sx + 5) [by product rule]
dx dx

=(3x + 5)(sec®x) + (1 +tanx) 3
=(3x + 5)sec’x + 3(1 +tanx)

= 3xsec’x + 5sec’x + 3tanx + 3
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Q. 32 (secx — 1)(secx + 1)

Sol. Let y=(secx —1)(secx + 1)
y = (sec® —1) [ (@+ b)(@-b)=a° -b?]
=tan’x
g % =2tanx Efitanx
dx dx
=2tanx Bec’x [by chain rule]
3x +4
Q. 33
-7x+9
SOl.- Let y = 23.7(7 +4
bx“ -7x +9

2 d d 2
o _ (5x* = 7x + 9)£(3x +4) —(3x + 4)£(5x —7x +9)
dx (5x% = 7x + 9)°
_(5x” =7x + 9)[B - (3x +4)(10x ~7)
(5x2 = 7x + 9)°
_ 15x% = 21x +27 - 30x” +21x —40x +28
(5x° = 7x + 9
_ —15x” -~ 40x +55
(5x° = 7x + 9F
_ 55-15x" - 40x
(5x2 = 7x + 9)°

[by quotient rule]

Q 34 —COosX

sinx
5 _
Sol. Let y=2 “C°0%%
sinx
d simci(x5 -cosx) — (x° —cosx)isinx
0 Y- dx dx [by quotient rule]
dx (sinx)?

_sinx(5x* + sinx) - (x® —cosx)cosx
sin® x
_ 5x*sinx + sin®x —x°cosx +cos®x

sin x
_ 5x*sinx - x°cosx +sin®x +cos®x

sin® x
_ 5x*sinx — x%cosx + 1
sin® x
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[by quotient rule]

N
Ooooog

inx @x — x° @osx U
— 0
sin® x 0
=i[§xsinx—x2cosx
N2 sin® x

[2cosec x — xcotxcosec x]

cosec [2 — xcotx]

Q. 36 (ax? + cot x)(p + g cos x)

Sol. Let y=(ax? +cotx)(p +qgcosx)

o ¥ (ax?® + cotx)i(p +qcosx) +(p +qcosx)i(ax2 + cotx) [by product rule]
dx dx dx

= (ax? + cotx)(—gsinx) + (p +gcosx)(ax — cosec’x)

= —gsinx(ax® + cotx) + (p + gcosx)(Rax — cosec’x)

Q. 37 a+bsinx

c+dcosx
Sol. Let y= m
' ¢ +d cosx
N dcosx) % (a + bsinx) - (a + bsinx) ¢ +dcosx)
O Y- dx 5 dx [by quotinet rule]
dx (c + dcosx)

(c +dcosx)(bcosx) — (a + bsinx)(—dsinx)
(¢ +dcosx)?

_ bccosx + bdcos? x + adsinx + bdsin® x
(€ + dcosx)?

_ bceosx + adsinx + bd(cos® x +sin® x)
( + dcosx)?
_ bccosx + adsinx + bd
(c +dcosx)?
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Q. 38 (sinx + cos x)?

Sol. Let y = (sinx + cosx)?
ad - 2 (sinx + cosx)(cosx —sinx)
dx
=2 (cos®x —sin®x) [by chain rule]
=2c0s2x [ cos2x =cos® x —sin® x]

Q. 39 (2x - 7)’(3x +5)*
y=@x -7)?(Bx +5)°

Sol. Let

7
dx

=x -7 9 (3x + 57 + (3¢ + 5)3di(2x ~7%  [by product rule]

X X
=@x -7)° (3)(3x + 5 (3) +(3x +5°2 2x -7)@2)  [bychainrule]

=9@x =7 (Bx + 5 +4(3x +5°@2x -7)
=@x -7)3x + 572 [9(Rx ~7) +4(3x +5)]
=(@2x - 7)(3x + 5°(18x - 63 +12x +20)
=(x - 7)(3x + 5?2(30x —43)

Q. 40 x%sinx + cos2x

Sol. Let

Q. 41 sin® xcos® x
Sol. Let
O

y = x°sinx + cos2x

& - i( 2sinx) + 9 cos2x

dx dx dx
= x? [osx + sinx 2x + (-sin2x) @ [by product rule]
=x2cosx +2xsinx —2sin2x [by chain urle]

y =sin®xcos® x

Y~ gind 2 ¥ cos®x +cos®x I sinx [by product rule]
dx dx dx
=sin® x [Bcos? x(-sinx) + cos® x [Bsin? xcosx [by chain rule]

= - 3cos? xsin® x + 3sin® xcos® x
= 3sin® xcos? x(cos? x — sin® x)
= 3sin® x cos® x cos 2x

= %(ZSinxCOSx)ZCOSZx

= %sin22x0032x
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Q. 42 !

ax? + bx +c¢
Sol. Let y= S . (ax? + bx +¢)
ax® + bx +c
O % = —(ax? + bx +c)?(ax +b) [by chain rule]
X
- (ax + b)

(ax? + bx +c)?

Long Answer Type Questions

Differentiate each of the functions with respect to x in following questions using
first principle.

Q. 43 cos(x® + 1)

Sol. Let f(x) = cos(x® + 1)and f(x + h) =cos{(x + h}® +1}
O 9 ) = tim [& )~ 1)
dx h-0 h

cos{(x + h)? + 1} —cos(x? +1)

= lim
h= 0 h
0O —x2 -10
_2Sm§x+h +21+x +1DSlnEXx+h 21 x =1
- im 0 0 O D
h-0 h
0. cosC —cosD = 2sin® * Pgin€ ~P0
H 2 2 B
O I:I 2
| 1D‘ SmE(x+h + 5% +2 [(x+h xD]
hE 0 2 IZI . s
O + h? + 2 +20 . k? + b2 +2xh —x2 [
= lim — [1—2$|n 0osin 3 HE
Theohg g 2 0 O 2 g

10 Ox + h? +x2 +2 0 . h? + 2px 0]
= lim — D—28|ng—|:|sm%gj

n-ohg 0 2 0 2

g+2x 0

nh

Ox + h? + «° +2|:| ES Exgh+2x
D O

= -2 limsi
Jimsin 5 e 0 5 @
2 B

0 2 D’“O

B
2 2 O :
= -2 jimsin (2 * 2+ 20, @h+2x§ D jim SIN% = 40
h-0 g 2 o-od 2 Hx-0 & H

= -2xsin(x® +1) [+x - 00 ks 0]
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ax+b
Q. 44
cx+d
_ax+b
Sol. Let flx) =
cx +d
fle + py =2 TN +b
clx+h)+d
0 9ty = tim Nt + h) = )]
dx h-0h
- 1la(x+h+b _ax+bld
= Imei - 0
h-ohc(+h+d cx+dp
— i 1lax+b+ah ax+ b0
= Imei - 0
h-ohx+h+d cx+df
— im 1 Hax + ah + b)cx +d) —(ax +b{c(x +h) +d}0
n-oh g folx + ) + d}(ex + d) ]
- lim 1 Qax + ah + b)(cx +d) —(ax +b)cx +ch +d)0
n-on folx + h) +d)}ex + d) i
Sacx2 + achx + bcx + adx +adh +bd g
- im 10-{acx® + achx +adx +bcx + beh + bd} O
mon% {clx + h) +d}(cx +d) g
Chcx? + achx + bex +adx +adh +bd O
_ i 1 O acx® —achx —adx —box - beh - bd} [
n-ond {c(x + h) +d}cx +d) -
— jim 10 adh—boh O
= Iim — 0
n~ohHe(x + h) +dycx +d)5
o ac — bd
= |lim
h-0{c(x + h) +d}cx +d)
_ ac -bd
cx + d)
Q. 45 3
Sol. Let flx) = x%/°
fox + h) = (x + h)?'3
Now, 9 fxy= lim M@+ )= 1x)
dx h-0 h
= fim L + W% - 2?7

O /3
= lim 1962/3@ + ﬁg _ 23
hHOh@ X

oOooO
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g 2 o 0
= lim — @2/3Dl+ﬁ%+%% —1@%+ ~~E—1D
X

n-°hg 0O « B
e xf =140 fA0=Ny2y 0
H 2 B
2
= lim 1@2/3%EQ—ED/L+ %
- & M x 9 x? 05
2/3
= |im 2~ ﬁh@ 1 Eﬁ E
h-0 h 3 x
=2,23-1_2 -3
3 3
Alternate Method
Let fla) = x?/3
floc+h) = (x +h)"'®
0 if(x) = lim [+ h)—flx)
dx h-0 h
_2/30 _,2/30
- Iim %x+h)2/3 x = lim gx+h)2/3 x .
(h-op h 0 *h-xg (x+h)-x 0
X n
- 2( /31 B jim* -a =na”'wg
3 0*a x-a 0
3
Q. 46 xcosx
Sol. Let f(x) = xcosx
g flx + h)=(x + h)cos (x +h)
O 9 ) = tim (&)~ 1x)
dx h-0 h
.
= lim —[(x +h +h) -
hlfrwoh[(x )COS(x ) —xCOSx]
= Jim 1 [xcos(x + h) + hcos(x + h) - xcosx]
= Iim 1 [x{cos(x + h) —cosx} + hcos(x + h)]
= I|m ch D—23|n g;%m O+ hcos(x + h)g
h- OhIZI g
sinf 0
= I|m D—2xsm§x §7+cosx+hm
I]
D'cosC—cosD:—Z sinC 8$in ¢-bo
H 2 2 B
. h
. . hQg. sm§ 1 )
= —2h||£n0xsm Ex + 5 “inoT D‘5 + h||£nocos(x + h)
2

==-2 E;Lxsinx +cosx

=cosx — xsinx
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Evaluate each of the following limits in following questions

(x+ y)sec(x +y) —xsecx

-0

Q. 47 lim
y

y

Sol. Given , lim (X * Y)Sec(x + ) —xsecx

y -0

= lim

y
x + y _ X
- lim cos(x +y) cosx
y-0 y
= lim (x + y)cosx —xcos(x + )
y -0 yCcosxCos(x + y)

Ckcosx + ycosx — xcos(x + y)O
y-00 ycosxcos(x + ) 0

— jim Lkcosx — xcos(x + y) + ycosx
y =0 yCcosxcos(x + y) 0

- lim x{cosx —cos(x + y)} + ycosx
y -0 yCosxCos(x + y)

iy
- x sm %m ?%+ ycosx

y -0 ycosxcos(x +y)

U. cosC —cosD = -2 sin C+ DII'l;inC

H 2 2
gx éﬁsm %’C y%ll’l o+ ycosx%

d
y - 00 ycosxCos(x + y) O

2xsin Qx y@ sinY 1
= lm — 72 0+ I|m sec (x + )
yﬁocosxcos(x+y)y~0 y 2 y-0

2

. sinx
o. lim —/—=

H o0 x

=1and x - 00 kx>

pesnfh o 15

=|lm-— = IZL + lim sec (x + )
y - 0cosxcos(x+y) 2 y-0
2xsinx 1
="~~~ [l +secx
cosxcosx 2
=xtanxsec x + sec x

=secx (xtanx + 1)

2’75

-D[

H
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Q 48 im sin(a + B)x + sin(a — B)x +sin20x O
cos2fBx — cos20 x

[sin(a + B)x + sin(a — B)x + sin20x]
Ccos2Bx — cos20x

G

Sol. Given, lim
X -

T [2sinax [eagPx +-sin2a A’E!k2s r]C2 o CZDE

x-0 cosEBag— cos20x

[2sinaxcosPx + sin20x]x E cos C - cos D =2SmC +D Ei;inD ; CE

x -0 2sin(@ + B)x sin(a — B)x

= lim [2sinaxcosPx + 2sinoxcosox]x
x -0 2sin(a + PB)x sin(a — B)x

— iim 2sinox[cosBx + cosax]x
x -0 2sin(@ + B)x sin(a - B)x

SIﬂGx%COS %@CCOS %@xg
o P P 5 e O

o. cosC +cosD =2cosC * DcosC -D and sin20 =2 sinBcos GD
H 2 2 H
_ sina x [k
23|n g;gxsm é';gx
sinax

B SN [ o)
ot v 5 oo oo
EL@ g;@cié“z FES o

0. fim $N% _4andx - 00 kx OO

B0 «x H

. sinax
lim
*-0 ax

O
O
0O
0
5 5 i
_72B§X limsin ZB@H
-0 F;B%xqo F;BQ{E

lp % - 20
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tan® x — tanx

S e

Q. 49

Sol. Given, Iim tan® x - tanx %formg
x> /4 COS@C + 7@
. i
= lim tanx (tan *7 V= Jim tanxOlim Ditan * 0
wemld @C n@ X T/4 X T/ 4 @:os @C gn@@
= —1 xjm (I tanx) (1 — tanx) [- a2 —b% =(a +b)(@-b)]

/4
xe cos§>(+E

a
=~ lim (1+tanx) lim cosx ~sinx
o/ T Qosy I]:os@x + EED
B 403
22 mosx - | winx @ostItOSx smeme
—1+1)x lim B2 V2 B 272 lim O
x4 COSxE:OS%x+TZT§ xﬁ"/‘E cos;cm:osgx n@ D

[-cosAltosB-sinAsinB =cos (A + B)]

COS%{"'*Q
=2 lim — 2 40 - ol - p =

x-TU/4 T 1
BosHk + —
cosx os%x 4@ 5
X
1- sm—
Q. 50 tim
x - % X x@
COS* 0S— —sin—
4 4
1—smf
Sol. Given, lim

X T
COS— @3087 - SII’]—Q

cos?® +sin? X —2 @in® @os X
= lim 4 4 4 4 [-sin®0 +cos?0=1sin206=2sin6Cos @

T cos® (cos¥ -sin%)
2 4 4

@:osf—sinfg2
= lim 4 4 [- cos®20 = cos? 8 —sin? 6]

amn% 2X . sz% X . X
0S™ — —sIn™ — O0S— —SIn—
4 4 4 4
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@:osf—sinfg
= lim 4 [+a®-b% =(a+b)(@-b]

xXx—-TU X X
@:os + smfggzosf - smfg
4 4
i — = :g &
Toos® 4sin® L+ L
4 4 2 2

-4
Q. 51 Show that lim |~ 4

x>T4 X —4

does not exist,

Sol. Given, im X410
x- Tl x -4

w4 [ola -4 = —(x —4), x <4]
x—4

LHL= lim_
xo
4
= -1
RHL= Iim *~9%
.o ntox—4
4
0O LHL #RHL
So, limit does not exist.

[k cosx
Q.521f fx) =~ %

=1 [o]x =4 =(x —4), x >4]

when x #

4

and lim f(x)= f@@ then find the
x - TU/2 2

OSH =R

3, when x =

OO

value of k.
kcosx
- _Un-2x’
Sol. Given, flx) =0
g 3 x =

0
P kcos%[ - h@
0 LHL= lim %C98% = jim

xﬁin—Zx haoﬂ—e%[—hg
2

o ksinh _ . ksinh
= |lim = |lim
h-0m-m+2h h-0 2h
k sinh _ k k 0. lim w :15

=— |lim=—=_0O=
2h-0 h 2 2 Hnr-ox H

kcos% + hg
kcosx _

RHL = |im+ Ilmn+
xﬂn?T[—Zx A | 2%+h§

- lim —ksinh - 1im ksinh —ﬁl sinh _ andf%@ 3
h-0m-m-2h h-0 2h 2ha02h 2

It is given that, lim f(x)= f%@ O —-=3

x - T/2

Ng N[y

O
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[k +
.53 If =
Q.831F /(=1

I

2, x<-1 . .
, then find ¢ when lim

X - -

+ <-
Sol. Given, fw=f 2 ="
gexs, x>-1
LHL = fim fx)= lm (x +2)

x - -1

= ||£n0(—1 -h +2) =hl|£n0(1 -h)=1

RHL = lim f(x
x - -1t
O =C
If lim f(x)exist, then LHL = RHL

O c=1

Objective Type Questions

sinx

Q. 54 lim is equal to
x-mX — Tl
(@)1
(c) -1
sinx _ lim sin(Tt— x)

Sol. (¢) Given, lim =
X-Tx —T0 x”"—(T[—x)

[-sin® =sin(m - 9]
x-m o (T-Xx)

2
. x“cosx ,
Q. 55 lim ———"is equal to

x-01-cosx

(@) 2

(© 7

x%cosx _ . x2cosx
= lim

Sol. (@) Given, lim
x-01-cosx = 05q2 %
2

=2 lim %g

¥ Ogip2 X

)

1

x - -1

. f(x) exists.

lim cx® = lim c(-1+h)?

x - -1

P

N

. sinx
0. lim —= =

Hao x

Olimcosx =20 =2

X -

1and m-x

(H R
a1

2’79

00 % TE

2 X[]

cosx =2sin“ =

2H
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1+ x)" -1,
Q. 56 lim ¥1s equal to
x - 0 X
(@n (b) 1
(€)=n (d)o
Sol. (a) Given, lim (+a) =1y () =1 (1+ ) 1
-0 x £ 0 (1+x)=1 -0 (1+x)-1
—gim O = () -1
£=0 (1+x)=1 (+x-1 (1+x)-1
=nm)’ =" =n o lim ¥ 78 < panmig
O+@ x-a 0
m
Loxn =1,
Q. 57 lim is equal to
x-1x =1
(a) 1 )
n
m m2
() —— (d)—
n n
xM =1 i e
Sol. (b) Given, lim il jm X1 -1 «-1
x-1x" =1 x-1x" =1 i x" =1
im
x -1 x-1 x =1
_m" " _m D lim 228 gD
n@’"" n H%a x-a o
1-c0s40 .
Q. 58 lim is equal to
8- 01— cos
4 1
o b) —
) 9 ( )2
-1
— d) -1
(0) 5 (d)
. . 1-cos40_ . 2sin’26 2
. (a) Given, lim = | .+ 1-c0s26 =2sin
Sol. (@) Giv 6 01-c0s60 © - 02sin? 30 [ e
2 .
fim 1 29 ooy Jim. &'”zeg .
-0 (26) “4g- 028 O O jim SM% —4andx - 00 kxs  OF
. SII’]239 2 9 39D2 5 -0 x E
lim 5 [{30) lim " 0
6-0 (39 6-00 30 O
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cosecx —cot x
Q.59 lim ——— s equal to
x - 0 X

=1 1
(@ — (b) 1 (0= (d)1
2 2
Sol. (¢) Given, lim COSecx - cotx
x-0 X
1 cosx
= lim Sinx__sinx — |im 1-cosx
x-0 x x -0 x[$inx
2sin? tan®
= lim 2= |jm_—2
= Oy @sinfcos® -0 x
2
x
tan=
=im_2g=" D. jim 18N8 _ 40
-0 X 2 2 He-o o H
2
sinx
Q. 60 lim is equal to
x>0 Jx+1—-,1-x
(@ 2 (b) O (01 (d) -1
Sol. (¢) Given, lim —_Sn*
() x-0 Jx+1-J1—-x
= Iim sinx EF/x+1 + J1-x
x~0\/x+1—\/1—x \/x+1+\/1—x
- im sinx(x + 1+ 1-x )
x -0 (x+)-(1-x)
- lim sinx(yx + 1+ J1-x)
x-0 x+1-1+x
= L iim SI0% jim (Jx+ 1+ T-2)
2x-0 x x-0
1 0. ... sinx _.,0
=-—0O2 =1 s lim =—= =1
2 Hx-0 x H
2
. sec” x — 2.
Q. 61 lim ———is
x - /4 tanx — 1
@3 (b) 1 (©0 (d)2
2
Sol. (d) Given, lm SeCTx=2
x- /4 tanx -1
I T+tan®x -2 _ im tan®x -1
x- /4 tanx — 1 x - /4 tanx — 1
- i (anx + fftanx -1 _ (tanx + 1)
x- /4 (tanx—‘]) x-T/4

=2
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Wx - 1)@x -3) .

Q. 62 lim > is equal to
x-1 2x°"+x-3
(a) 1 (b) il (€1 (d) None of these
10 10

Sol. (b) Given, Iim Wr —Hex -9 lim Wz - 1@x -3)
-1 2% 4 x =3  x-1(2x+3)(x —1)
im__ (x -Nex -3
v 1Rx + )(Wx ~NWx +1)
lim 2x -3 _ -1 2;1
T 12x + 3)(Wx +1) 5x2 10

i"[]x], [x] # 0

Q. 631f f(x) x
0, [x]=0

=0 , where [[[J denotes the greatest integer
H
function, then lim f(x)is equal to
x - 0
(@1 (b) 0 (c) =1 (d) Does not exist

Sol. (d) Given, flx) =

0 LHL= lim f(x)

RHL= lim f(x)= lim
x- 0" x-0* [.’X?]

_ jim SINO+A] sinfA] _
= im m =
x~0* [0+h]  h-0 [h]

LHL #RHL

1

So, limit does not exist.

|sinx|

Q. 64 lim is equal to
x - 0
@1 (b) = -1
(c) Does not exist (d) None of these
Sol. (c) Given, limit = |im0M
x - X

O LHL = fim FPOM = — im0 = g
x - 0" X x- 0 X
RHL= fim 3% =4
x> 0" x
. LHL # RHL
So, limit does not exist.
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2 <x<
Q.651f foy=p © 0<%<?
Rx+3, 2<x<3

are lim_ f(x)and lim f(x)is

X - 2 x_>2+

@ x> -6x+9=0 (b) x*> - 7x +8 =0

, then the quadratic equation whose roots

(© x% -14x + 49 =0 d)x®> -10x +21=0

2 -
Sol. (d) Given, f(x) = Ox® -1, 0<x <2
%x +3 2<x<3

O lim fx)= lim (x® - 1)

x - 27 x - 27

— P2 4= It 2 _ —
= lim [@ =h)* =1]= lim (4 + h* - ah =)

= lim(h® -4h +3)=3

and lim flx)= lim @x + 3)

xo 2t xo 2t

= h“fno 2@+ h) +3]= hl|£no(4 +2h +3) =7

So, the quadratic equation whose roots are 3 and 7 is x° - (3 + 7)x + 3 x7 =0i.e,
x? —10x +21=0.

. tan2x —x .
Q. 66 lim ———is equal to
x - 03x —sIinx
@2 (b) © ! (L
2 2 4
fan2x _40
Sol. (b) Given, lim tan2xl—x = lim H = : B
*-03x —sinx x-0 Ei_smxu
X
x B
) tan2x
:x|IEn02X o 1:2_1:1
3- fim SN 3-1 2
x-0 x

Q. 67If f(x) = x —[x], DR, then f' %@is equal to

(a) 3 (b) 1 (©0 (d) -1
Sol. (b) Given, f(x)=x - [x]
’

Now, first we have to check the differentiability of f(x) at x = >

0 Lf'%gz LHD = hnpqof%_h_%_f%@
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%—h@—%—h@—%+%§: N %-n—o-%+o=1
h h

h-0

= lim
n-20

1.0 .0
Rf’%@z RHD /im %
h- 0 h
%+h§_%+h§_%+%§_. 1+h—0—%+0
h

and

= lim
h-o0

LHL =RHD

; =

1 d .
Q.GSIfy=\/§+—,then—yatx=1lsequalto
Jx dx

1 1
1 b) — —
() ()2 (C)ﬁ (do
Sol. (d) Given, y=ﬁ+%
dy _ 1 1
Now, w- ' _
o dx  2Jx 2x%°2
O y :1—1:0
%Qﬂ 2 2
Q. 69 Iff(x)—xi_[+ then f'(1)is equal to
Y NE
@2 b2 ©1 (d)0
Sol. (a) Given f(x)5—x_4
ot ’ 2Vx
1
2Vx —(x-4R2O0 —
Now, F(x) = 2\x
4x
_2x—(x-4) _2x-x+4
- 432 - 45372
_x+4
1+4 _5
0 friy=——-_=2
g ax2 4
1
1+ J
Q. 70 If y = x ,thenlis equal to
1 dx
1=
4 4
—4Xx —4Xx
— b
(a)(x2—1)2 ()x2—1
1- 2
0% (d) —~

4x x° =1
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1+ 12 241
Sol. (a) Given, y= x1 0y== 1
1- 4 x° =
x2
2 2
! dy _ (7 —12x - (" +1)(2x) [by quotient rule]
dx (x2 =1
dy _2x(x® -1-x° -1
dx (x? =17
_ 2x (-2) - —4x
(@® =17 (x® =1y
sinx + cosx a .
Q. 71 If y=—, then Y atx=0is equal to
sinx — cosx dx
(@) -2 (b) 0 (c)% (d) Does not exist
Sol. (a) GiVen, y= Sl.nx + COSx
sinx —cosx
0 dy _ (sinx —cosx)(cosx —sinx) —(Slnx2+ cosx)(cosx +sinx) [oy quotient rule]
dx (sinx —cos x)

_ —(sinx —cosx)? —(sinx +cosx)?
(sinx - cosx)?

_ = [(sinx —cosx)? + (sinx +cosx)?]
(sinx — cosx)?
_ —[sinx +cos®x —2sinxcosx +sin®x +cos?x +2sinxcosx]

(sinx — cosx)?
-2
(sinx - cosx)?

O %%:02_2

dy

sin(x +9 .
Q. 72 1Ify = g then = at x = 0 is equal to
cosx dx
(a) cos9 (b) sin9 (©0 (d) 1
Sol. (a) Given, :M
cosx
0 dy _cosxcos(x + 9) —sin(x + 9) (-sinx) [by quotient rule]
dx (cosx)?
_ cosxcos(x + 9) + sinx sin(x +9)

cos®x

0 %Q‘ _cos9
X =0 1

=co0s9
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xz xlOO .
Q.731f fx) =1+« T then f'(1)is equal to

1

@ —— (b) 100
100
(©0 (d) Does not exist
Sol. (b) Gi flx) =1 i S
. iven, X)=1+x+—+. +5
0 2 100
x x99
0 fle)=0+1+2x2 +  +1005_
2 100
Flx)=1+x +x°+..+x%
Now, ff(y=1+1+1+...+1(100 times)
=100
x" =a"
Q. 74 If f(x) = = for some constant a, then f'(a) is equal to
X —a
(a1 (b) 0 (c)% (d) Does not exist
n _ gn
Sol. (d) Given, flx)=2_—2
x-a
_ n=1_/.n _ 4N
g f'(x) = (x —a)u (7 —a’)(1) [by quotient rule]
(x —a)
0 f,(x)_nx”_w(x—a)—x” +a"
(x - ay’
Now, la) = na"~'(0)-a" +a"
(x —a)
0
O f'(a)= =
(@) 0
So, f'(a) does not exist,
Since, f(x)is not defined at x = a.
Hence, f'(x)at x = a does not exist.
Q.75 If f(x) = x' +x% +... +x +1, then f'(1)is equal to
(@) 5050 (b) 5049
(c) 5051 (d) 50051
Sol. (a) Given, fx) =" + 2% + . +x +1
O F(x)=100x% + 99x% + ... +1+0
=100x% + 99x% + ... +1
Now, f'(1)=100+ 99 + ... +1
:12@[2 X100 + (100 —=1)( =1)]
— O.c _N O
=50[200 - 99 S, =={2a+(n-1d
[ ] g o 2{ (n=1 }E

=50 x101
= 5050
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Q.76 1f f(x) =1-x+x% —x> +... =% +x%, then f'(1)is equal to
(@) 150 (b) =50 (c) =150 (d) 50
Sol. (d) Given, flx)=1-x +x2 -x> +... —x% +x'%
Flx)=0-1+2x —3x% +... —99x% +100x%

=—1+2x —3x% +... —99x% +100x%
0 fri)y=-1+2-3+...-99 +100
f7
=(-1-3-5-...-99) +(2 +4 +...+100) =S, ="oa+n-nat
Q 2 H
50

x S0p « -
- x1+(50 1)2] + TR x2 +(50 ~1)2)

—25[2 + 49 x2] +25[4 +49 x2]
~25(@2 +98) +25(4 +98)

-25 x100 +25 x102

- 2500 + 2550

50

Fillers
Q.771f f(w) = - tanx " then im f(1) = oo
X -
Sol. Given, f(x) = tanx _ lim tanx _ lim —tan(m - x) lim tanx:1D
X—T *x-T x—T0 T-x-0 —(T[—x) ﬁxﬁo g

.M. x O
Q. 78 lim Esmmxcot—H=2, thenm = ......
x =0 NE)
. Given, Jim Binmrcot % =2
Sol iven x[no |r1mxco\/é
0 im 7% e 0 1x =2
o mx tan——
J3
X
0 lim SNME e V8 gl oo
x-0 mx tani X
NEERVK]
X
0 lim S i V8 [jim M =5
x-0 mx xﬂotani x-0 X
NE] V3
J3x =2
- 243
3
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2 3
x x° x d
Q.79Ify:1+—+—+—+...,thenl: ......
1 2! 3! dx
2 3 4
Sol. Given, y:1+f+x7+x7+x7+m
1 2l 3! 41
2 3
0 ﬂ:o+1+2x+3i 4x
dx 2 6 41
2 3
=+ +2 + X 4
2 6
2 3
R L L
1! ! !
=Yy
. X
Q.80 lim —=..
x4>3+[x]
) . . (8+h)
Sol. Given, lim * = ||m(
x-3%Y[x] h-0[3+Ah]
= Jim 8+ N _,

h-0o 3
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Mathematical Reasoning

Short Answer Type Questions

Q. 1 Which of the following sentences are statements? Justify
(i) A triangle has three sides.
(i1) 0is a complex number.
(i1i) Sky is red.
(iv) Every set is an infinite set.
(v) 15 +8 >23.
(vi) y +9 =7
(vii) Where is your bag?
(viii) Every square is a rectangle.
(ix) Sum of opposite angles of a cyclic quadrilateral is 180°.
(x) sin® x +cos® x =0
Sol. As we know, a statement is a sentence which is either true or false but not both
simultaneously.
(i) Itis true statement.
(i) It is true statement.
(iii) It is false statement.
(iv) It is false statement.
(v) Itis false statement.
(Vi) y+9=7
It is not considered as a statement, since the value of yis not given.
(vii) Itis a question, so it is not a statement.
(viii) It is a true statement.
(ix) It is true statement.
(x) Itis false statement.
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Q. 2 Find the component statements of the following compound statements.
(i) Number 7 is prime and odd.
(i1) Chennai is in India and is the capital of Tamil Nadu.
(i11) The number 100 is divisible by 3, 11 and 5.

(iv) Chandigarh is the capital of Haryana and UP.

(vi) 0is less than every positive integer and every negative integer.
(vii) Plants use sunlight, water and carbon dioxide for photosynthesis.
(viii) Two lines in a plane either intersect at one point or they are parallel.
(ix) A rectangle is a quadrilateral or a 5 sided polygon.

ii)
)
)
(v) \J7 is a rational number or an irrational number.
i)
i) P
)

Sol. (i) p: Number 7 is prime.

q : Number 7 is odd.

(ii) P: Chennaiis in India.
g : Chennaiis capital of Tamil Nadu.

(iii) p : 100 is divisible by 3.
g : 100 is divisible by 11.
r: 100 is divisible by 5.

(iv) p : Chandigarh is capital of Haryana.
g : Chandigarh is capital of UP.

(v) p : /7 is arational number.
q : /7 is an irrational number.

(vi) p : Ois less than every positive integer.
q : 0 is less than every negative integer.

(vii) p : Plants use sunlight for photosysthesis.
q : Plants use water for photosynthesis.
r: Plants use carbon dioxide for photosysthesis.

(viii) p : Two lines in a plane intersect at one point.

q : Two lines in a plane are parallel.

(ix) p : Arectangli, is a quadrilateral.
q : Arectangle is a 5-sided polygon.

Q. 3 Write the component statements of the following compound statements
and check whether the compound statement is true or false.

(i) 57 is divisible by 2 or 3.

(ii) 24 is a multiple of 4 and 6.
(i1i) Al living things have two eyes and two legs.
(iv) 2 is an even number and a prime number.

Sol. (i) Given compound statement is of the form ‘pvq’. Since, the statement ‘pvq’ has the truth
value T whenever either p or g or both have the truth value T.

So, it is true statement.
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Its component statements are
p : 57 is divisible by 2. [false]
q : 57 is divisible by 3. [true]

(ii) Given compound statement is of the form ‘p0q’. Since, the statement ‘p 0g’ have the
truth value T whenever both p and g have the truth value T.

So, it is a true statement.

Its component statements are

p 24 is multiple of 4 [true]
q : 24 is multiple of 6. [true]

(iii) Itis a false statement. Since ‘p g’ has truth value F whenever either p or g or both have
the truth value F.

Its component statements are

p : Allliving things have two eyes. [false]

q : Allliving things have two legs. [false]
(iv) Itis a true statement.

Its component statements are

p: 2is an even number. [true]

q : 2is a prime number. [true]

Q. 4 Write the negative on the following simple statements.

(i) The number 17 is prime.
(ii) 2 +7 =6.

(iii) Violets are blue.

(iv A5 is a rational number.
(v) 2is not a prime number.

(vi) Every real number is an irrational number.

(vii) Cow has four legs.

(viii) A leap year has 366 days.

(ix) All similar triangles are congruent.
(x) Area of a circle is same as the perimeter of the circle.

O T T T = o

Sol. (i) The number 17 is not prime.

(i) 2+7 26

(iii) Violets are not blue.

(iv) +/5 is not a rational number.
(v) 2is a prime number.

(vi) Every real number is not an irrational number.

(vii) Cow has not four legs.

(viii) A leap year has not 366 days.
(ix) There exist similar triangles which are not congruent.
(x) Area of a circle is not same as the perimeter of the circle.
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Q. 5 Translate the following statements into symbolic form
(i) Rahul passed in Hindi and English.
(i1) x and y are even integers.
(iii) 2, 3 and 6 are factors of 12.
(iv) Either x or x + 1is an odd integer.
(v) A number is either divisible by 2 or 3.
i) Either x =2 or x = 3/is a root of 3x% — x — 10 =0.

(v

(vii) Students can take Hindi or English as an optional paper.
Sol. (i) p: Rahul passed in Hindi.
q : Rahul passed in English.
p Oqg : Rahul passed in Hindi and English.
(i) p : x is even integers.
q : yis even integers.
pnq:xand yare even integers.
(iii) p : 2 is factor of 12.
q : 3is factor of 12.
r: 6is factor of 12.
pUOqO r: 2, 3and 6 are factor of 12.
(iv) p : xis an odd integer.
q : (x + 1)is an odd integer.
p Ogq : Either x or (x + 1)is an odd integer.
(v) p: Anumber is divisible by 2.
q : A number is divisible by 3.
p Og : Anumber is either divisible by 2 or 3.
(vi) p:x=2isarootof 3x2 - x =10 = 0.
q:x=3isarootof 3x% - x =10 =0.
p Oq : Either x =2 or x = 3is a root of 3x2 — x =10 =0,
(vii) p : Students can take Hindi as an optional paper.
q : Students can take English as an optional subject.
p 0q : Students can take Hindi or English as an optional paper.

Q. 6 Write down the negation of following compound statements.
(i) Al rational numbers are real and complex.

i) All real numbers are rationals or irrationals.
) x =2 and x =3 are roots of the quadratic equation x® — 5x + 6 =0.
(iv) A triangle has either 3-sides or 4-sides.
(v) 35 is a prime number or a composite number.

i)

vii)

)

(i
(iii

( vi) All prime integers are either even or odd.
vii) | x| is equal to either x or —
(vm 6 is divisible by 2 and 3.
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@ Thinking Process
Use (i) ~(pUgF ~pd ~q
(i~(pUgF ~pd ~q
Sol. (i) Letp : All rational numbers are real.
q : All rational numbers are complex.
~ p : All rational number are not real.
~ @ : All rational numbers are not complex.
~ (pOag): All rational numbers are not real or not complex. [+ ~(pOgF ~p0 ~q]
(ii) Let p : All real numbers are rationals.
q : All real numbers are irrational.
Then, the negation of the above statement is given by
~ (pOq) : All real numbers are not rational and all real numbers are not irrational.
[+ ~(pOgE ~p0 ~q]
(iii) Let p : x =2 is root of quadratic equation x? - 5x + 6 =0,
q : x = 3is root of quadratic equation x> - 5x + 6 = 0.
Then, the negation of conjunction of above statement is given by
~(p0qg): x =2 is not a root of quadratic equation x? — 5x + 6 =0 or x = 3is not a root
of the quadratic equation x® - 5x + 6 = 0.
(iv) Letp : Atriangle has 3-sides.
q : Atriangle has 4-sides.
Then, negation of disjunction of the above statement is given by
~ (p 0Q) : Atriangle has neither 3-sides nor 4-sides.
(v) Letp : 35is a prime number.
q : 35 is a composite number.
Then, negation of disjunction of the above statement is given by
~ (p Oq) : 35 is not a prime number and it is not a composite number.
(vi) Letp : All prime integers are even.
q : All prime integers are odd.

Then negation of disjunction of the above statement is given by
~ (p 0q) : All prime integers are not even and all prime integers are not odd.

(vii) Letp :|«] is equal to x.
q :|«| is equal to - x.
Then negation of disjunction of the above statement is given by
~ (p Oq) :|«f is not equal to x and it is not equal to — x.

(viii) Letp : 6is divisible by 2.
q : 6 is divisible by 3.
Then, negation of conjunction of above statement is given by
~ (pOqg): 6 is not divisible by 2 or it is not divisible by 3
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Q. 7 Rewrite each of the following statements in the form of conditional
statements.
(i) The square of an odd number is odd.
(i1) You will get a sweet dish after the dinner.
(i) You will fail, if you will not study.
(iv) The unit digit of an integer is 0 or 5, if it is divisible by 5.
(v) The square of a prime number is not prime.
(vi) 2b =a +¢, ifa, band care in AP.
Sol. We know that, some of the common expressions of conditional statement p - q are
(i) if p, thenqg
(i) qifp
(iii) ponlyifg
(iv) pis sufficient forg
(v) g is necesary for p
(vi) ~q implies ~ p
So, use above information to get the answer
(i) If the number is odd number, then its square is odd number.
(i) If you take the dinner, then you will get sweet dish.
(iii) If you will not study, then you will fail.
(iv) If an integer is divisible by 5, then its unit digits are 0 or 5.
(v) If the number is prime, then its square is not prime.
(vi) Ifa, bandc arein AP, then2b =a +c.

Q. 8 Form the biconditional statement p « g, where

(i) p: The unit digits of an integer is zero.
g : It is divisible by 5.
(i1) p: A natural number nis odd.
g : Natural number n is not divisible by 2.
(i1i) p : A triangle is an equilateral triangle.
q : All three sides of a triangle are equal.
Sol. (i) p - g : The unit digit of on integer is zero, if and only if it is divisible by 5.
(ii) p - g : Anatural number no odd if and only if it is not divisible by 2.
(iii) p ~ g : Atriangle is an equilateral triangle if and only if all three sides of triangle are

equal.
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Q. 9 Write down the contrapositive of the following statements.
(i) Ifx =y and y =3, then x =3.
(i1) If nis a natural number, then nis an integer.
(iii) If all three sides of a triangle are equal, then the triangle is
equilateral.

(iv) If x and y are negative integers, then xy is positive.
(v) If natural number nis divisible by 6, then nis divisible by 2 and 3.
(vi) If it snows, then the weather will be cold.
(vii) If x is a real number such that 0 < x <1, then x® <1

® Thinking Process
We know that, the statement (~q) — (~ p) is called contrapositive of the statement
p-q
Sol. (i) Ifx#3 thenx # yory#3
(ii) If nis not an integer, then it is not a natural number.
(iii) If the triangle is not equilateral, then all three sides of the triangle are not equal.
(iv) If xy is not positive integer, then either x or y is not negative integer.
(v) If natural number nis not divisible by 2 or 3, then nis not divisible by 6.
(vi) The weather will not be cold, if it does not snow.
(vii) If x2 ¢ 1, then x is not a real number such that 0< x <1.

Q. 10 Write down the converse of following statements.
(i) If a rectangle 'R is a square, then R is a rhombus.
(ii) If today is Monday, then tomorrow is Tuesday.
(iii) If you go to Agra, then you must visit Taj Mahal.
(iv) If sum of squares of two sides of a triangle is equal to the square of
third side of a triangle, then the triangle is right angled.
(v) If all three angles of a triangle are equal, then the triangle is
equilateral.
(vi) Ifx : y =3:2, then 2x = 3y.
(vii) If S is a cyclic quadrilateral, then the opposite angles of S are
supplementary.
(viii) If xis zero, then x is neither positive nor negative.
(ix) If two triangles are similar, then the ratio of their corresponding sides
are equal.
® Thinking Process

We know that , the converse of the statement “p — q"is (q) — (p)"

Sol. (i) If thes rectangle ‘R’ is rhombus, then it is square.
(i) If tomorrow is Tuesday, then today is Monday.
(iii) If you must visit Taj Mahal, you go to Agra.
(iv) If the triangle is right angle, then sum of squares of two sides of a triangle is equal to the
square of third side.
(v) If the triangle is equilateral, then all three angles of triangle are equal.
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(vi) If2x =3y, thenx:y =3:2
(vii) If the opposite angles of a quadrilateral are supplementary, then S is cyclic.
(viii) If x is neither positive nor negative, then x is 0.
(ix) If the ratio of corresponding sides of two triangles are equal, then triangles are similar.

Q. 11 Identify the quantifiers in the following statements.
(i) There exists a triangle which is not equilateral.
(ii) For all real numbers x and y, xy = yx.
(i) There exists a real number which is not a rational number.
(iv) For every natural number x, x + 115 also a natural number.
(v) For all real numbers x with x >3, x? is greater than 9.
i) There exists a triangle which i 1s not an isosceles triangle.
i) For all negative integers x, x> is also a negative integers.
)
x)

(vi
(vii
(viii) There exists a statement in above statements which is not true.

(ix) There exists an even prime number other than 2.

(x) There exists a real number x such that x* +1=0.

Sol. Quantifier are the phrases like ‘There exist’ and ‘For every’, ‘For all’ etc.

(i) There exists (ii) For all
(iii) There exists (iv) For every
(v) For all (vi) There exists
(vii) For all (viii) There exists
(ix) There exists (x) There exists

Q. 12 Prove by direct method that for any integer ', n® - n is always even.

® Thinking Process
We know that, in direct method to show a statement, if p then q is true, we assume p is
true and show g is true e, p — q.

Sol. Here, two cases arise
Case | When nis even,
Let n=2K, KON
| n® —n=@K)?® - 2K)=2K (4K® -1)
=2 A\ where A = K (4K2 - 1)
Thus, (n® - n) is even when nis even.
Case Il When nis odd,
Let n=2K +1 KON
O n® —-n=@K +1° -2K +1)
=K+ )[K +1) 1]
= (2K + 1)[4K? +1 + 4K —1]
= (2k + 1) (4K? + 4K)
= 4K 2K + 1) (K + 1)
=2y, whenp =2K (K + 1) 2K +1)
Then, n® - nis even when nis odd.
So, n® - nis always even.
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Q. 13 Check validity of the following statement.
(i) p: 125 is divisible by 5 and 7.
(i1) g : 131 is a multiple of 3 or 11.

Sol. (i) p: 125 is divisible by 5 and 7.
Letqg : 125 is divisible by 5.
r: 125 is divisible by 7.
q is true, ris false.

0 g Orisfalse.

[since, p Og has the truth value F (false) whenever either p or g or both have the truth value
F.]

Hence, pis not valid.
(i) p: 131 is a multiple of 3 or 11.
Letqg : 131 is multiple of 3.
r: 131 is a multiple of 11.
pis true, ris false.

0 p0Oristrue.
[since, p Oq has the truth value T (true) whenever either p or g or both have the truth
value T]

Hence, g is valid.

Q.14 Prove the following statement by contradiction method
p : The sum of an irrational number and a rational number is irrational.
Sol. Let pisfalsei.e., sum of an irrational and a rational number is rational.
Let ¥/m is irrational and n is rational number.
O Jm+n=r [rational]
u Jm=r-n
Jm s irrational, where as (r - n)is rational. This is contradiction.
Then, our supposition is wrong.
Hence, pis true.

Q. 15 Prove by direct method that for any real number x, y if x =y, then
2 . 2
x°=y-.
@ Thinking Process

In direct method assume p is true and show q is true ie, p O q.
Sol. letp:x=y, «x yOR

On squaring both sides,
x? =y q [say]

Hence, we have the result.
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Q. 16 Using contrapositive method prove that, if n® is an even integer, then n
is also an even integer.
@ Thinking Process

In contrapositive method assume ~q is true and show ~p is true ie, ~q O ~p.

Sol. Letp: n® is an even integer.

g : nis also an even integer.
Let ~ pis true i.e., nis not an even integer.

0 n? is not an even integer. [since, square of an odd integer is odd]
0 ~ pis true.
Therefore, ~q is true 00 ~ pis true. Hence proved.

Objective Type Questions

Q. 17 Which of the following is a statement?
(a) xis a real number
(b) Switch off the fan
(c) 6 is a natural number
(d) Let me go
Sol. (¢) Aswe know a statement is a sentence which is either true or false.
So, 6 is a natural number, which is true.
Hence, it is a statement.

Q. 18 Which of the following is not a statement.
(@) Smoking is injurious to health
b)2+2=4

(c) 2 is the only even prime number

(

)
d) Come here

Sol. (d) ‘Come here’ is not a statement. Since, no sentence can be called a statement, if it is
an order.

Q. 19 The connective in the statement 2+7>9 or 2+7<9 is

(a) and (b)or
(c) > (d)<

Sol. (b)In2+7>90r2 +7 <9, oris the connective.

Q. 20 The connective in the statement “Earth revolves round the Sun and
Moon is a satellite of earth” is
(@ or (b) Earth
(c) Sun (d) and

Sol. (d) Connective word is ‘and’.
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Q. 21 The negation of the statement “A circle is an ellipse” is
(@) An ellipse is a circle (b) An ellipse is not a circle
(c) A circle is not an ellipse (d) A circle is an ellipse

Sol. (c¢) Let p: Acircleis an ellipse.
~ p: Acircle is not an ellipse.

Q. 22 The negation of the statement “7 is greater than 8" is
(a) 7 is equal to 8 (b) 7 is not greater than 8
(c) 8 is less than 7 (d) None of these

Sol. (b) Let p: 7is greater than 8.
~ p: 7 is not greater than 8.

Q. 23 The negation of the statement “72 is divisible by 2 and 3" is
(@) 72 is not divisible by 2 or 72 is not divisible by 3
(b) 72 is not divisible by 2 and 72 is not divisible by 3
(c) 72 is divisible by 2 and 72 is not divisible by 3
(d) 72 is not divisible by 2 and 72 is divisible by 3

Sol. (b) Let p: 72is divisible by 2 and 3.
Letqg : 72 is divisible by 2.
r: 72 is divisible by 3.
~q : 72 is not divisible by 2.
~r: 72 is not divisible by 3.
~@ dr:~qO ~r
0 72is not divisible by 2 or 72 is not divisible by 3.

Q. 24 The negation of the statement “Plants take in CO, and give out 0,"

(a) Plants do not take in CO, and do not given out O,
(b) Plants do not take in CO, or do not give out O,
(c) Plants take is CO, and do not give out O,
(d) Plants take in CO, or do not give out O,
Sol. (b) Let p: Plants take in CO, and give out O,.
Letq : Plants take in CO,.
r: Plants give out O,.
~q : Plants do not take in CO.,.
~r: Plants do not give out O,.
~(g Or): Plants do not take in CO,, or do not give out O,.
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Q. 25 The negative of the statement “Rajesh or Rajni lived in Bangaluru” is

(@) Rajesh did not live in Bengaluru or Rajni lives in Bengaluru

(b) Rajesh lives in Bengaluru and Rajni did not live in Bengaluru

(c) Rajesh did not live in Bengaluru and Rajni did not live in Bengaluru
(d) Rajesh did not live in Bengaluru or Rajni did not live in Bengaluru
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Sol. (¢) Let p: Rajesh or Rajni lived in Bengaluru.
and g : Rajesh lived in Bengaluru.
r: Rajni lived in Bengaluru.
~q : Rajesh did not live in Bengaluru.
~r: Rajni did not live in Bengaluru.
~(g Or): Rajesh did not live in Bengaluru and Rajni did not live in Bengaluru.

Q. 26 The negation of the statement “101 is not a multiple of 3" is
(@) 101 is a multiple of 3 (b) 101 is a multiple of 2
(c) 101 is an odd number (d) 101 is an even number

Sol. (a) Let p: 101 is not a multiple of 3.
~ p: 101 is a multiple of 3.

Q. 27 The contrapositive of the statement
“If 7 is greater than 5, then 8 is greater than 6" is
If 8 is greater than 6, then 7 is greater than 5
If 8 is not greater than 6, then 7 is greater than 5
If 8 is not greater than 6, then 7 is not greater than 5
If 8 is greater than 6, then 7 is not greater than 5

(a
(b
(c
(

=

d

Sol. (¢) Letp: 7is greater than 5.
andq : 8 is greater than 6.
Up-q
~ p: 7 is not greater than 5.
~q : 8is not greater than 6.
(~q) - (—p)ie., If 8is not greater than 6, then 7 is not greater than 5.

= 2

Q. 28 The converse of the statement “If x > y, then x +a >y +a” is

(@ Ifx<y, thenx+a<y+a (b) Ifx+a>y +a,thenx>y
() If x<y,thenx+a<y +a (d)Ifx>y, thenx+a<y +a
Sol. (b) Let pix>y
g:x+a>y+a

p-q
Converse of the above statement is

q-p
ie.,lfx+a>y+athenx>y.

Q. 29 The converse of the statement “If sun is not shining, then sky is filled
with clouds” is
() If sky is filled with clouds, then the Sun is not shining
(b) If Sun is shining, then sky is filled with clouds
(c) If sky is clear, then Sun is shining
(d) If Sun is not shining, then sky is not filled with clouds
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Sol. (a) Let p: Sunis not shining.
andq : Sky is filled with clouds.
Converse of the above statement p - qisqg - p.
If sky is filled with clouds, then the Sun is not shining.

Q. 30 The contrapositive of the statement “If p, then g, is

(@) ifqg, then p (b) if p, then ~q

(c) if ~q. then ~p (d) if ~ p, then ~q
Sol. (¢)p-gq

If p, theng

Contrapositive of the statement p - g is(~q) - (~p).

If ~q, then ~ p.

Q. 31 The statement “If x? is not even, then x is not even” is converse of the
statement
@ If x* is odd, then x is even
(b) If x is not even, then x? is not even
(© If xis even, then x? is even
() If xis odd, then x? is even

Sol. (b) Let p: x?is not even.
andq : x is not even.
Converse of the statement p - q isq - p.
i.e., If x is not even, then x2 is not even.

Q. 32 The contrapositive of statement 'If Chandigarh is capital of Punjab, then
Chandigarh is in India' is
(@) if Chandigarh is not in India, then Chandigarh is not the capital of Punjab
(b) if Chandigarh is in India, then Chandigarh is Capital of Punjab
(c) if Chandigarh is not capital of Punjab, then Chandigarh is not
capital of India
(d) if Chandigarh is capital of Punjab, then Chandigarh is not is India

Sol. (a) Let p: Chandigarh is capital of Punjab.
andq : Chandigarh is in India.
~ p: Chandigarh is not capital of Punjab.
~q : Chandigarh is not in India.
Contrapositive of the statement p - q is
if (~q), then (~p).
If Chandigarh is not in India, then Chandigarh is not the capital of Punjab.
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Q. 33 Which of the following is the conditional p - ¢?

(a) q is sufficient for p (b) p is necessary for q
(o ponlyifq (d) ifq then p

Sol. (¢) ‘o~ g issameas ‘ponlyifqg’.

Q. 34 The negation of the statement “The product of 3 and 4 is 9" is
(a) it is false that the product of 3 and 4 is 9
(b) the product of 3 and 4 is 12
(c) the product of 3 and 4 is not 12
(d) it is false that the product of 3 and 4 is not 9

Sol. (a) The negation of the above statement is ‘It is false that the product of 3 and 4 is 9’

Q. 35 Which of the following is not a negation of
“A nature number is greater than zero”
(@) A natural number is not greater than zero
(b) It is false that a natural number is greater than zero
(c) It is false that a natural number is not greater than zero
(d) None of the above

Sol. (c) The false negation of the given statement is “It is false that a natural number is not
greater than zero”.

Q. 36 Which of the following statement is a conjunction?
(@) Ram and Shyam are friends
(b) Both Ram and Shyam are tall
(c) Both Ram and Shyam are enemies
(d) None of the above

Sol. (d) If two simple statements p and g are connected by the word ‘and’, then the resulting
compound statement pandq is called a conjuction of pandq

Here, none of the given statement is conjunction

Q. 37 State whether the following sentences are statements or not
(i) The angles opposite to equal sides of a triangle are equal.
(i1) The moon is a satellites of Earth.
(iii) May God bless you.
(iv) Asia is a continent.
(v) How are you?
Sol. (i) Itis a statement.
(i) Itis a statement.
(i) Itis not a statement, since it is an exclamations.

(iv) ltis a statement.
(v) Itis not a statement, since it is a questions.
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Statistics

Short Answer Type Questions

Q. 1 Find the mean deviation about the mean of the distribution.

Size 20 21 22 23 24
Frequency 6 4 5 1 4
Sol. Size Frequency f, x; d; =|x; —x| f, d;
20 6 120 1.65 9.90
21 4 84 0.65 2.60
22 5 110 0.35 1.75
23 1 23 1.35 1.35
24 4 96 2.35 9.40
Total 20 433 25
Now, w=20% =438 2565
X
flx, -
O Mp= 2% =] _25 o
X/

Q. 2 Find the mean deviation about the median of the following distribution.

Marks obtained 10 11 12 14 15
Number of students 2 3 8 3 4
Sol. Marks obtained f, ¢ | d=[x M| fd,
10 2 2 2 4
11 3 1 3
12 8 13 0 0
14 3 16 2 6
15 4 20 3 12
Total 2f=20 S fd =25
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0+10,. . 1 .
N , :% h :% =10.5th
ow M, 5 % item 2% 10.5th item

O M, =12
fd,

0 MD =219 22510
i 20

Q. 3 Calculate the mean deviation about the mean of the set of first n natural
numbers when n is an odd number.

Sol. Consider first natural number when nis an odd i.e., 1, 2, 3, 4, ...n, [odd].
Mean x _1+2+3+.. _nn+1) _n+1
n 2n 2
‘1—”7“ T P Ll ) P P P
0 MD = 2 2 2 2
n
_n+1, 2_n+1 + 4 n-1_n+1
2 2 2 2
+n+1_n+1 + n+3_n+1 + 4 2n-2 _n+1 + _n+1
2 2 2 2 2 2 2
2 n- 3 n- 15
942+,
né 2 o %ﬁféterms
-1 -1
%’77 giﬂ
_2ldp % 2 @D 0. : _n(h+1o
== E)—D g sum of first n natural numbers = ~5 B

g g

Q. 4 Calculate the mean deviation about the mean of the set of first n natural
numbers when n is an even number.

Sol. Consider first n natural number, whennis eveni.e., 1,2, 3,4, ....... n. [even]
O Meanx =\ T2*8+...+n _nn+1) _n+1
n 2n 2
MD:1%1—H+1‘+‘2—’7+1 +‘3 n+10,|n-2 n+1‘+ Q_n”‘
n 2 2 =) 2 2
n n+2_n+1 +...+n—n+1
2 2 2
:1[1]1—/7‘_'_ 8-n|,|5-nf, ,,+;3+1+ 410
nff 21 | 2 2 2] 2 2 H
2 . 3 n-10
So Ao — terms
ngp 2 H %
2
=1 %@ [~ sum of first n natural numbers = n?]
n
B
n 4 4
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Q. 5 Find the standard deviation of first n natural numbers.

Sol. x; 1 2 3 4 5
x;] 1 4 9 16 25
Now, Sx, =142 +3+4+.. +n :’7(”2+ L)
and Sal=1 422 4324 +pz =NOFIECAYD
:
6
2 2
0 o= 2% _ %&@
N N
\/ (h+1)@n+1) _ n?(n+1f
6n an®
\/(n +)@n+1) _(n+ 1P
6 4
_\/2(2n +3n+1)-3(n% +2n +1)
12
\/4n +6n+2-3n° -6n -3
12
n® -1
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Q. 6 The mean and standard deviation of some data for the time taken to

complete a test are calculated with the following results

Number of observation = 25, mean = 18.2 s, standard, deviation = 3.25 s
Further, another set of 15 observations x, x, ...x,5 , also in seconds, is
15

15

now available and we have Z x; =279 and z x? =5524, Calculate the
=1 =1

standard derivation based on all 40 observations.
Sol. Given, n,=25 %;=182, 0, =3.25,

15 15
n, =15, S x, =279 and § x? =5524
1'21 /;

For first set, > x;=25 %182 =455
2 x
0 0? = 18.2
1 25 -(18.2f
O 3252 = = 23 3104
25
2
O 105625 + 33124 =251
25
| Sx? =25 x (10. 5625 + 331, 24)
=25 x 3418025
= 85450625

For combined SD of the 40 observations n = 40,
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Now 3x? =5524 + 8545.0625 = 14069.0625
and Sx; =455+ 279 =734

2
. oD = |14069.0625 _ 34@
40 §4o

= /351726 - (18.35)°

= /351726 - 3367225
=+/15.0035 = 3.87

Q. 7 The mean and standard deviation of a set of n, observations are ¥, and

Sol.

s, respectively while the mean and standard deviation of another set of
n, observations are x, and s,, respectively. Show that the standard
deviation of the combined set of (n, + n,) observations is given by

2 2 — _ —\2
ny(s1)" +n,(s,) +n1n2(x1—x2)

SD = >
ny+n, (ny = ny)
Let x,1 =123 .,mandy;,j=123..n,
10 12
a X =— SYxandx, =— Yy
m /Z1 , Ny /Z1 !
1 &
O 02="5 (x,-%,)
=
2_ 1 ¢ =2
and (o =fZ(y/-—x2)
Ny /=

Now, mean x of the given series is given by
Om no — —
n X, +n, x,

1 =
x= Oy x+ 5 y0F
MmN, g5 =1 g Myt

=1

The variance o of the combined series is given by

5 1 O B n2 2|:|
o° = éz(x,- —x)P+ S -xo
N+ H= f=1 g
M M
Now, (6 —%f = (x, -X; +X; ~x)
i=1 i=1
M M

But S (x;~%)=0

[algebraic sum of the deviation of values of first series from their mean is zero]
]
=\2 — 2 = _ 7\ — 2 2
Also, Z(x,» —Xx)" =nsy + (X —Xx)° =nsy +ndy
=1

Where, d;=(x; - x)
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no no
imi 72 = = 4w 2 = o2 2
Similarly, YW mxX) =Sy X HE —X)T =08, +n,d;
J=1 j=1
where, d, =%, - %
2 2 2 2
Combined SD o= |IMST *+d7)+n,(s; +d5)]
n +n,
_ _ __ Onx, +nx,0_ no(x,—x
where, d, =% -% =%, —qot T le¥e oo (X — Xy)
o n+n, O n+n,
and d, =%, - % =x _Mx, + X, _ (X, —xy)
n +n, n +n,
s .,
10 mn, (X, — x n.n,(x, — x,)° 0
a 02 = m?1s12+ngs§+12(1 22)+21(2 21)
n+n, g (ny + n,) (m+n)? o
2 2 — — \2
Also, o= ST * NSy, Mis (% ‘9522)
M+ Ny (m +ny)

Q. 8 Two sets each of 20 observations, have the same standard deviation 5. The
first set has a mean 17 and the second mean 22.
Determine the standard deviation of the x sets obtained by combining the
given two sets.

Sol. Given,n, =20 0,=5x,=17andn, =20, 0,=5x, =22

2 2 = = \2
MSy + NSy | MiNy(%; — Xp)
N+, (ny +n,)?

We know that, o =\/

_ [20% (5 +20 x(5)° | 20 x20 (17 - 22)*
20 + 20 (20 + 20)°

1000 , 400 x 25 25 125
- + 227 = 5+ S8 = |28 = /31.25=559
40 1600 \/ 4 4

Q.9 The frequency distribution

x A 24 34 4A 54 6A
f 2 1 1 1 1 1
where, A is a positive integer, has a variance of 160. Determine the value
of A.
Sol. x f fr % f 27
A 2 2A 24?
2A 1 2A 442
34 1 34 o2
4A 1 4A 16A°
5A 1 5A 254
6A 1 6A 364
Total 7 22A 92A2
n=7 Ifn, =22A | Zf n’ =924
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. OQZZf,x?_gm,»?
n n

2

2
. 160 = 22A _ngﬁ
7 7

2 2
. 10 2 9247 _ 4847
7 49
A2
0 160 =(644 —484)"
49
2
0 160 = 18047 1 42 —4g
0 A=7

Q. 10 For the frequency distribution

x 2 3 4 5 6
f 4 9 16 14 1 6
Find the standard distribution.
Sol.

X f; di=x; -4 f, d; f, d}
2 -2 -8 16
3 9 -1 -9 9
4 1 0 0 0
5 14 1 14 14
6 1 2 22 44
7 6 3 18 54

Total 60 5f.d, =37 f d,-2 =137

2
O SD = Id? _ /dﬁ
N N

- ﬂ_?g
60 060
=,/2.2833 - (0.616)

=,/2.2833 - 0.3794
= /19037 =1.38

Q. 11 There are 60 students in a class. The following is the frquency
distribution of the marks obtained by the students in a test.

Marks 0 1 2 3 4 5
Frequency | x-2 x + (x+1)? 2x x+1

where, x is positive integer. Determine the mean and standard deviation
of the marks
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Sol. O Sum of frequencies,

x -2 +x +x°

+(x +1)2 +2x +x +1 =60

O 2x =2+ x% +x% +1+2x +2x +x +1 =60
O 2x% +7x =60
0 2x° +7x-60=0
O 2x2 +15x = 8x —60 =0
O x (2x +15) -4 @2x +15) =0
0 Px+15)(x —4) =0
0 x=—1—5,4
2
- x __123 [inaddmisible] [+ 0/7]
x; f d;=x -3 fid; fd;”
0 2 -3 -6 18
1 4 -2 -8 16
2 16 -1 -16 16
A=3 25 0 0 0
4 8 1 8 8
5 5 2 10 20
Total Sf =60 Sfd=-12 | Zfd’ =78

Mean = A + 2 1-3+%§ 28
sd? a0 _ |78 12@2
"5 Oz 8 Veo Heo
= 13- 004=1.26 =112

Q. 12 The mean life of a sample of 60 bulbs was 650 h and the standard
deviation was 8 h. If a second sample of 80 bulbs has a mean life of 660
h and standard deviation 7 h, then find the over all standard deviation.

Sol. Here, n, =60, %, =650,s;, =8andn, =80, x, =660, s, =7

2 2 — — \2

0 o= |MS© * Sy | Miny(¥) —%5)
>
n+n, (n, +ny)

60 x (8)° + 80 x(7)° , 60 x 80(650 ~ 660)°
60 + 80 (60 + 80)°

\/6><64+8><49 60 x 80 x100

140 x 140
192 + 196 | 1200 \/388 1200

7+7

=89

2716 + 1200 \/3916 _ 62.58
49 7
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Q. 13 If mean and standard deviation of 100 items are 50 and 4 respectively,
then find the sum of all the item and the sum of the squares of item.

Sol. Here, x =50,n=100and ¢ =4
>x

0 I =50
100
0 > x, = 5000
2 2
and o2 = Tx X b
st O3 O
fo<2 2
0 (4% = =L - (50)
100
2
0 16= 2% _ o500
100
2
0 2T _ 164 2500 =2516
100
0 T fx? =251600

Q. 14 If for distribution Z(x —5) =3, Z(x —5)° =43 and total number of item
is 18. Find the mean and standard deviation.

Sol. Given, n=18, Z(x -5) = 3and =(x —-5)° =43
0 Mean =A+ =& =5)
18
:5+%:5 +01666= 51666 = 517
_E\2 _ 2
nd - :\/Z(x o _ e =9
n n

_ |43 _p3df
BB sﬁ

= /2.3944 - (0166)? = [2.3944 02755 =159

Q. 15 Find the mean and variance of the frequency distribution given below.

X 1€£x<3 3<x<5 5<x<7 7<x<10
f 6 4 5 1
Sol.
x f; Xi fix; f, x}
1-3 6 12 24
3-5 4 16 64
5-7 5 30 180
7-10 1 85 85 72.25
Total | n=16 Sfx =665 | Zfx’ =34025
O Mean :%:@ =415

16

i
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2
. Stx?  Ofx, O
and variance = g2=2% — g7

o 03 0
_ 34025
16

=212656 - 17.2225 = 4.043

~(4.15)

Long Answer Type Questions

Q. 16 Calculate the mean deviation about the mean for the following
frequency distribution.

Class interval 0-4 4-8 8-12 12-16 16-20
Frequency 4 6 8 5 2
Sol.
Class — =
internal f; X; fix; d; _‘xi —x\ f,d;
0-4 4 2 8 7.2 2838
4-8 6 6 36 32 19.2
8-12 8 10 80 0.8 64
12-16 5 14 70 48 24.0
16-20 2 18 36 88 176
Total If =25 Tfx; =230 Ifd =9
O Mean :% :@:92
3 25
and mean deviation =% = % =384
f 25

Q. 17 Calculate the mean deviation from the median of the following data.

Class interval 0-6 6-12 12-18 18-24 24-30
Frequency 4 5 3 6 2
Sol. —
Class interval f; X; cf d, =|x; —my ‘ f, d;
0-6 4 3 4 11 44
6-12 5 9 9 5 25
12-18 3 15 12 1 3
18-24 6 21 18 7 42
24-30 2 27 20 13 26
Total N=20 3f.d;, =140
N :@ =10
2 2

So, the median class is 12-18.
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ﬂ—cf
2

Median = + X |

»
-

=12+ °2(10-9)

w

=12+2=14
st 20

!

MD 7

Q. 18 Determine the mean and standard deviation for the following

325 _ -1
0 "ot

distribution.

Marks |2 |3 |4 |5 7 08 19 1011121131415 |16
Frequency | 1 6 |6 |8 2 |2 0 [2 |1 0O |0 |0 |1

Sol. = 5

Marks f; f; x; d;=x; —x f, d; fid;

2 1 2 2-6=—4 -4 16

3 6 18 3-6=-3 -18 54

4 6 24 4-6=-2 =12 24

5 8 40 5-6=-1 -8 8

6 8 48 6-6=0 0 0

7 2 14 7-6=1 2 2

8 2 16 8-6=2 4 8

9 3 27 9-6=3 9 27

10 0 0 10-6=4 0 0

11 2 22 11-6=5 10 50

12 1 12 12-6=6 6 36

13 0 0 13-6=7 0 0

14 0 0 14-6=8 0 0

15 0 0 15-6=9 0 0

16 1 16 16-6=10 10 100
Total 3f.=40 | ¥f x =239 3f.d,=-1 | =f x/ =325
O Meana’c:%—@ = 5975=6

st 40
2 2 2
and chm:
¥ 00

= /8125 - 0000625 = /8124375 =2.85
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Q. 19 The weights of coffee in 70 jars is shown in the following table
Weight (in g) Frequency

200-201 13

201-202 27

202-203 18

203-204 10

204-205 1

205-206 1

Determine variance and standard deviation

of the above distribution.

Sol. = N
a f; X d=x; -x f.d; f.d;
200-201 13 2005 -2 -26 52
201-202 27 2015 - -27 27
202-203 18 2025 0 0 0
203-204 10 2035 1 10 10
204-205 1 2045 2 2 4
205-206 1 2055 3 3
sf =70 2id = lsrq2=10
-38
std?  [Oof (1 d, D 102 38.F
O o? =21 g;
st O Zf H 70 @
Now, =1.4571 - 02916 =1.1655

o =+/11655 =108g

Q. 20 Determine mean and standard deviation of first n terms of an AP whose
first term is a and common difference is d.

Sol.

X; x;—a (x,.—a)z
a 0 0
a+d &
a+2d 2d 4d?
9d”
a+(n-1d (n=1d (n=1°d
>x;=—[2a+(n-1]
Mean = 2% =10 04 +(n -1) g0
n B
=a+ 170y



314 NCERT Exemplar (Class X) Solutions

O S(x;—a)=d[1+2 +3+. +(n —1)d]
:d(n—1)n
2
and S(x; —a)P =d? [1? +22 + 3% +.. +(n -1
_d?(n-")nEn -1)
- 6

_ o/?(n - Nnen -1 _@h-1nd

6n H 2n H
\/dZn Nen-1)_d?(n-17
6 4

1@n - -1y
6 4

o0
= @”’;1 ;1@
J

1
Q.

n-=1 [4/7 -2 - 3n+3|]
2 E

Q. 21 Following are the marks obtained, out of 100, by two students Ravi and
Hashina in 10 tests

d

Ravi 25 50 | 45 30 70 | 42 36 | 48 35 60
Hashina | 10 70 50 20 95 55 142 |60 |48 |80

Who is more intelligent and who is more consistent?
Sol. For Ravi,

X; d,=x; —45 d,~2
25 -20 400
50 5 25
45 0 0
30 =15 225
70 25 625
42 -3 9
36 -9 81
48 3 9
35 -10 100
60 15 225
Total Zd; =-14 T =1699
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2

3d? %Ld-
o= - !
n nﬁ

1699 %;% m

10
=.169.88 = 1303
Now, g=A+ 2945 14 ig6
st 10
For Hashina,
x; d; =x; —55 d}
10 —45 2025
70 25 625
50 -5 25
20 -35 1225
95 40 1600
55 0 0
42 -13 169
60 5 25
48 -7 49
80 25 625
Total 3d, =0 Td? =6368
. Mean =55
0 o 6136 = /6368 =252
For Ravi, cv =9 x100 =1398 «100 =29.88
x 436
For Hashina, cv =% x100 =222 x100 = 4589

Hence, Hashina is more consistent and intelligent.

Q. 22 Mean and standard deviation of 100 observations were found to be 40
and 10, respectively. If at the time of calculation two observations were
wrongly taken as 30 and 70 in place of 3 and 27 respectively, then find
the correct standard deviation.

Sol. Given, n=100, x = 40, 0=10and x=40
0 ¥ —40
n
O i 40
100
] > x; =4000
Now, Corrected >x; = 4000 — 30 —70 + 3 +27
O = 4030 - 100 =3930

2930

Corrected mean = =393
100




316 NCERT Exemplar (Class XI) Solutions

2
Now, 02 = 2 (a0p?
n
2
0 100 = 2% ~1600
100
0 T x?=170000
Now, Corrected Zx? =170000 - (30)° -(70)* + 3% +(27)?
=164939
O Corrected 0 = 1614939 -(39.3)

= /164939 - 393 %393

=4/1649.39 -1544.49
=4/1049 =10.24

Q. 23 While calculating the mean and variance of 10 readings, a student
wrongly used the reading 52 for the correct reading 25. He obtained the
mean and variance as 45 and 16, respectively. Find the correct mean and
the variance.

Sol. Given, n=10,x = 45and 6°=16
0 £=45 0 25 =45
n
O X 4505 x, =450
10
Corrected >x; = 450 — 52 + 25 =423
0 =43 - 403
10
Sx? 2 ?
0 2 &N % i
° n n @
2
O 16= 250 - (a5
10
O T x? =10(2025 + 16)
0 Tx? =20410
O Corrected Zx? = 20410 - (52)° + (25)° =18331
and corrected 02 = % - (42.3)? = 4381
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Objective Type Questions

Q. 24 The mean deviation of the data 3, 10, 10, 4, 7, 10, 5 from the mean is
(@) 2 (b) 2.57
(©3 (d) 3.75
Sol. (b) Given, observations are 3, 10, 10, 4, 7, 10 and 5.
__3+10+10+4+7 +10 +5
0 x = 2

X; d,. =

x" _x‘

N
N WO W W W N

Now, MD="i=_"2=257

Q. 25 Mean deviation for n observations x,, x,, ..., x, from their mean ¥ is

given by
12 _
Zx - X) (b);i;‘x,—x‘
@ (59 @ -9’

Sol. (b) MD:E; e, - %

Q. 26 When tested, the lives (in hours) of 5 bulbs were noted as follows
1357, 1090, 1666, 1494, 1623
The mean deviations (in hours) from their mean is
(@) 178 (b) 179 (0) 220 (d) 356
Sol. (a) Since, the lives of 5 bulbs are 1357, 1090, 1666, 1494 and 1623.

1357 + 1090 + 1666 + 1494 + 1623
5

O Mean =

=7230 _1446
5
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X d; = ‘ X =X ‘
1357 89
1090 356
1666 220
1494 48
1623 177
Total >d;=890

>d; _ 890

MD =291 = S - 47g
N 5

Q. 27 Following are the marks obtained by 9 students in a mathematics test
50, 69, 20, 33, 53, 39, 40, 65, 59
The mean deviation from the median is

(@9 (b) 10.5
(©)12.67 (d) 14.76

Sol. (¢) Since, marks obtained by 9 students in Mathematics are 50, 69, 20, 33, 53, 39, 40, 65
and 59.

Rewrite the given data in ascending order.
20,33, 39, 40, 50, 53, 59, 65, 69,

Here, n=9 [odd]
O Median :é’iﬁterm = 5th term
2
Me =50

x; d; =|x; — Me|

20 30

33 17

39 11

40 10

50 0

53 3

59 9

65 15

69 19

N=2 Sd =114

O MD = 1%“: 12,67

Q. 28 The standard deviation of data 6, 5, 9, 13, 12, 8 and 10 is
@2 E=
7 7

(© 6 de6
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Sol. (a) Given, dataare 6, 5,9, 13, 12, 8, and 10.

x x?
6 36
5 25
9 81
13 169
12 144
8 64
10 100
3 x, =63 %’ =619

__|=x? mxf _ |e19 _ e3f
. SD_G_\/N S ‘J7 5
_ [7x619 - 3969
49
_ [4333 - 3969
49
-2
49 \7
Q.29 Ifx,, x,,..., x, be n observations and X be their arithmetic mean. Then,
formula for the standard deviation is given by

=2
(@ (x, - %) (b) z(x%
— 72 2
(© 2D |24 52
n n

Sol. (¢) SD is given by
o= |Hemx)

n

Q. 30 If the mean of 100 observations is 50 and their standard deviation is 5,
than the sum of all squares of all the observations is

(a) 50000 (b) 250000
(c) 252500 (d) 255000
Sol. (¢) Given, % =50,n=100 and 6 =5
Sx?=?
X = &
n
O 50 = 2%i
100

a 2 x;=50 x100 = 5000
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sx? %ZX f s X2 o
NOW, o=_|—/—L - / O o° = i —(x
n n @ n ( )

2 2
0 05=2% (502 0 25= 25 2500
100 100
2
0 0505 = ZXi
100
0 T x? =252500

Q. 311f g b ¢ d and e be the observations with mean m and standard
deviation s, then find the standard deviation of the observations a +k,
b+k,c+k,d+kande+kis

(@ s (b) ks (0)s+k (d)

Sol. (a) Given observations are a, b, ¢, d and e.

a+b+c+d +e
5

3x;=a+b+c +d +e =bm

_a+k+b+k+c +k +d +k +e +k
Now, mean = 5

_(@+b+c+d+e) +5k_
5

x~lwn

Mean = m =

m+ Kk

S(x, + k)
n
S(x? +k? + 2k x;)

O SD = —(m + k)

|
_ =
>

- (m? + k2 +2mk)

xf e, 2KIY L,
n

L —m? +2km -2mk

2
= I —m?
n
S

Q. 32 If x,, x,, x;, x, and x, be the observations with mean m and standard

deviation s then, the standard deviation of the observations kx,, kx,,
kxs, kx, and kxg is

@k+s (b)i (c) ks (d)s
Sx. Sy Sx.
. (¢) Here, m="T0s = |5 -
Sol. (¢) Here : s 5%
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Q. 33 Let x,, x,,...x, be n observations. Let w; =lx; +k for i=1,2, ..., n,

where [ and k are constants. If the mean of x;’s is 48 and their standard
deviation is 12, the mean of w;’s is 55 and standard deviation of w,’s is
15, then the value of { and k should be

@ l=1.25k=-5 (b) I=-1.25,k =5
(©1=2.5k=-5 d)1=2.5k=5
Sol. (a) Given,w; = x; + k, xi = 48 sx;=12, w;=55and sw; =15
Then, W, =X;+ K
[where, W; is mean w;'s and xi is mean of x;'s]
0 55=48 + k ()
Now, SD of w; = SD of «;
0 15=12
0O 1:175
12
=125 - (i)
From Egs. (i) and (ii), k=55 -1.25 x48
=-5

Q. 34 The standard deviations for first natural numbers is

(@ 5.5 (b) 3.87 (c) 2.97 (d) 2.87
2 _
Sol. (d) We know that, SD of first n natural number = n12 !

102 -1
12

100 -1 99
= = |-—=,825=287
12 12

Q. 35 Consider the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10. If 1 is added to
each number the variance of the numbers, so obtained is
@) 6.5 (b) 2.87 (c) 3.87 d) 8.25
Sol. (d) Givennumbersare 1,2, 3,4,5,6,7,8,9and 10.
If 1 is added to each number, then observations will be 2, 3, 4, 5, 6, 7, 8,9, 10 and 11.
O Sx;=2 + 3+ 4+, +11

=1270[2><2+9><1]=5[4+9]=65

0 SD of first 10 natural numbers =

and Sx2=22 + 3% + 4% +52 4+ 417
=(1P+2%2 +3 +.+ 1) ~(1P)
_11x12x23 _

6
:11><12 x23 -6

1

=505
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0 2= Zx2 %Q 505 g;a

=505 - (65)
= 505-42.25
=825

Q. 36 Consider the first 10 positive integers. If we multiply each number by -1
and, then add 1 to each number, the variance of the numbers, so

obtained is
(@ 8.25 (b) 6.5 (c) 3.87 d) 2.87

Sol. (a) Since, the first 10 positive integers arel, 2, 3, 4, 5, 6, 7, 8, 9 and 10.
On multiplying each number by -1, we get
-1,-2,-3,-4,-5,-6,-7,-8,-9,-10
On adding 1 in each number, we get
0,-1,-2,-3,-4,-5-6,-7,-8,-9

O Sx,=0-1-2-3-4-5-6-7-8-9
_9x10
2
=-45
and Sx? =07 + (-1 + (27 +... + 9
_9x10x19
=285

. o= 285 _ 45 285 _2025
10 10 10 100
2850 -2025 _

100
Now,  variance = (SD)?= (,/825)° = 825

Q. 37 The following information relates to a sample of size 60, = x%= 18000,

and 2x = 960. Then, the variance is

(a) 6.63 (b) 16 (c) 22 (d) 44
2

2
Sol. (d) Variance = 5 %Zﬁg
n n
2
- 18000 _ %60@ = 300 - 256 = 44
60 6o

Q. 38 If the coefficient of variation of two distributions are 50, 60 and their
arithmetic means are 30 and 25 respectively, then the difference of their
standard deviation is

(@ 0 (b) 1
(© 1.5 (d) 2.5

Sol. (a) Here CV, =50, CV, =60, x, =30and x,=25
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0 oV, =21 x100 0 50=21 x100

X 30
O 0,=32%%0 45 and cv,=92 x 100

100 %,

0 60= 72 x100

25
u 0,=00%25 - 45

100

Now, 0y-0,=15-15=0

Q. 39 The standard deviation of some temperature data in °C is 5. If the data
were converted into °F, then the variance would be

(a) 81 (b) 57 (c) 36 (d) 25
Sol. (a) Given, o.=5 0 g(F -32)=C
F= 3
5
9 9
or=20~=2x5=9
F7 5 ¢ 5
Here, 0% = (97 =81

Fillers

x 100

Q. 40 Coefficient of variation =
Mean

SD

Sol. Cv= x 100
Mean

n
Q. 41 If x is the mean of n values of x, then Z (x, — x) is always equal to
=1
n

........... . If a has any value other than X, then Z (x; = X)° 1S vereennenn
i1

than ¥ (x; — a)°

n
Sol. If x is the mean of nvalues of x, then Z (x; —x) = 0and if a has any value other than x, then
=1

n
(x; — ) is less than ¥ (x; - a)®.
i=1
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Q. 42 If the variance of a data is 121, then the standard deviation of the data

iS veuens .
Sol. [fthe variance of a data is 121.
Then, SD = +Variance
=J121=11
Q. 43 The standard deviation of a data is ...... of any change in origin but is

......... of change of scale.

Sol. The standard deviation of a data is independent of any change in origin but is dependent
of change of scale.

Q. 44 The sum of squares of the deviations of the values of the variable is
......... when taken about their arithmetic mean.

Sol. The sum of the squares of the deviations of the values of the variable is minimum when
taken about their arithmetic mean.

Q. 45 The mean deviation of the data is ......... when measured from the
median.

Sol. The mean deviation of the data is least when measured from the median.

Q. 46 The standard deviation is ......... to the mean deviation taken from the
arithmetic mean.

Sol. The SD is greater than or equal to the mean deviation taken from the arithmetic mean.
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Short Answer Type Questions

Q. 1 If the letters of the word ‘ALGORITHM’ are arranged at random in a row
what is the probability the letters ‘GOR" must remain together as a unit?
Sol. Number of letters in the word ‘ALGORITHM’ = 9
If ‘GOR’ remain together, then considered it as 1 group.
O Number of letters =6 + 1 =7
Number of word, if ‘GOR’ remain together =7!
Total number of words from the letters of the word ‘ALGORITHM’ = 9!

. . 7! 1
a Required probability = =~ =
k P Y 9l 72

Q. 2 Six new employees, two of whom are married to each other, are to be
assigned six desks that are lined up in a row. If the assignment of
employees to desks is made randomly, what is the probability that the
married couple will have non-adjacent desks?

Sol. Letthe couple occupied adjacent desks consider those two as 1.

There are (4 + 1)i.e ., 5 persons to be assigned.
O Number of ways of assigning these five person = 5! x 2!

Total number of ways of assigning 6 persons = 6!
SIx21_2 _1
|

O Probability that the couple has adjacent desk = 6 3

Probability that the married couple will have non-adjacent desks =1 -

W=
w N
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Q. 3 If an integer from 1 through 1000 is chosen at random, then find the
probability that the integer is a multiple of 2 or a multiple of 9.

Sol. Multiple of 2 from 1 to 1000 are 2, 4, 6, 8, ..., 1000
Let nbe the number of terms of above series.
nth term =1000
2+ (n-12 =1000
2 +2n -2 =1000
2n =1000
n =500

Oooob

Since, the number of multiple of 2 are 500.
So, the multiple of 9 are 9, 18, 27, ..., 999
Let m be the number of term in above series.

O mth term = 999

] 9+ (m-1)9 =999

0 9+9m -9 =999

0O 9m =999

0 m=111

Since, the number of multiple of 9 are 111. So, the multiple of 2 and 9 both are 18, 36, ...,
990

Let p be the number of terms in above series.

pthterm =990
18 + (p — 118 =990
18+ 18p —18 =990

e
P 18 %

Since, the number of multiple of 2 and 9 are 55.
O Number of multiple of 2 or 9= 500 + 111 - 55= 556

Ooood

0 Required probability = nlE) 5956 _ 0.556
n(S) 1000

Q. 4 An experiment consists of rolling a die until a 2 appears.
(i) How many elements of the sample space correspond to the event that
the 2 appears on the kth roll of the die?
(ii) How many elements of the sample space correspond to the event that
the 2 appears not later than the kth roll of the die?
Sol. Inathrough of a die there is 6 sample points.
(i) If 2 appears on the kth roll of the die.
So, first (k = 1) roll have 5 outcomes each and kth roll results 2 i.e., 1 outcome.

0 Number of element of sample space correspond to the event that 2 appears on the
kth roll of the die = 5" '

(ii) If we consider that 2 appears not later than kth roll of the die, then it is possible that 2
comes in first throw i.e., 1 outcome.

If 2 does not appear in first throw, then outcomes will be 5 and 2 comes in second throw
i.e., 1 outcome, possible outcome =5 x1=5
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Similarly, if 2 does not appear in second throw and appears in third throw.
g Possible outcomes =5 x 5 x 1
Given, series =1+ 5+5 x5 +5 x5 x5 +.. +5( 1
=1+5+5% +5% + . +5"
18 -1)_8-1
5-1 4

Q. 5 A die is loaded in such a way that each odd number is twice as likely to
occur as each even number. Find P(G), where G is the event that a number
greater than 3 occurs on a single roll of the die.

Sol. Itis given that, 2 x Probability of even number = Probability of odd number
0 P(©O)=2P (E)

O P©):P(E)=2:1
O Probability of occurring odd number, P (O) =

and probability of occurring 5each number,
P(E)= oy 3
Now, G be the even that a number greater than 3 occur in a single roll of die.
So, the possible outcomes are 4, 5 and 6 out of which two are even and one odd.
O Required probability = P (G) =2 xP (E) xP (O)
=2 X 1 X g =
3 3

[CRIEN

Q. 6 In a large metropolitan area, the probabilities are 0.87, 0.36, 0.30 that a
family (randomly chosen for a sample survey) owns a colour television set,
a black and white television set or both kinds of sets. What is the
probability that a family owns either anyone or both kinds of sets?

Sol. Let £, be the event that family own colour television set and E, be the event that family
owns a black and white television set.

It is given that, P(E;)=087
P(E,)=036
and P(E n E,)=030
We have to find probability that a family owns either anyone or both kind of sets i.e.,
P(E, OE,).
Now, P(E, OE¥F P(EY PE) PEN E) [by addition theorem]
=087 + 036 - 030
=093

Q. 7 If A and B are mutually exclusive events, P(A) = 0.35 and P(B) = 0.45, then

find
()P (A") (i) P (B')
(ifi) P (A O B) (V)P (A n B)

(V)P (A n B (ViYP (A" n B')
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Sol. Since, it is given that, A and B are mutually exclusive events.
O P(AnB)= [-AnB=q
and P(A)=0.35, P(B)=045
(i) P(A)=1-P(A)=1-0.35=0.65
(i) P(BY=1-P(B)=1-0.45 =0.55
(iii) P (A O BF P(A)F P(By P(An B¥ 0.35+ 0.45- 0=080
(iv) P(An B)=
v) P(AnB)= P(A)— P(An B)=0.35-0=0.35
(

(Vi) P(A' nB)=P(ADOB/=1-P(AOB)=1-0.8=02

Q. 8 A team of medical students doing their internship have to assist during
surgeries at a city hospital. The probabilities of surgeries rated as very

complex, complex, routine, simple or very simple are respectively, 0.15,
0.20, 0.31, 0.26 and 0.08. Find the probabilities that a particular surgery

will be rated
(i) complex or very complex.
(ii) neither very complex nor very simple.
(iii) routine or complex.

(iv) routine or simple.
Let £, E,, E5, E, and E; be the event that surgeries are rated as very complex, complex,
routine, simple or very simple, respectively.
O P(E;)=0.15 P(E,)=0.20, P(E;)=0.31 P (E
(i) P (complex or very complex) = P (E; or E,)
=P(E, OEF P(ENW PE) PEN E)

=015+ 0.20-0[P(E, n E;)=0
because all events are independent]

Sol.
,) =026 P (E;)=0.08

=0.35

(i) P (neither very complex nor very simple), (P (E{ n Ef)
=1-P(E OEy)
=1-[P(E) +P(Es)]
=1-(0.15+ 0.08)
=1-023
=077

(iii) P (routine or complex) =P (E; OE,F P (Egt P(E,)
=0.31+0.20=0.51

(iv) P (routine or simple) =P (E; OE,F P (Egk P(E,)
=0.31+0.26=0.57

=P(E OE)

Q. 9 Four candidates A, B, C and D have applied for the assignment to coach a
school cricket team. If A is twice as likely to be selected as B and B and C
are given about the same chance of being selected, while C is twice as
likely to be selected as D, then what are the probabilities that

(i) C will be selected?

(ii) A will not be selected?
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Sol. Itis given that A is twice as likely to be selected as D.
P (A)=2P (B)
0 PA) - P (B)
2
while C is twice as likely to be selected as D.
PC)=2P (D) 0 P(B)=2P (D)
P (A)

0 PA) _oppyo Ppy="A
> 4
Band C are given about the same chance of being selected.
PB)=P(C)
Now, sum of probability =1
PA)+PB)+PC)+P((D) =
pay+ PA L pA) L PA)
> > 4
; 4P (A)+ 2P (A)+ 2P (A)+P(A) _,
4
0 9P(A)=4 D P(A)=g
(i) P (C will be selected) = P (C) = P (B) = #
4 0 90
= CP(A) =2
9x2 H A 48
-2
9
(i) P (A will not be selected) = P (A') =1 - P (A) =1 —g = g

Q. 10 One of the four persons John, Rita, Aslam or Gurpreet will be promoted
next month. Consequently the sample space consists of four elementary
outcomes S = {John promoted, Rita promoted, Aslam promoted,

Gurpreet promoted}. You are told that the chances of John’s promotion
is same as that of Gurpreet Rita’s chances of promotion are twice as
likely as Johns. Aslam’s chances are four times that of John.

(i) Determine
P (John promoted), P (Rita promoted),

P (Aslam promoted), P (Gurpreet promoted).
(i1) If A = {John promoted or Gurpreet promoted}, find P (A)

Sol. Let E, =John promoted
E, = Rita promoted
E4 = Aslam promoted
E, = Gurpreet promoted
Given, sample space, S = {John promoted, Rita promoted, Aslam promoted, Gurpreet
promoted}
ie., S={E,E, E; E,}
It is given that, chances of John’s promotion is same as that of Gurpreet.
P(E)=P(E,)
Rita’s chances of promotion are twice as likely as John.
P(Ey)=2P(E))
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And Aslam’s chances of promotion are four times that of John.

P (E;)=4P (E)
Now, P(E)+ P(E,)+ P(E;) +P(E,) =1
o P(E,) + 2P (E,) + 4P (E,) + P (E;) =1
O 8P (E;) =1
1
g P(E1):§
(i) P (John promoted) =P (E,) =%
; _ _ _ 1_2 _1
P (Rita promoted) =P (E,) =2P (E;) =2 x — == =
8 8 4
P (Aslam promoted) = P (E,) = 4P (E,)= 4 x% =%
P (Gurpreet promoted) = P (E,) =P (E,) :%
(ii) A =John promoted or Gurpreet promoted
A=E OE,
P(A)=P(E OEF "13(511)" P(E,)r PEN Ey)
=—+--0 “P(E nE)=0
8 8 [ ( 1 4) ]
=21
8 4

Q. 11 The accompanying Venn diagram shows three events, A, B and C and also
the probabilities of the various intersections [for instance, P(A n B) = 0.7].

Determine
(i) P(A) ({i)yP(B n C)
(iii) P(AO B) (iv) P (A n B)
(V) P(BnC() (vi) Probability of exactly one of the three occurs.

Sol. From the above Venn diagram,

(i) P(A)=0.13+0.07 =0.20

(i) PBnC)=P({B)-P(BnC)=0.07 + 0.10 + 0.15 - 0.15= 007 + 010= 017

(iii) P(AOBE P(Ax P(Br P(An B)
=0.13+0.07 +0.07 +0.10 +0.15 -0.07
=013+007 +010 +015= 045

(iv) P(AnB)=P(A) =P (A n B)=013+ 0.07 - 0.07 =013

V) PBnC)=015

(vi) P (exactly one of the three occurs) = 013 + 010 + 0.28 = 0.51
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Long Answer Type Questions

Q. 12 One urn contains two black balls (labelled B, and B,) and one white ball.
A second urn contains one black ball and two white balls (labelled W,
and I, ). Suppose the following experiment is performed. One of the two
urns is chosen at random. Next a ball is randomly chosen from the urn.
Then, a second ball is chosen at random from the same urn without
replacing the first ball.

(i) Write the sample space showing all possible outcomes.

(i1) What is the probability that two black balls are chosen?
(i1i) What is the probability that two balls of opposite colour are chosen?

Sol. Itis given that one of the two urn is chosen, then a ball is randomly chosen from the urn,
then a second ball is chosen at random from the same urn without replacing the first ball.

(i) O Sample space S ={B,B,, BW, B,B,, B,W, WB,, WB,, BW,, BW,, W,B, WW,, W,B, W,W, }
O total sample point =12
(i) If two black ball are chosen.

So, the favourable events are B, B,, B, B, i.e., 2

; . 2 _1

O Required probability = — = —
‘ P / 12 6

(iii) If two balls of opposite colour are chosen.

So, the favourable events are B, W,, B, W,, WB,, WB,, BW,, BW,, W,B,, W,Bi.e., 8.

; " 8 _2
O Required probability = — ==
‘ P y 12 3

Q.13 A bag contains 8 red and 5 white balls. Three balls are drawn at random.
Find the probability that
(i) all the three balls are white.

(i1) all the three balls are red.

(iii) one ball is red and two balls are white.

Sol. - Numberofredballs =8
and number of white balls = 5
51
5 | 110!
(i) P (all the three balls are white) = 3 = 3l21 = 5 , 310!
e, 18! 3l 13l

310!
=5><4><3><2!x 10! _ 5x4x3
2! 13x12 x11x10! 13x12 x11
-5 _5
13x11 143
5x4x3 _ b

5
T 13x12 x11 13x11 143
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(i) P (all the three balls are red)
8!
_°Cy _ 351 _ 8 310

B¢, 181 " 3Ixs5l 13l

310!
=8><7><6><5!x 10!
5! 13 x12 x11 x10!
8x7x6 _ 28

T 13x12x11 143

(i) P (one ball is red and two balls are white)
_%,x%, _ 8x10 _ 40
© Bg,  13x6x11 143

Q. 14 If the letters of the word ‘ASSASSINATION' are arranged at random. Find
the probability that
(i) four S’s come consecutively in the word.
(i1) two I's and two N's come together.
(iii) all A’s are not coming together.
(iv) no two A’'s are coming together.

Sol. Total number of letters in the word ‘ASSASSINATION’ are 13.
Out of which 3A’s, 4S’s, 2 I's, 2 N’s, 1 T's and 10.

(i) If four S’s come consecutively in the word, then we considers these 4 S’s as 1 group.
Now, the number of laters is 10.

sl s s|slalalal [ [N N|T]O
1 9
10!
Number of words when all S’s are together =
312121
Total number of word using letters of the word ‘ASSASSINATION’
_ 13l
" 3142121
O Required probability = o
312121 x 13!
31412121
_10lx 4l _ 41 24 2

131 13x12x11 1716 143
(i) If 2 I's and 2 N’s come together, then there as 10 alphabets.
Number of word when 2 I's and 2 N's are come together

- 1o, 4

3141 2121
10141
) . 110! 31412121
0 R liy = 8l4l2l21 = 4
equired probability 130 I x 13l

31412121

_ 4ol _ 41 24 2

131 13x12 x11 13x12x11 143
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(iii) If all A’s are coming together, then there are 11 alphabets.
Number of words when all A’'s come together
_
412121
Probability when all A’'s come together
11!
_ 4o _ 11 >(4!3!2!2!:11!><3!: 6 1

13! 412121 13! 131 13x12 26
41312121

Required probability when all A’s does not come together

1 .25
26 26
(iv) If no two A’s are together, then first we arrange the alphabets except A’s.

L ls[ [s[ Is] Is] [ [ [n[ [v] [+] Jo] [n] |
10!
412121

There are 11 vacant places between these alphabets.
[
So, 3 A’s can be place in 11 places in ''C, ways = %
0 Total number of words when no two A’s together
_ 1 10!
- _ " X
3181 412121
11 <100 4l3i2121 10!
3181412121 13! 8! x13 x12
_10x9 _ 90 _15
13x12 156 26

All the alphabets except A’s are arranged in

Required probability =

Q. 15 If a card is drawn from a deck of 52 cards, then find the probability of
getting a king or a heart or a red card.

Sol. - Number of possible event = 52

and favourable events = 4king + 13 heart + 26 red - 13 -2 =28

; ” 28 _ 7
o Required probability = =2 =
E P / 52 183

Q.16 A sample space consists of 9 elementary outcomes E,, E,, ..., E, whose

probabilities are
P(E,)=P(E,) =0.08, P (E;)= P(E,)=P(E5) =0.1
P(Es) =P(E;) =0.2, P(Eg) = P(E4) = 0.07
Suppose A={E;, Es, Eg}, B={E,, Es, Eg, Eg}
(i) Calculate P(A), P(B) and P(A n B).
(i1) Using the addition law of probability, calculate P (A O B).
(iii) List the composition of the event A O B and calculate P (A U B) by
adding the probabilities of the elementary outcomes.
(iv) Calculate P (B) from P (B), also calculate P (B) directly from the
elementary outcomes of B.
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Sol. Given, S ={E Ey Eq EEs,Eq Eq Eg Eg)
A={E Es Eg}, B={E, E5 Eg , Eg}
P(E)=P(E, )-008
(Eg) =P (Ey ( 5)=0
(6):‘D(E) P (Eg) = ( o) =007
(i) P(A)=P(E)+P(Es) +P(Eg)
=0.08 +0.1+0.07 =0.25
(i) P(AOBF P(A¥ P(Br P(An B)
Now, P (B)=P (E,) + P (E5) + P (Eg) + P (Eg)
=0.08+0.1+0.07 +0.07=0.32
AnB={E;Eg}
P(AnB)=P(Es)+ P(Eg)=0.1+0.7 =0.17
On substituting these values in Eq.(i), we get
P(AOBF 025 0.32- 0.17= 0.40

(il) ADO B {E,E, Es, Eg Eq}
PAOBF P(E} P(E;¢ P(EF P(Egt P(Ey)
=0.08 + 0.08 + 0.1 +0.07 +0.07 =0.40
(iv) - P(B)=1-P(B)=1-032 =0.68
and B={F, E; E, Eg E;}
| P(B)=P(E)+P(E)+P(E,) +P(Es) +PI(E,)
=0.08+0.1+01+02 +0.2=0.68

P(E
P (E,

Q. 17 Determine the probability p, for each of the following events.

(i) An odd number appears in a single toss of a fair die.
(i1) Atleast one head appears in two tosses of a fair coin.
(iii) A king, 9 of hearts or 3 of spades appears in drawing a single card
from a well shuffled ordinary deck of 52 cards.
(iv) The sum of 6 appears in a single toss of a pair of fair dice.
Sol. (i) When a die is throw the possible outcomes are

S ={1,2,3,4,5, 6} out of which 1, 3, 5 are odd,
1

0 Required probability = 31
6 2
(if) When a fair coin is tossed two times the sample space is
S ={HH HT, TH, TT}
In at least one head favourable enonts are HH, HT, TH

O Required probability :g

(iii) Total cards =52
Favourable =4 king +2 of heart + 3 of spade =4 +1+1=6
. . 6 _ 3
0 Required probability = = o
(iv) When a pair of dice is rolled total sample parts are 36. Out of which (1, 5), (5, 1), (2, 4),
(4,2) and (3, 3).
0 Required probability = ?56
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Objective Type Questions

Q.18 In a non-leap year, the probability of having 53 Tuesday or
53 Wednesday is

1 2
(@ > (b) 2 (c) 5 (d) None of these

Sol. (@) Inanon-leap year' there are 365 days which have 52 weeks and 1 day. If this day is a
Tuesday or Wednesday, then the year will have 53 Tuesday or 53 Wednesday.

O Required probability = ;

Q. 19 Three numbers are chosen from 1 to 20. Find the probability that they

are not consecutive

186 187 188 18
— b) —— = d
@90 ®) 190 990 @ ¢,

Sol. (b) Since, the set of three consecutive numbers from 1 to 20 are 123, 234, 345, ....., 18,
19,201.e., 18.
18 18 3

P (numbers are consecutive) = W = m = 190

P (three numbers are not consecutive) =1 - 3 18
190 190

Q. 20 While shuffling a pack of 52 playing cards, 2 are accidentally dropped.

Find the probability that the missing cards to be of different colours.

29 1 26 27
b) - d
()52 ()2 (C)51 ()51

Sol.(c) Since,in a back of 52 cards 26 are red colour and 26 are black colour.
26 26 , 26 26

O P (both cards of opposite colour) = =— x — + — x—
52 51 52 51

2 X @ X @ = @

52 51 51

Q. 21 If seven persons are to be seated in a row. Then, the probability that
two particular persons sit next to each other is
1
(@ — (b) — (0 )~
3 6 7 2
Sol. (c¢) If two persons sit next to each other, then consider these two person as 1 group.
Now, we have to arrange 6 persons.
0 Number of arrangement =2! x 6!

Total number of arrangement of 7 persons = 7!

Required probability = 277? _g
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Q. 22 If without repetition of the numbers, four-digit numbers are formed with
the numbers 0, 2, 3 and 5, then the probability of such a number
divisible by 5 is

1

4 1 5
a) — b) — c) — d) =
( )5 (b) E ( )30 ( )9
Sol. (d) We have, to form four-digit number using the digit 0, 2, 3 and 5 which are divisible
by 5.
3 2
v v

If O is fixed at units place =3 x2 x1 =6
If 5is fixed at units place =2 x2 x1=4

Total four-digit numbers divisible by 5 =6 + 4 =10
- . 10_5

o Required probability = — = =
E P y 18 9

Q. 23 If A and B are mutually exclusive events, then

(@ P (A) <P (B) (b) P (A =P (B)
(©) P (A) <P (B) (d) None of these
Sol. (@) For mutually exclusive events,
P(AnB)=0

P(AOBE P(A¥ P(BF P(An B)
P(AOBE P(A¥ P(B)
P(A)+P(B)<1

PA+1-P(B)<1 [-PB)=1-P(B)]

P(A)< P (B)

Oooo

Q. 24 IfP(AOBF P(4 B)for any two events A and B, then

(@ P (A =P(B) (b) P (A) >P (B)
()P (A) <P (B) (d) None of these

Sol.(a) Given,P(AOBE P (A B)

PA)+PB)-P(AnB)=P(AnB)
O [PA-PAnNB]+[PB-PANnB)]=0
But P(A)-P(AnB)=0
and PB-P(ANnB=20 [+P(AnB)<P(A)orP(B)]
O P(A)-P(AnB)=0
and PB-P(ANB)=0
[since, sum of two non-negative numbers can be zero only when these numbers aree
zero]
O P(A)=P(A nB)
and PB)=P(AnB)
O P(A)=P(B)
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Q. 25 If 6 boys and 6 girls sit in a row at random, then the probability that all
the girls sit together is
1

12
b
@ 432 b) 431
(© 1 (d) None of these
132

Sol. (c¢) Ifallthe girls sit together, then considered it as 1 group.
O Arrangement of 6+ 1=7 person in a row is 7! and the girls interchanges
their seets in 6! ways.

. 0 6!7! 1
0  Required probability = — = —
i P y 121 132

Q. 26 If a single letter is selected at random from the word ‘PROBABILITY’,

then the probability that it is a vowel is
1 4 2
@~ (b) 2+ 02 >
3 11 11 11
Sol. (b) Total number of alphabet in the word probability = 11
Number of vowels = 4

P (letter is vowel) = %

Q. 27 If the probabilities for A to fail in an examination is 0.2 and that for B is
0.3, then the probability that either A or B fails is

(@ > 0.5 (b) 0.5 (€)=<0.5 (do
Sol. (¢) Given, P (Afail)=0.2
and P (Bfail) = 0.3
0 P (either Aor Bfail) < P (Afail) + P (Bfail)
<02+0.3
<0.5

Q. 28 The probability that atleast one of the events A and B occurs is 0.6. If
A and B occur simultaneously with probability 0.2, then P (A) + P(B) is

equal to
(@) 0.4 (b) 0.8 (© 1.2 (d) 1.6
Sol. (¢) Given, P(AOBF 0.6andP(An B)=0.2
u] P(AOBE P(A¥ P(Br P(An B)
O 0.6=P(A)+P(B)-0.2
O P(A)+P(B)=0.8
0 P(A)+PB)=1-P(A) +1-P(B)

=2 -[P(A) +P(B)]
=2-0.8=12
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Q. 29 If M and N are any two events, the probability that atleast one of them

occurs is
@P M) +P(N)—=2P (M n N) PM+PIN)-PM nN)
P M +P(N)+PMnN) AP M +PN)+2P (M nN)
Sol. (b) If M and N are any two events.
O PMONE P(My P(N- P(Mn N)
True/False

Q. 30 The probability that a person visiting a zoo will see the giraffee is 0.72,
the probability that he will see the bears is 0.84 and the probability that
he will see both is 0.52.

Sol. False

P (to see girafee) = 0.72

P (to see bear) = 0.84

P (to see giraffee and bear) = 0.52

P (to see giraffee or bear) = P (giraffee) + P (bear) — P (giraffee and bear)
=0.72 + 0.84 -0.52
=1.04

which is not possible. Hence statement is false.

Q. 31 The probability that a student will pass his examination is 0.73, the
probability of the student getting a compartment is 0.13 and the
probability that the student will either pass or get compartment is 0.96.

Sol. False
Let A = Student will pass examination
B = Student will getting compartment
P (A)=0.73and P(A or B)=0.96and P (B)=0.13
ad P(AorB)=P(A)+P(B)=0.73 +0.13 =0.86
But P(Aor B)=0.96

Hence, it is false statement.

Q. 32 The probabilities that a typist will make 0, 1, 2, 3, 4 and 5 or more
mistakes in typing a report are respectively, 0.12, 0.25, 0.36, 0.14, 0.08
and 0.11.

Sol. False
Sum of these probabilities must be equal to 1.
PO +P(M)+P@2)+P((3)+P(4) +P(5
=012+ 025+036+0.14 +0.08 +0.11 =1.06

which is greater than 1,
So, it is false statement.
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Q. 33 If A and B are two candidates seeking admission in an engineering
college. The probability that A is selected is 0.5 and the probability that
both A and B are selected is at most 0.3. Is it possible that the
probability of B getting selected is 0.7?

Sol. False
Here, P(A)=0.5P(An B)<0.3
Now, P( )x P(B)<0.3
0 0.5xP(B)<0.3
O P(B)< 0.6

Hence, it is false statement.

Q. 34 The probability of intersection of two events A and B is always less than
or equal to those favourable to the event A.
Sol. True
P(A n B)< P(A)
Hence, it is true statement.

Q. 35 The probability of an occurrence of event A is 0.7 and that of the
occurrence of event B is 0.3 and the probability of occurence of both is 0.4.

Sol. False
Here, P(A) =07
and P(B)=0.3
a P(AnB)=P(A)xP(B)

=0.7x0.3=0.21
Hence, it is false statement.

Q. 36 The sum of probabilities of two students getting distinction in their final
examinations is 1.2.
Sol. True
Since, these two events not related to the same sample space.
So, sum of probabilities of two students getting distinction in their final examination may be
1.2.
Hence, it is true statement.
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Fillers

Q. 37 The probability that the home team will win an upcoming football game
is 0.77, the probability that it will tie the game is 0.08 and the
probability that it will lose the game is ... .

Sol. P (lossing) =1-(077 +008) =015

Q. 38 Ife,,e,,e; and e, are the four elementary outcomes in a sample space
and P (e;)=0.1, P (e;) =0.5 and P (e5) = 0.1, then the probability of

€,1s wuun .
Sol. = Pe)+Pey)+Ples) +Ple,) =1
O 01+ 05+01+P(e,) =1
0 07 +P(e,) =1
0 P(e,)=0.3

Q.391f5={1,2,3,4,5 6} and E={1,3,5}, then Eis .... .

Sol. Here, S={123456}
and E={135}
O E=S -E={2 46}

Q. 40 If A and B are two events associated with a random experiment such
that P(A) = 0.3, P(B) =0.2and P(An B) = 0.1, then the value of P(An B)
is ...

Sol. P(AnB)=P(A)-P(AnB)=03-01=02

Q. 41 The probability of happening of an event A is 0.5 and that of B is 0.3. If
A and B are mutually exclusive events, then the probability of neither A
nor B is ....

Sol. PAnB)=P(AOBF + P(A] B)

=1-[P(A) +P(B)] [since, A and Bare mutually exclusive]
=1-(05+03)=1-0.8=02

Matching The Columns

Q. 42 Match the following.

Columnl Column i
i) 0.95

&

An incorrect assignment

A@A

(

(if) 0.02 No chance of happening

(iii) -03 c)  Asmuch chance of happening as not
(iv) 0.5 (d)  Verylikely to happen

v) 0 (e)  Very little chance of happening
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Sol. (i) 0.95 s very likely to happen, so it is close to 1.
(ii) 0.02 very little chance of happening because probability is very low.
(iii) — 0.3 an incorrect assignment because probability of any events lie between 0 and 1.

(iv) 0.5, as much chance of happening as not because sum of chances of happening and
not happening is zero.

(v) 0, no chance of happening.

Q. 43 Match the following.

Columnl ColumnIi
) If £, and E, are the two mutually exclusive —
U evéms ’ YO MLy e @ EnE=E
(i) If £, and E, are the mutually exclusive and 0  E-E)0EN EF F

exhaustive events
(i) If £, and E, have common outcomes, then © EnE=p EOEF S

If £, and E, are two events such that

(iv) EW 0 E2 (d) E] n EZ =¢

Sol. () If E, and E, are two mutually exclusive event, then £, n E, = @

(ii) If £, and E, are mutually exclusive and exhaustive events, then E, n E, = ¢ and
EOE~ S.
(iii) If £, and E, have common outcomes, then (E, - E,) O (En E,F E,

E, E E, E E, E
E,-E, E, nE, E,

(iv) If £, and E, are two events such that £, O EJJ E, n E, = E,

Ey

O,









